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1 Prerequisites

1.1 Topological Preliminaries

The following definitions are subject to the assumption where the topological

space is defined to be X = C". This is satisfactory to the main purpose of

our proceeding passage, but it is noteworthy that it can be generalized to

more abstract sets (which will be discussed in later sections, especially in

Section 3.2.1).

Definition 1.1.1 (Open Ball): Let B"(a,r) C C" denote the n-dimensional

ball with radius r centered at a = (aq, ao, ..., a,,) € C", defined by



n
B"(a,r) = {(21,22,...,zn) eCcn ]Z |zj —aj|2 < 7"2}.
=1

Definition 1.1.2 (Open and Closed Sets): A set U C C" is open if for every
z € U, there exists an open ball centered at z that is fully contained in U. A
set F' C C" is closed if its complement, C™ \ F, is open.

(Note that these definitions hold only for the standard topology on C"
induced by the Euclidean metric. For now, this is unimportant, but will be
explained later in Section 3.2.1.)

Definition 1.1.3 (Accumulation Point): A point z € C" is an accumulation
point of X if for any open set U containing z, (U\{z}) N X # &

Theorem 1.1.1: A set X C C"™ is closed iff X contains all of its accumulation
points.

Proof:

1 We first prove that closedness implies the inclusion of accumulation points.
Let X be a closed set, and assume that some accumulation point z, of X
satisfies z, ¢ X. Since X is closed, C" \ X is open, and there exists an open
ball B™(z,¢) that is fully contained in C™ \ X. However, this contradicts
the definition of accumulation point, since B"(zy, €) \ {z,} does not inter-
sect with X.

2 Assume X is an arbitrary set which includes all its accumulation points.
We will show that C™ \ X is open, which implies that X is closed. Let 2, €
C™ \ X. Since % is not an accumulation point of X (as otherwise z, € X),
there exists an open ball B"(z, ¢) such that (B™(zy,¢) \ {20}) N X = @.
Then, B"(z,,¢) C C™ \ X, and hence C" \ X is open. O

Definition 1.1.4 (Closure): For a set X C C", define the closure of X, or X

to be the intersection of all closed sets containing X. In other words, it is the
union of X and its accumulation points.

Because the accumulation points of X all lie in X, the closure of X is a closed
set. Moreover, X is closed iff X = X.

Definition 1.1.5 (Interior): For a set X C C", the interior of X, denoted X,
is the union of all open sets contained in X, or the set of points z € C" such
that there exists an open neighborhood of z that is fully contained in X.

Definition 1.1.6 (Compact Set): A set X C C™ is compact iff X is closed
and bounded.



Definition 1.1.7 (Set Covering): A cover C of a set X is a collection of sets
{U,,} such that

Ju.2x.

neN
A cover is open if every set in the collection is open.

Theorem 1.1.2 (BorzANO-WEIERSTRASS): Every infinite subset A of a com-
pact set X C C™ has an accumulation point in X.

Proof: Since X is bounded, there exists a closed cube ) C C™ such that A C
XcaQq.

Bisect Q, = @ into 22" congruent sub-cubes. Since A is infinite and the sub-
cubes are finite in number, at least one of the sub-cubes contains infinitely
many points of A, and choose one to be @;.

Bisect Q; into 22" sub-cubes, and choose a sub-cube @, C @ that contains
infinitely many points of A. We then obtain the recursive sequence

QoD Q1 DQy D

Because the side lengths shrink to zero and the cubes are nested, the inter-
section

M @x
k=0

consists of exactly one point. Call this point z_, € C™.

For each k, Q;, contains infinitely many points of A. Because the side length of
Q). tends to zero, for any € > 0, 3N € Nsuchthat Vk > N, Q, C B"(2,¢).

Then, B"(z,,,€) also contains infinitely many points of A. Therefore, z_ is
an accumulation point of A.

We now show that z_, € X. Suppose for contradiction that z_ ¢ X. Since X
is closed, C™ \ X is open, and 36 > 0 such that

B"(z,,0) C C™\ X.
But then, for sufficiently large k, we have Q,, C B"(z,,,6), and hence @, N

X = @&. This contradicts the construction of (), which ensures that Q,
contains infinitely many points of A C X. O

Theorem 1.1.3 (HEiNE-BoreL): A set X C C” is compact iff every open
cover has a finite subcover.



Proof: We will first show that any set satisfying the condition is compact.

First we will show that X is bounded. Suppose that VR > 0, 4z € X where
|z]| > R. Consider the collection of open sets

U={B"(0,k) | ke N}.
U forms an open cover of X. Then by the assumption, there exists a finite

subcover in &, namely {B"™(0, k), ..., B"(0, k,,,) } which covers X. Then,

X | JB"(0,k;) = B"(0, max{ky, ..., k,,}).
=1

By contradiction, X must be bounded.

X must also be a closed set. For the sake of contradiction, assume that there
exists a point z, € X \ X. Since z, ¢ X, the following open collection of sets

1
> — {(C"\B"(zo,E> | VkeN}.

There then exists a finite subcover € = {C” \ B" (zo, ,%) | j€ Ngm}.
Then,

covers X:

1
C C"\ Bn
FEENE (ZO’max{kl,...,km}>’

and that X N B» (zo, m) = . However, by the definition of the
accumulation point, every open neighborhood of the accumulation point

must intersect X. Therefore, by contradiction, X is closed.

We then prove the converse. By the assumption that X is bounded, 3R > 0
such that X is contained within the closed cube

Q= {z eCr ]J%£i|%e(zj)| <R A]%l§3|3m(zj)| < R}.

Assume that there exists an infinite open cover ¢ of X without finite subcov-
ering.
Bisect @, = @ into 22" sub-cubes (for real and complex parts), choose @,

such that ¢); U X has no finite subcover of I/.

Under the previous assumptions, this is possible since if every sub-cube N
X had finite subcovering, then (), N X = X would have finite subcovering.



Similarly, choose @), by bisecting (); similarly, and recursively obtain a
sequence of cubes:

QoD Q1 DQy D

Since the side length of each cube tends to 0, ﬂ;’:o Q; consists of a single
point z_, € C™. Since U covers X, 3U € U such that z, € U. Since U is
open, 3 > 0 such that B"(z,,e) C U. 3N € N such that Vk > N, Q, C
B"(z,,¢€). Then taking the intersection with X on both sides,

Q.NX C B"(z,,,6)NX CU.

This contradicts the assumption that for every k, QJ, N X has no finite
subcovering, since {U} C U clearly covers @, N X, as it is a single open set
that covers a nonempty subset. Therefore by contradiction, every open cover
has finite subcovering. O

Definition 1.1.8 (Support of a Function): For a set X and a function f : X —
C, the support, denoted by supp(f) = {z € X | f(z) # 0}, is the closure of

the set for which f is nonzero.

Remark: A notable classification of functions comes from the compactness of
support—more specifically, its boundedness. Compactly supported functions
in C'*° are commonly referred to as bump functions (see Section 3.2.1).

1.2 Calculus

Since traditional complex analysis is the theory of calculus on complex func-
tions, it is only natural that generalizations are made on classical formulas in
calculus for complex functions.

It is well known that a function f : (a,b) — R is differentiable at a point x €
(a, b) if the limit

. flz+ Az) — f(z)
Alirgo Az

exists, and the value of this limit is the derivative of f(x), denoted by f’(x)
or %. The value df = f’(x) dz is the differential of f(z). Partition [a, b]
into a = zy < x; < x5 < -+ <, = b such that the length of the intervals
[x;,x,;_1] vanishes (we let the norm of the partition, or the size of the largest

interval, tend to zero) as n — oo. If for any such partition, the sum

i fE)(z; — ;)



tends to the same value V¢, € [z,_;, ;] (as the length of the largest partition
approaches 0), then the function can be roughly said to be integrable over
[a, b]. The full details of Riemann integrability are simplified by the use of
Darboux sums and will not be discussed here. The value of this sum is denoted

by
/a " fe) de.

We will attempt to avoid notions involving Lebesgue integration. However, it
is important to note that every Riemann integrable function is also Lebesgue
integrable, and the two integrals are equal. Therefore, we will use Lebesgue
integral theorems (where the resultant integral is Riemann integrable) when
necessary without further mention of the Lebesgue integral itself.

The following theorems are the fundamental results of classical calculus:

Theorem 1.2.1 (FUNDAMENTAL THEOREM OF CALCULUS, DIFFERENTIAL FORM):
Let f(z) be a function continuous over [a, b]. For = € [a, b], define

B(z) = / " F)at.

Then ®(z) is differentiable over [a, b], ®'(z) = f(z), and d®(z) = f(z) dz.

Theorem 1.2.2 (FUNDAMENTAL THEOREM OF CALCULUS, INTEGRAL FORM): Let
®(x) be a function differentiable over [a,b]. Let f(z) = ®'(z) over [a,b].
Then,

/m £(£) dt = B(z) — B(a).

The two forms of the theorem show that differentiation and integration are
inverse operations to each other. Operations performed for differentiating
oftentimes have a corresponding inverse operation that can be done for
integrating. For instance,

(@) £ 9(a)) = (@) £ ¢/ @)

corresponds to

Jt@ = g@)ao= [ 1@ dos [ga)da

and



and

corresponds to

b g(b)
/ fo@Ng (@ ds= [ fu)du.

g(a)
Another correspondence is the Mean Value Theorem:

Theorem 1.2.3 (MEAN VALUE THEOREM, DIFFERENTIAL Form): If f(z) is
differentiable over [a, b], then Jc € [a, b] such that

f(b) = f(a) = f(c)(b—a).

Theorem 1.2.4 (MEAN VALUE THEOREM, INTEGRAL Form): If f(z) is contin-
uous over [a, b], then 3¢ € [a, b] such that

b
/ f(z)de = F(€)(b— a).

A curve is a one-dimensional manifold embedded within a higher dimensional
space. They can be parameterized with a vector F(t) = (P(t), Q(t), R(t)) of
one parameter. In the complex plane, a curve is a complex-valued function
~(t) for a real parameter o < ¢ < 3. A curve is closed if v(a) = v(B). It is
smooth if it is continuously differentiable, and its direction is defined to be the
direction as ¢ increases. If it is smooth everywhere except at a finite number
of points, it is piecewise smooth. If it is of finite length, then the curve is said
to be rectifiable. Piecewise smooth curves are rectifiable. A curve is simple if
it is simple (non-self-intersecting), or if v(t;) = 7(t,) implies that ¢; = t,. A
simple closed curve is also called a Jordan curve.

Theorem 1.2.5 (JorDAN CURVE THEOREM): Let «y be a Jordan curve in RZ.

Then the set R? \ v consists of exactly two connected subsets. One of them
is the interior, denoted by int(+y), and is a bounded set, while the other is the



exterior, denoted by ext (), which is unbounded. Both of the two sets share
the common boundary ~.

The theorem above seems trivial, but its rigorous proof in topology is
extremely complex. The theorem itself can also be stated on C instead of
R2. For a region U, the boundary is denoted OU. If the region bounded by
any closed curve in U also lies in U, then it is a simply connected region.
A connected region that is not simply connected is multiply connected. A
region bound by 2 non-intersecting Jordan curves is doubly connected, and a
region bound by n non-intersecting Jordan curves is traditionally known as
n-connected. Lastly, any closed curve can degenerate to a single point or slit.

Generalizations of the differential and integral exist for multivariate func-

3f dr. 2L
> 8y
form the total differential, denoted by d f. An 1mp0rtant result in multivariable

tions. The partial differentials of f(z,y, 2), 3 dy, and % dz sum up to
calculus allows the calculation of the derivatives of a definite integral with
respect to its parameter.

Theorem 1.2.6 (LEIBNIZ INTEGRAL RULE): Let f(x,u) be continuous on a <
x <b, ¢c<u<d, and suppose a < a(u), S(u) < b are differentiable func-
tions of ¢ < u < d.If f is continuously differentiable with respect to u, then

d B(u) B(u) of
@</a(u) f(z,u) dm) —/Q(u) 8—u(33,u)dx

dsg da
+ af(ﬂ(u)v ’LL) - af(O‘(u)’ ’LL)

Four main classical theorems exist, relating a function and its line integral in
2 and 3 dimensions, line and surface (or area) integrals in 2 and 3 dimensions,
and the surface and volume integrals in 3 dimensions:

Theorem 1.2.7 (GRADIENT THEOREM): Let 7y be an oriented smooth curve in
R3 with boundary points a and b. Then if f € C1(v)
of of of 4

floy = f(b) — fla) = 8 dz +8_d + 5 dz

Theorem 1.2.8 (GREeN's THEOREM): Let U be a positively oriented, multiply
connected subset of R? with a piecewise smooth oriented boundary OU.
Suppose that P(z,y), Q(z,y) € C* (U) Then,

?g de+Qdy—//(%—a—P> dzdy.
U



Theorem 1.2.9 (SToxEs' THEOREM): Suppose that S C R? is a positively
oriented surface with a positively oriented, piecewise smooth boundary curve
dS. Suppose that P($7 Y, Z), Q(l‘, Y, Z), R($7 Y, Z) € c! (g) Then,

% Pdzx+ Qdy+ Rdz
as

:// 3_R_@ dydz + 8—P—8—R dzdz + @_G_P dzdy.
0z 0z Oz or Oy

Theorem 1.2.10 (Gauss' THEOREM): Suppose that V' C R is a positively ori-
ented region with a positively oriented, piecewise smooth boundary surface
AV Suppose that P(z,y, 2), Q(z,y, 2), R(z,y, 2) € C* (V) Then,

# dedz—l—dedx—FRdxdy-///(6P+8Q 8R>d dydz.
oV oy 0z

In 3-dimensional R3 space, define a scalar valued function to be a 0-form, a
linear combination of dz, dy, and dz to be a 1-form, and a linear combination
of dy Adz, dz Adx, and dx A dy to be a 2-form, and dx A dy A dz to be a 3-
form, where A denotes an anti-commutative and associative product, where
for any two differential forms w; and wy

wl /\WQ = _(U2 /\wl.
Then consequently, for any differential form w,
wAw=0.

We can generalize the operator d to increase the degree of a differential form.
For instance,
8f of of

Cdrt oo dy + 5~ dz,

a7 = ay 7 9z

which is the definition of the total differential. For a 1-form in 3-dimensional
space, w; = Pdz + Q dy + R dz, we can define the exterior derivative in a
similar way:

10



dw; =dP Adx +dQ ANdy +dR Adz

= (g—];dx+?9—];dy+?9—1:d2> Ndzx
+<g—§dx+%—§dy+%—§dz) Ady
+<g—fdx+g—ljdy+g—fdz) Ndz
- (%_f%_g) dy Adz + (%—fz—f) dz Adz
+ (g—cj—a@—];) dz A dy.

Similarly, we can differentiate a 2-form w = PdyAdz+ QdzAdz +
Rdx A dy to get:

OP 0Q OR

— 4+ —+4+ — | dz Ady Adz.

(83: + Oy + 8z) vACynas

The two results above resemble the curl and divergence of (P,Q, R). A
differential form w is closed if dw = 0, and is exact if there exists i) such that
w =dn.

Lemma 1.2.1 (PoINCARE): For any differential form w on an open, con-
tractible set U C R", if w is closed, then it is also exact.

It is true that for any set U C R", regardless of contractibility, that for a
differential form w defined on U, d(dw) = 0. In other words, all exact differ-
ential forms are closed. (For a region U, we have 00U = ¢&. This is one of
many reasons for which the boundary operator is denoted by 0, in analogy
tod.)

The implications of this are important: if w is a 0-form, then V x (Vw) =
0, and if w is a 1-form, V - (V X v) = 0, where v is the vector of the coeffi-
cients of the basis differential forms of w (there are no correlations for higher
degree forms since in 3-dimensional space, the highest degree possible for
any differential form is 3).

Then, the Fundamental Theorem of Calculus, the Gradient Theorem, Green’s,
Stokes’, and Gauss’ Theorems can be generalized into:

Theorem 1.2.11 (STokES—CARTAN): For an oriented smooth n-dimensional
compact manifold M with boundary OM, for a smooth differential (n — 1)-
form w over M,

11



Real analysis is the subject dedicated to rigorously defining concepts such
as limits, continuity, integrability, convergence, etc. The most widely used
definition of a finite limit of a function is the language of -4, which states:

Definition 1.2.1 (Epsilon—Delta): Let f : U — R be a function defined over
an open set U C R such that a is an accumulation point of U. We say that
lim, ,, f(z) = L if Ye > 0, 36 > 0 such that for all z € U with 0 < |z —
a| < 8, we have |f(z) — L| < e.

Similarly, we define the right-handed limitlim,_, ., f(z) = L if for every ¢ >
0, there exists 6 > 0 such that for all z € U with 0 < z — a < 4, we have
|f(z) — L| <e.

Likewise, the left-hand limitlim,,_, ,- f(z) = L exists if for every € > 0, there
exists 0 > 0 such that for all z € U with —§ < z — a < 0, we have |f(z) —
Ll <e

We also have the definition of the limit of a sequence:

Definition 1.2.2 (Epsilon-N): Let {a, } _ C R be a sequence. If Ja , €
R such that Ve > 0, 3N € N such that Vn > N,
convergesto a.

a, —ay| < e, then {a,}

Theorem 1.2.12 (Cauchy CrITERION): Let{a,,} _ C Rbeasequence. Then
{a,,} is convergent iff Ve > 0, 3N € Nsuch that Vn,m > N,

a, —a,,| <e.

Proof: Assume {a,,} is convergent. Then Ve > 0,3N € N such that Vn,m >
N,la, —ay| < §and |a,, —a,| < § for some a_, € R.It follows that

|an_a’m‘ < |a’n_aoo| + |a’m_aoo| =E.

Conversely, {a,,} is bounded (fixing N, Vn > N,
Bolzano-Weierstrass Theorem (Theorem 1.1.2), {an}neN has a subsequence
{a"k}keN that converges to a,. Therefore, Ve > 0, 3N € Nand dM € N
suchthat Vk > M,n, > N,andVn > N,
5. Then

a, — ani1| < €). By the

[
an—ank’ < §and‘ank —aoo‘ <

la, —a.| < ‘an—ank’ + ‘ank _%o‘ <e.

Hence, {a,, } converges to a . O

Definition 1.2.3 (Limit Superior): For a number sequence {a,,} C R, ifJa €
R such that:
1 Ve > 0,3IN € Nsuchthat Vn > N,a, < a+e¢,

12



2 Ve >0,VN € N,3dn > N such thata, > a —e¢,

then the superior limit of {a,,} is a, denoted by lim sup,, ., a,, = a.

Definition 1.2.4 (Limit Inferior): For a number sequence {a,,} C R, if Ja €
R such that:

1 Ve > 0,3N € Nsuchthat Vn > N, a, >a—c¢,

2 Ve >0,VN € N,dn > N such thata, < a+e¢,

then the inferior limit of {a,, } is a, denoted by lim inf,, , _ a, = a.

Lemma 1.2.2: A number sequence {a,, } is convergent iff lim sup,, .. a,, =

liminf,, , _a,.
Proof: We first prove that a =lim, , a, implies limsup,,_,. a, =
liminf, . _ a, = a.By Definition 1.2.2, Ve > 0, 3N € N such that Vn > N,

la, —a| <e<=a—c<a, <a+e.

Then from Definition 1.2.3 and Definition 1.2.4, we have that

lim sup,, ,, @,, > a and lim inf

oo @n, < a. By the second conditions, we

get lim sup,, ,. a,, < aandliminf, ,__ a, > a. Therefore,

limsup a,, = liminfa,.
n—00 n—00

For the converse, assume lim sup,, ., a,, = liminf,, , _a,. Since 3N; € N
such that Vn > N, a,, < a+¢. 3N, € N such that Vn > N,, a,, > a —e.

Then Vn > max{N;, N, },

a, —a| < €, as expected. O

Definition 1.2.5 (Continuity): A function f : U — R, defined on an open set
U C R containing a point a € U, is said to be continuous at a iff

lim f(z) = f(a).

It is important to note that in the case of multiple explicit variables, a
distinction is made between (separate) continuity (where there are two J’s
on which variable varies, and does not guarantee a single ¢ for when both
variables vary simultaneously) and joint continuity (where a single ¢ controls
both variables at once). To illustrate this, let (z,y,) be fixed. The former is
commonly written as

Ve > 0,36 > 0 such that V|z —zy| < 0, |f(z,yy) — f(zg,¥0)| < €
in conjunction with

Ve > 07 36 > 0 such that V’y - yO‘ < 67 |f($0,y) - f($0ay0)| <g,

whereas the latter is expressed as

13



Ve > 0,36 > 0 such that V|(z — 2y, y —yo)| <0, |f(z,y) — f(zo,90)| < e.

Theorem 1.2.13: Any continuous function on a compact set K is bounded
on K.

Proof: Suppose for the sake of contradiction that f : U — R is continuous
and unbounded on compact K. Then for each n € N, there exists z,, € K
such that | f(x,,)| > n. The sequence {z,, } lies in K, which is compact, so by
the Bolzano-Weierstrass Theorem (Theorem 1.1.2), {z,, } has an accumulation
point in K. In other words, there exists a convergent subsequence {xnk}
with lim,,_, =, € K.

Since f is continuous, lim,_, f(acnk) = f(limk_,oo a;nk), which is well-
defined because lim;_, z, € K. However, this contradicts ‘ f (xnk)‘ >
n; — 00, hence f must be bounded on K. O

Theorem 1.2.14 (ExTREME VALUE): A continuous function f(x) defined on
a compact set K attains its infimum and supremum in K.

Proof: Assume that f never attains its supremum M. Then, f(z) < M.

Define the auxiliary function 1 (x) = m which is strictly positive and

continuous as the denominator never reaches 0. By Theorem 1.2.13, ¢(z) is
bounded with some value of p > 0 satisfying ¢(z) < p. f(x) also has the

representation M — @ and therefore,

1

7
which means that M is not the supremum. Similarly, assume that f
never attains its infimum m. Then f(z) > m. Let ¢(z) = m, which

is strictly positive and continuous as the denominator never reaches 0. By
Theorem 1.2.13, ¢(z) is bounded with some value of p > 0 satistying ¢(z) <
1

. f(x) also has the representation m + EL and therefore,

1
f(x)2m+;,

which means that m is not the infimum. O

Definition 1.2.6 (Uniform Continuity): A function f : U — R, defined on a
set U C R, is uniformly continuous iff Ve > 0, 36 > 0 such that Vz,y € U
where |z —y| < 4, | f(z) — f(y)| < e.

Example 1.2.1: The function f(z) = % is not uniformly continuous over

(0,1).

14



Proof: If 3¢ > 0 such that V§ > 0, 3z, y € (0, 1) satisfying both |z — y| < §
and | f(z) — f(y)| > &, then f is not uniformly continuous over (0, 1).

Lete =1 and

1
n+1

1
rT=—-, Y=
n

Then Vé > 0, In > 1 where |x —y| < 4, since lim,,_, |z —y| = 0. Addi-
f(z) — f(y)| =1 > e. This satisfies the negation, and thus, f(z) =
1 is not uniformly continuous over (0, 1). O

tionally,

Theorem 1.2.15 (HEINE—CANTOR): A continuous function on a compact set
K is uniformly continuous on K.

Proof: Fix x € K. Since f is continuous at z, for every € > 0 there exists J,, >
0 such that for all ¢ € D(z,4d,) N K,

1£(0) — f(z)| < =

5 (1.2.1)

The collection of open balls {D(m, %’)} « forms an open cover of the
S

compact set K. By Heine—Borel (Theorem 1.1.3), there is a finite subcover

)]

Set

T

Nowletz,y € K satisfy |x — y| < J. Then there exists anindex j € {1,---,n}
such that z € D( z;, 5’ |. Consequently,

d,
lz; —y| < |xj—x| +lz—y|l < 7’+5S5%-
Applying (1.2.1) to the points = and y through z;, we obtain

F(z) — 1@ <5 1f(a;) ~ F)] <

| M

Therefore,
f(z) = ()l < |F(2) = F(=))] + | f(2;) — fy)| <e.

Since € > 0 was arbitrary, the uniform continuity of f on K follows. O

15



Definition 1.2.7: A function f is Lipschitz continuous over U if IM € R
such that Vz,y € U, |f(z) — f(y)| < M|z — y|. The smallest possible M
satisfying the above condition is known as the Lipschitz constant.

Lipschitz continuity is an important concept in real analysis and the theory
of differential equations. It is a strong form of uniform continuity.

Proposition 1.2.1: All Lipschitz continuous functions on U are uniformly
continuous on U.

Proof: Let M > 0 be the Lipschitz constant. Then Ve > 0, let § = +7- It then
follows that Vz,y € U such that |z —y| <9, |f(z) — f(y)| < M|z —y| <
E. td

Proposition 1.2.2: A C' function on a compact set K is Lipschitz continuous
on K.

Proof: Let f : K — R be C!. By Theorem 1.2.13, since K is compact and f’
is continuous, M > 0 such that Vz € K, |f'(z)| < M.

By the Mean Value Theorem, Vz,y € K, Jc between z and y such
that f(z) — f(y) = f'(¢)(x —y). Then, |f(z) — f(y)| = [f (c)l|lz —y| <

M|z — y|, which means f is Lipschitz continuous with Lipschitz constant less
than or equal to M. O

2 Complex Prerequisites

2.1 The Extended Complex Plane and its Spherical Repre-

sentation
All complex numbers form a field that extends the real number field. A
complex number « + i can be visualized on a rectangular plane as the point
(e, B), with two axes: the real axis and the imaginary axis. It is well known
that any complex number also has the polar form re'’ = r(cos # + isin 6).

The point at infinity, co, extends C to
C=CuU{co}.
The following arithmetic operations are defined: for all a € C,

a+00=00+a= 00,
and for all b € C\ {0},

o

Let

16



S2 = {<x1>$2,x3> € RS : x% —|—a’;§ _‘_x% — 1}

There exists a stereographic projection of S? onto C. For every point other
than (0,0, 1), there is a corresponding complex number

O Y (2.1.1)
11—z,

This correspondence between C and S2 \ {(0,0, 1)} is injective. In fact, the
inverse can be solved for:
1—25 1+,

(1-ay)* 1-w

|2 =

which results in

and consequently,

z2+z
z; =Re(2)(1 —z3) = CEESE

z2—Z
Ty = 31’(1(7:)(1 — 1'3) = m

By letting oo correspond to (0,0, 1), the bijection is complete. The sphere
S? is also called the Riemann sphere. The region given by the disk |z| < 1
corresponds to z; < 0, and the region |z| > 1 corresponds to x5 > 0.

We will now give a geometric visualization of this projection. Let z = = 4+ iy.

Then we obtain
T Ty

1

Therefore,
z:y:l=x;:29:1—x5.

It follows that the points (0,0, 0), (z,y,1), and (z, x5, 1 — x5) are collinear
in R3. Under the linear map

0
0
—1

Vi v +(0,0,1),

O O =

0
1
0

17



we get that (0,0,1), (z,y,0), and (z,,z,,z3) are collinear. In other words,
this correspondence is a central projection with center (0,0, 1), projecting
the points from S2 \ (0,0, 1) onto C. Let this center correspond to co. In this
representation, co € C is no longer considered to be “special”.

It is worth noting that in several geometric contexts, an alternative paradigm
exists where we let S be the sphere centered at (0, 0, %) of diameter 1,
and project points from the north pole (0,0, 1) onto the horizontal plane of
tangency. Later in Nevanlinna theory, specifically in @ sec:nevanlinnatheory,
we will observe that in some sense this is the more natural object to study.
The corresponding equations are then

Re(2) Jm(z) Els

.’Elzm, .’E2=‘z’2+1, LE3:‘Z’2+1

The forward projection remains unchanged. Lastly, we define the upper half-
plane; for the following sections, let

H* = {z € C: Im(z) > 0}

2.2 Complex Differentiation

For U C C and a complex function f:U — C, f(z) is complex differen-
tiable at z € U if the following limit exists, regardless of the direction Az
approaches 0 from:

lim L2+ 82) = f(2)
Az—0 Az '

We can consider f(z) to be a bivariate function f(z,y) for z = = + iy. Two
main cases we are concerned with are when Az approaches 0 from the real
and imaginary axes:

fz+Az) = f(2)

fe+182) — f(z)

lim = lim
Az0 Az Az—0 iAz
AzeR AzeR

Expressing f(z) as f(z,y) = u(z,y) + iv(z,y),

g JEHAD—1E) _ L St Asy) — flay) _du O

1_
Az—0 Az Az—0 Az Oz (91‘7
AzeR AzeR
and

i JEHIAD () L Sy + A — flay) o0 0w

Az—0 iAz Az—0 Az Jdy Oy
AzeR AzeR

18



By comparing the real and imaginary parts, we obtain necessary conditions
for complex differentiability:

ou Ov ov ou

By multiplying the second equation by i and adding it to the first, we obtain
the equivalent form

of of

— = —i—=. 2.2.2

Oz lay ( )
The identities (2.2.1) and (2.2.2) are known as the Cauchy—Riemann equations.

Although this condition is necessary, it is not sufficient. Consider the function

f(2) = V[Re(2) Tm(2)|.

Let z = z + iy, ¢ = at, and y = Bt. Then
LR L N 1 B I BRVACY.]

250  z—0 250 2z ts0at+ift  a+if’

The derivative along o = 1, 8 = 0, or the real axis, vanishes. Along a = 0,
B = 1, or the imaginary axis, it also vanishes. However, the limit is different
for any other pair of o and 3, and hence for other directions of approach.

Definition 2.2.1 (Holomorphy): A function f : U — C is said to be holomor-
phic at z, € U if it is complex differentiable on a neighborhood of z,. If f(z)
is holomorphic for every point in an open connected set U, then it is said to
be holomorphic over U. A function is holomorphic over a compact set K if it
is holomorphic on a neighborhood of K.

Weierstrass provided the following classification:
Definition 2.2.2: A function is entire if it is holomorphic over C.

For the purpose of the following contents, a region or domain will denote a
nonempty, open, connected subset of the complex plane.

Theorem 2.2.1: Let U C C be open, and let f : U — C be a function. Then
f is holomorphic on U iff f € C'(U) and satisfies the Cauchy-Riemann
equations.

Proof: The first part is to prove that any holomorphic function on U has
continuous first-order partial derivatives in U. This requires an argument that
will be covered later, specifically in Section 3.2, which states that the complex
derivative of any holomorphic function is also holomorphic over the region.
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For the second part, let f(z) = f(z,y) = u(x,y) + iv(x,y). Assume that
u,v € C*({2,}) and satisfy the Cauchy-Riemann equations at 2, = 7, +
iy,. Let

ou ov Ov du
a= %(%790) = a_y(%ayo)a B = %(%ayo) = _8_y<$07y0>'

Then because u,v € C'(U) have continuous partial derivatives, Vz + iy €

U:
w(®,y) — u(xo,Yp) = (z — o) — By — yo) + ¢(|A2]),

v(z,y) — v(2o,90) = Bz — o) + ly — yo) + o(|Az]),

where |Az| = \/(Az)? + (Ay)? and ¢(|Az|) denotes a value with higher
infinitesimal order to |Az|, or that limx , ., 0|(‘AAZZ||) = 0. Then letting Az =

T —xo+1i(y —Yo),
f(2) = f(z0) = @Az +iBAz + ¢(|Az]) + ¢(]Az|),

)= flz) _ 5 2(Az]) |AZ]
zZ— 2 ; =atif+ |AZ| A_Z

Taking the limit as Az — 0, the high order infinitesimals on the right-hand
side vanish, and

i 12 = 1(z0)

=a+if. n
Az—0 z — ZO

We will prove later in Section 3.2 that the complex derivative of a holomorphic
function f(z) = u(z) + iv(z) is holomorphic. Under this assumption, f(z)
has continuous second-order partial derivatives, and therefore,

0%u B 0%u 0%v B 0%v
oxdy  Oydx’ 0xdy Oydx’

and by the Cauchy-Riemann equations,

0%u 0%v 9%u 9%v

92 ozdy’ 0y2  Oydz’

and

0%v 0%u 0%v 9%u

82 0x0y’ Oy? - oyozx’

Adding the equations,
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0%u 82u_ @ R

gu,gu_ 9Y 0.
0x2 + Oy? © Oz + Oy?

This general type of equation is known as Laplace’s equation, which is a basic
example of an elliptic partial differential equation. Define the operator (the
Laplacian)
0? 0?
V2=V .- V=_—+ .
0x? + 0y?

A function u satisfying Laplace’s equation V2u = 0 is a harmonic function.
Thus, the real and complex parts of a holomorphic function are harmonic
functions.

Letting z = r cos 0, y = rsin 6, the Laplacian is equal to:

P00 (oro 00\ 0 (0rd 000
0x2  0y? Oz \OxOr 0z 00 Oy \O0yor = Oyob

_0(z0 yOo) 9(yd z0
9z \ror r200 oy\ror 1206
_ (9 _yO\(z9 w9\ (y9 z9\(y9 =9
S \ror r200)\ror 1200 ror r200)\ror 1200

= (cos 02 — smHﬁ) (cos 02 — smHﬁ)

V2=

or r 00 or r 00
+ i 924_@3 i 92+C0893
St or r 00 St or r 00
02 1\ 0 1\ &2 (2.2.3)
_ 209 ; Y i U -
= cos 087'2 cosHsmO( <r2)80+(r)608r)

_ _sin9 —si (92 + cos 9—82 + y 00592 + si 06_2
r . or 000r r2 o0 ! 96°
82 1 0 1 62
.5 . ()< -
+ sin 0—8r2+81n900s0( (r2)80+ (r)f)@ar)

) 2
n cos (COSQQ + sin 9_8 ) 4 cos 6 (— sin Hﬁ + cos 96—)

r or 000r r2 00 062

02 +<1)82 +<1>8

- Or? r2 ) 062 r)or
Proposition 2.2.1: Let U C C be open and connected and let f : U — R be
holomorphic. It follows that f is constant over U.
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Proof: Since f(x,y) = u(z,y) +iv(z,y) is real-valued, v(z,y) =0 on U.
Then by the Cauchy—-Riemann equations on U, % = % = 0. Similarly, ‘3—“ =
Y y

_% = 0. Therefore, f(2) = u(z) is constant. 0

2.2.1 Wirtinger Derivatives
We have previously introduced the concept of expressing a complex function

as a function of x and y. It can also be expressed in terms of z and z, where z =
24z
2
the derivative, it is only natural that we define

r+iyandz = x — iy. Then |2|? = 2z, 2 = and y = Z2. By the rules of

8 00z 90y 1(8 .0
&—aa+aa—i£1@> (224
and
dd0x 9oy 1[0 .0
5z 9107 aa—iﬁﬂa) (225)

If (2.2.4) is set equal to 0, then it is the equivalent form of the homogeneous

Cauchy-Riemann Equations. Then for a holomorphic function f(z), the

- ... af _ df
Wirtinger derivative 57 = 7.
In terms of u and v, the two derivatives of a function f(z) are equal to:

8f_1(8u Ov  Ou 81))

9. 2\az ‘oz By oy
and

ﬁ:%@ﬁ@+ﬁuﬁ)

0z 2\0x Or 0Oy Oy
If f is holomorphic,

df _Ou Qv _0v jOv_Ou_Ou_Ov_0u,, 6
dz 0z Oxr Oy Ox Ox Oy Oy oy

On the contrary, by the rules of the derivative,

0 00z 00z 0 0

9z 029z 079z 0z 0%
and

0 00z 00z .0 .0

—_— ] — 11—

oy 0z0y 0zoy 0z ‘o7

The Laplacian is equal to
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A—a_2+8_2— 24_2 2_|_ ig_iﬁ i
ox2 oy \0z 0Oz 0z 0z

(2.2.7)

=4—.
020%
Under this definition, we can derive the chain rule:

Theorem 2.2.1.1 (CHAIN RULE): Let Q C C be a region such that g € C*(Q)
and f € C’l(g(Q)). Writing w = ¢(z), it follows that

of \og (0f \og
(f 9) = (aw )8z+(8_ g)&

of , \og , (95 | \07
pioa) = (35ea) 2+ (L og) %

Proof: Write z = z + iy. Let
9(2) =&(z,y) +in(z,y), w=E+in

so that w = g(z) with ¢ = £(x,y),n = n(z,y). Let f be regarded as a C*
function of the real variables £, n; equivalently we may view f as f(w,w)

where w = £ — in. The composition is h(z) = f o g(z) = f(&(x,y),n(x,y)).
Using the real chain rule (provided by the continuous differentiability), we
have

Oh _0f0¢  Ofdn 0Oh 8f8§+8f8n

dr  9tdx  Ondz’ By OEDy  ondy’

Hence,
%_1%(% %)ﬁf(_ @)
32_2[35 oy an\oz oy ]
Now recall
o L2 20) 9 _1(of, 0
ow  2\0¢ 'on) ow 2\0c " on)
Thus,
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o6 ow ' ow’ 8 ow  Ow
Then by substitution,

of _of , of af:i(af 8f)

=31(50 o) (5~ 15)
g——><22 )]

of o0& o0& (On .On
aw [(%‘a—y)“(%‘la—y)]
of1 £ .0¢ on .0n
*awa{(%‘a—y) (a—‘a—y)]

The terms in brackets equal 27 99 and ag . Thus,

oh_(9f | \og, (95 \0B
9z \ow 7)oz ow Y) oz

A similar calculation using (2.2.5) gives

of g of g
<f 9) = (810 g) oz " <8w g>£
These are exactly the proclaimed identities

Last we have taking derivatives of conjugates
Theorem 2.2.1.2: Let f € C*(2) where Q C C is a region. Then

o7 97 of 57

02 0z 0z 0z

Proof: Write z = z +iy and f(2) = u(z,y) +iv(z,y) with u,v € C1(Q)
Then f(z) = u(z,y) — iv(z, y). We compute

8_7:1(8_,6

N L., Y W ’
. s 18_y> (u—iv) = §(uw v, —i(v, +up)).
On the other hand,
8f _ ]. 8 . 8 . _ / _ / / /
55 = 5(% +18_y> (u + iv) (uf — vy, +i(v), +uy))

Taking complex conjugates yields
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of 1., of
—=§(u _vy_l(vz_’_uy)):&'

0z *
Similarly,
87 _ 1 a . a . _ 1 / / . / /
%—5(%‘*’18_?/)(“_1”)—§(uz+vy+l(uy Uw))’
while
of 1[(0 .0 . L, T, ’
5_5(%—16—y>(u+w)—§(uw+vy+1(’vz uy))

Taking complex conjugates gives

8_f=1

/ / 3 4 / a?
9z = g (W vy il —vl)) =

- oz
2.3 Complex Power Series
Power series in real analysis can be generalized into complex series. Particu-

larly, concepts such as uniform convergence are analogous to those in real
analysis:

Definition 2.3.1 (Uniform Convergence): For a set U C C, a function
sequence {f,,(z)} uniformly converges to a function f(z) on U iff Ve > 0,
AN € Nsuch that Vn > N,Vz € U, | f,,(2) — f(2)| < e.

Remark: The definition above is equivalent to the following definition.

Foraset U C C, a function sequence { f,,(z) } uniformly converges to f(z) iff
lim suplf, () — £()| = 0.
n—oo zcU

Informally, we will use the notation f,(z) = f(z) to represent uniform

convergence.

Theorem 2.3.1 (CAucHY CRITERION): For a set U C C, a function sequence
{f,,(2)} uniformly converges to a function f(z) iff Ve > 0, 3N € N such that
Vn,m > N,VzeU,|f,(z) — f.(2)] <e.

Proof: If f, (z) uniformly converges to f(z), then for Ve > 0, 3N € N such
that Vn,m > N and Vz € U,

Fn(2) = £ < 5,

Fa(2) = FE < 5.

Then,
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[f(2) = [ ()] < |fn(2) = F () + | fn(2) = f(2)] <&

For the converse, refer to the analogous proof in Theorem 1.2.12. O

Function series are defined to be a sequence formed by the partial sums of
function sequences. There are many ways to verify the uniform convergence
of a function series. Perhaps the most widely known is the Weierstrass M
-Test.

Theorem 2.3.2 (WEiErsTRASS M -TesT): Let U C C be a region and {f,, } be
a function sequence on U.

If 3{M,} C Ry, such that Vn € N, Vz € U, |f,,(2)| < M,, and the series
Z;’; | M,, converges, then the series Z:’: | fn(2) converges uniformly and

absolutely on U.

Proof: By the convergence of Z:;l M,, Ve > 0,3N € N such that Vm >
n > N,

|M,, + M, + -+ M, | <e.
Since M; bounds f;(2), it follows that
|fm(z) + fm71<z> + o+ fn+1(z)| < |Mm + Mmfl + et Mn+1| <g,

and the result follows from Theorem 2.3.1. O

The concept of uniform convergence is generalized to improper integrals
with parameters, and the same theorems from series have a corresponding
counterpart.

In both complex and real analysis, the concept of power series, a unique type of
function series, is of trivial importance. Similar to real power series, complex
series have the form

where {a,, } are constants.

Let D(a,r) = B(a,r) = {2 € C:|z—a| <7} denote the open disk cen-
tered at a with radius r. For simplicity, from now on we will have D denote
the unit open disk, or D(0, 1). We will now observe the convergence of power
series.

Theorem 2.3.3 (ABEL's THEOREM): For a power series f(z) = ZZOZO a,z",
there exists a constant R € R,y U {oo}, known as the radius of convergence

such that:
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1 f absolutely converges on D(0, R), and VO < p < R, uniformly converges
on D(0, p).

2 f(z) diverges when |z| > R.

3 f is holomorphic over D(0, R) and f’(z) can be obtained by termwise

differentiation, or f’(z) = ZZO_ ) na,, 2" "1, which also has a convergence
radius of R.

The disk |z| < R is known as the disk of convergence, a direct generalization of
the interval of convergence for real series. There are many ways to determine
the radius of convergence:

Theorem 2.3.4 (CAucHy-HADAMARD): The radius of convergence of the
power series in the form ZZOZ o @nZ" can be determined by

R= = . (2.3.1)

Of course, a convergence radius of 0 implies that the series is divergent

everywhere except for possibly at 0, and a convergence radius of co means
that the series absolutely converges everywhere.

Proof: We will prove that the value in (2.3.1) satisfies the criteria in Theo-
rem 2.3.3.

Assume |z| < R. Then Vp € (|z|, R), and consequently, +. By Deﬁni—
tion 1.2.3 and (2.3.1), AN € N such that Vn > N, {/|a,,]| < = and la,| < 2%
It follows that |a,, 2" | < lzl < lforallm > N.Then Z la 2" converges

Let p’ € (p, R). S1m11arly, N’ eN such that Vn > N’, {/|a,| < /, and
la,| < /n. Then |a,2"| < |a,p"| < ,n. By the Weierstrass M-Test (Theo—
rem 2.3. 2) an 0 |a,,z™| is uniformly bounded for n > N’ by the convergent
series Z:i o @nP"> and thus uniformly converges on |z| < p. This proves part
1.

Assume that |z| > R. For all p € (
N, 3ny > N such that "}/ lanN| > %. It follows that ’ "Nl >
Since VN € N,

) 1 < L. By Definition 1.2.3, VN €
|z Nl > 1.

ny—1

E akz — E akz

by the Cauchy Criterion (Theorem 1.2.12), ZZOZO a,z" is divergent. Thus,
part 2 is satisfied.

27



[e.°]

To prove part 3, first observe that Z:Lo:  na,z" and 32" a,2" have the

same convergence radius since lim sup,, ., ¥/n = 1. For z € D(0, R), let
f(z) =S, () + R, (%), where

n—1 o0
S, (z) = Zakz’“, R, (z)= Zakzk.
k=0 k=n
Let

fi(2) = lim S} (2) = inanz”_l.

n—00
n=1

Let p < R be positive and |z,| < p. Then we aim to show that

1 (L= S

z—2zy

- fl(z)> = 0.

22z

By analyzing the difference,
f(2) = f(2)

z— 2z

— fi(2) =

Sul) = Sule)
[ TR o )] (2.3.2)

+8,(5) — fu(e) + D= Taln)

z— 2z

Since S) (z) — f1(2) as n — o0, it follows that Ve > 0, 3N € N such that
Vn > N, S (z) — fi(2)| < £. Since

Ro(2) = Rylz) _ &
z— 2z

ap (2P + 2P 2 4+ 25

k=n

for z # zy, with |z| < p < R,

S ay(s 4 1)
k=n

< lagl (|57 4+ |267Y) < laglkpt
k=n k=n

Since )77 klay|p*"! is absolutely convergent, > |a|kp*~" is the

remainder term of a convergent series. Then, 3N’ € N such that Vn > N’,

ZZinlak\kp’“*l <3

Finally, for a fixed n > max(N, N”), 36 > 0 such that Vz € D(z,,9) \ {2y},
Sn(2) = 5, (20)

-5 (2)| <

w| m

From (2.3.2), we get
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confirming part 3. O

Obviously, a substitution of z = { — a where a € C translates the disk of
convergence to D(a, R). The subsequent results on uniform convergence
hold for complex functions:

Theorem 2.3.5 (Untrorm Limiz): Let {f, ()} be a sequence of continuous
functions on U C C and uniformly convergent to f(z). Then f(z) is contin-
uous on U.

Proof: Fixe > Oand 2, € U.By uniform convergence, 3n € Nsuch thatVz €
U, |fn(2) = f(2)] < 5 and | f,(25) — f(2)| < §. By continuity, 36 > 0 such
that Vz € D(2,0) NU C U, |f,(2) — f.(2)] < 5

By the triangle inequality,

1F(2) = f(20)| < [f(2) = F(2)| + [fn(2) = ful20)| + [ fn(20) — f(20)] <.
for all z € D(z,,d) N U. Then the continuity of f is satisfied. O
Lastly, the sufficient criteria to pass a limit through an integral:

Theorem 2.3.6: Let y be a rectifiable curve on which the function sequence
{fn}, oy is continuous. If { f, (2)} uniformly converges to f, then

n—oo

lim [ f,(2)dz= / f(z)dz.

Proof: Since {f,,(z)} uniformly converges to f(z) on~, Ve > 0, there exists
N € Nsuch that foralln > N,

[fn(2) = F(2)|

e

_ VY .
< length(y)’ ZE

Since each f,, is continuous and 7 is rectifiable, each integral f7 fn(2)dzis

convergent and well-defined.

Then Vn > N,
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< / £4(2) — £(2)lla2
< /7 1eng:h(7)|dz| =€
Therefore,
tim [ 1.2z A f(2)de. -

Remark: For a uniformly convergent series >  f,(2), the commutation
between the limit and the integral becomes a summation-integral switch:

g/fn(z)dzz/gfn(z)dz.

2.4 The Conformality of Holomorphic Mappings

Let f : U — C be a holomorphic function defined on an open and connected
subset U C C, and let z, € U be a point such that f’(z,) # 0. Consider a
differentiable curve v € C*([0, 1]) with (0) = 2,. The direction of the curve
at z; is given by the argument of its derivative, namely Arg(+’(0)).

The image of v under f, defined by o(t) = f(7(t)), is also a smooth curve
passing through wy = f(z;). By the chain rule, the derivative of 0 att = 0 is
given by

o’ (0) = f'(7(0))7'(0) = f"(29)7'(0),
and hence
Arg(a’(0)) = Arg(f(2)7'(0)) = Arg(f'(29)) + Arg(v'(0)).
It follows that
Arg(o’(0)) — Arg(v'(0)) = Arg(f'(2))-

This shows that the change in direction between a curve and its image under
f is independent of the curve itself, depending only on the value of f'(z,).

Now consider two smooth curves v;,7, € C*([0,1]) such that v,(0) =

72(0) = z,, with respective images o4 (t) = f(v,(t)) and o4(t) = f(v5(t)).
Then
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Arg(oy/(0)) — Arg(v,/(0)) = Arg(f’(2)) = Arg(ay(0)) — Arg(vx(0)),
and by rearrangement,
Arg(ay/(0)) — Arg(ay(0)) = Arg(v1/(0)) — Arg(y(0)).

This equality demonstrates that the angle between two smooth curves at 2, is
preserved under f, provided f’(z,) # 0. In other words, holomorphic func-
tions with non-vanishing derivatives preserve angles and orientation locally,
a property known as conformality.

Furthermore, for any smooth curve v € C([0,1]) passing through z, the
limit
UG~ ()

Z2—2(,2€7Y ‘Z — ZO|

= 1" (z)]

shows that infinitesimal lengths are locally scaled by a factor of | f'(z,)| under
the mapping f.

Therefore, at points where |f’(z)| # 0, the function f is conformal; it pre-
serves angles but not necessarily lengths.

2.5 Elementary Functions

Functions of one complex variable that are formed by compositions, sums,

products, and powers of finitely many functions of the following form are

known as elementary functions:

1 Power functions including polynomials, rational functions, and their
inverses.

2 Trigonometric functions, hyperbolic functions, and their inverses.

3 Exponential functions and their inverses.

Power functions are easily extendable to the complex plane by simply chang-
ing the real variable to a complex variable. The other two classes of functions
have to be redefined and reinterpreted for the complex plane. It is well known
that the exponential function can be expanded as

I_.TO .’L‘l xQ .'ES
e —a+ﬁ+a+§+...
1'0 1’1 fL‘2 fL‘3

RO T TR T
T /T

= cos<7> —|—1Sln<7>.
1 1

This is better written as
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el” = cos(x) + isin(z), (2.5.1)
which is the famous Euler formula. Then for any complex number z = = + iy,
e* = Y = e%(cos(y) + isin(y)).

Then trigonometric functions and exponential functions can be written in
terms of each other:

eiz _ e—iz eiz + e—iz eiz o e—iz
sin(z) = , cos(z)= , tan(z2) = ———
(2) 2i (2) 2 (2) i(elz + e712)
e —e’” e +e” e*—e”
inh(z) = —— h(z) = ———, tanh(z) = ———.
sinh(z) 5 Co8 (2) 5 tan (2) e

Hence, the following relationships are derived:
sin(z) = —isinh(iz), cos(z) = cosh(iz), tan(z) = —itanh(iz).

The complex logarithm, denoted w = log(z), is the solution to z = e¥. We
can then define the inverse trigonometric and hyperbolic functions.

We can also define the power function for non-integer powers with w = 2% =
e®!°¢(2) Then power functions can all be written in terms of exponential func-
tions and logarithms. Letting z = = in (2.5.1) yields '™ = —1. Furthermore,
we can see that exponentiation with an imaginary number is a rotation:

Theorem 2.5.1 (DE Mo1vrg): Yz € R, Vn € N,
(cos(z) 4+ isin(z))™ = cos(nz) + isin(nz).

Since all elementary functions can be written in terms of exponential func-
tions and complex logarithms, we will first study the exponential function.
1 The exponential function e* never vanishes as |e*| = e* > 0.

27i

2 Since e*™ = 1, it is periodic over 2i.

3 It is also an entire function with (e?)” = e?.

Write e = e = e%(cos(y) +isin(y)) where z,y € R. Let u(z,y) =
Re(e?) = e” cos(y) and v(z,y) = Jm(e®) = e” sin(y). The first order deriv-
atives are respectively

ou - ou -
G = ereos(y), g = —e*sin(y),
and
Ov - Ov -
Tl sin(y), oy = cos(y),
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and indeed, the condition described by Theorem 2.2.1 is satisfied.
4 For any two complex numbers z; and z,, e*1e*2 = e*11%2,

In fact, most real exponentiation rules are identical to those in the complex
number field. Previously we claimed the periodic properties of e*. For U C C,
a holomorphic function f : U — C is univalent over U if it is injective over
U. This means that the solutions z; and z, satisfying f(z;) = f(z,) will also
always satisty z; = 2.

5 The function e? is univalent over any horizontal strip of height 2x.

Let z; =y +iy; and 2z, = 5 +iy,, With z,,y;, 25,9y, € R, and assume
et = e*2. Then

exleiyl — erGin.
The moduli are equal, and therefore z; = x,. By the periodic nature of expo-
nentiation of imaginary numbers, y; — y, = 21k, where k € Z. To satisfy
univalence over a region U, we must exclude distinct points whose imaginary

parts differ by an integer multiple of 2. Thus, we may select U to be any
horizontal strip

2nk < Jm(z) < 2n(k+1)
or

2nk < Jm(z) < 2n(k+1).

Similar to the exponential function, any belt region with thickness 27 is a
region over which log is univalent.

Next we examine the complex logarithm.
1 From the periodicity of z = e, log is a multi-valued function.
2 Let z = rel? and w = u + iv, where 7,6, u,v € R. Then

reld — gutiv,
and e = r, meaning that u = log(r) and v = 6 + 2wk, where k € Z. Then
w = log(r) +i(6 + 2xk),
and using modulus-argument notation,

log(2) = log|2]| + iarg(2),

where arg(z) is the multi-valued argument function. We denote the prin-
cipal branch of the argument function by

Arg : C\ {0} — (—m,x].
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The principal branch of log(z), or Log(z), can be defined such that
Jm(Log(z)) € (—m, .

The functions sin and cos, through their exponential form, still satisfy the
familiar properties such as their derivatives, periodicity of 2w, parity, sum and
difference formulas, and the fundamental identities

sin?(z) + cos?(z) = 1, sin(z) = COS(% — z).

However, due to the extension, some properties do not hold. For instance,
sin(z) and cos(z) are unbounded, as along the imaginary axis they resemble
their hyperbolic counterparts, which are unbounded along the real line.

We now examine the regions over which they are univalent. Consider

eiz _|_ e—lZ

cos(z) = 5

Define the auxiliary functions

f(z) =iz, C(é) = 857 w(C) =5 -
Then

cos(z) = (we (o &)(2).

§ is clearly univalent on C, as it is a linear map, specifically, a rotation by %
radians followed by scaling. The function ¢ is univalent on any domain U C

C such that for all £;,&, € U, &; — &, # 2rnik forany k € Z. If §; = iz, and
&y = izy, then this translates to z; — 2z, # 27wk for k € Z. The function

1

w(¢) =

is univalent on regions excluding pairs ({;, ;) such that ; = é In terms
of z, this condition becomes e'*1e!*2 # 1, or equivalently, 2, + 2z, # 27k for
any k € Z.

Combining these constraints, we conclude that cos(z) is univalent on any
vertical strip in the complex plane of width , such as a region of the form

{z€C:krn <Re(z) < (k+1)r,k € Z}.
Let us now consider the specific region

{z € C:0 < Re(z) <},
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and analyze how it is mapped under cos(z).

1 £(z) =iz maps the region {z€ C:0<Re(z) <7} to {£€C:0<
Jm(§) < n}.

2 (&) = e* maps this region to the upper half-plane Jm(¢) > 0 since 0 <
Arg(¢) < mand 0 <|(].

3 w(C¢) = 25 maps Jm(¢) > 0to C\ ((—o0,—1] U [1, 00)).

Thus, the composition cos(z) = w o { £ is univalent on the strip
{z € C:0 < Re(z) <7},
and the image of this strip under cos is
C\ ((—o0,—1] U1, 00)).
We will now analyze the inverse cosine function, denoted arccos(z). Consider

eiw + e—iw
2

z =

Then
(ei“’)2 +1=2ze”

_2zj:\/4z2—4
=

w= —ilog(zj;\/z2—1).

el’u)

Then arccos is also a multi-valued function. We can also define
. T
arcsin(z) = 5~ arccos(z).

Lastly, we will examine the power function. Let o = u + iv where u,v € R.
Then
2% = exp(alog(z)) = exp((u + iv)(log|z| + iarg(z))),
and in polar form,
2* = exp(ulog|z| — varg(z)) exp(i(vlog|z| + uarg(z))).
Let
r, = exp(ulog|z| — varg(z))
and

0, = vlog|z| + uarg(z).
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Then z* = r,e'%, where k € Z. Analyzing the coefficient of v in the exponent
of 7, 2% is multi-valued if v # 0.

Then assuming v = 0, we have
2% = |z|* exp(iuarg(z)).

Doing casework on a,

1 If @ = u € Z, then u can be absorbed into k, and z® is single-valued.

2 If a = u € Q with reduced fractional form g, where p,q € Z, ¢ > 0, and
ged(p, q) = 1, then the multi-valued function z® is given by

2 = |2|% exp (i (g) (Arg(z) + m))

= |2| exp (l(g) Arg(z)) exp (m(%’)k),

for k € Z. These values are periodic with period g, since

o) o))

as exp(2nip) = 1 for integer p. To prove there are exactly ¢ distinct values,
consider £ = 0,1,2,...,q — 1. The exponential factors are exp(2fni(§>k).
These are distinct if, for 0 < j < k < q—1,

oo (3)) (2

which holds unless (%’) (k — j) € Z, or equivalently unless g divides p(k —
J)- Since ged(p, q) = 1, ¢ must divide k — j, but |k — j| < gand k — j # 0,
a contradiction. Thus, 2% has exactly ¢ distinct values.

3 Ifa=wu¢€R\Q,then z¢ is infinite-valued.

Lastly, there exist series representations of functions using power functions,
namely Taylor series, and trigonometric functions, namely Fourier series.
There does not exist another distinct representation using exponential func-
tions, as trigonometric functions can be written in terms of them.

3 Complex Integration

3.1 The Cauchy-Goursat Theorem

It is important to know the differential 2-forms even for a single variable
complex function. Consider z = x + iy and z = z — iy. We can then define
their corresponding differentials:
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dz =dx +idy, dz=dx—idy.

The antisymmetric properties of differential forms still hold in complex space.
By taking the wedge product of the two basis complex differential forms, we
get

dz Adz = (dz —idy) A (dz + idy)
= 2idz Ady.
Analogous to the real case, a 0-form is defined as a scalar-valued function
in the form f(z,%), a 1-form in the form w,dz + w; dz, and a 2-form as
wy dz A dz. The exterior differential operator for this one-dimensional case is

defined as @ + 0, where & =dz A 8 ~ and 0= dz A 8 Occasionally, one will
informally use @ and 0 as an abbrev1at10n for 2 3. and — respectively.

Theorem 3.1.1 (LusiN AREA THEOREM): For aregion U C Cand f: U — C
univalent, the area of the image f(U) is equal to

/U /()P dA.
/f(U) dA.

Proof: We aim to find

By the properties above,

dundv=~ [ dwndw=- [ df(z) AdF )
/f(U /f(U) 2/

/f' P dz] /|f ) dz A dy,

as desired. O

[\

—e

Remark: The Jacobian determinant of u, v with respect to x, y, for a holomor-
phic function f(z) = u(z,y) + iv(x, y) is equal to

w, | Oudy _ dudv _ (8_> . (a_) e
v, v,|  Ozdy Oyox Ox Oy
by (3.1.6).

Theorem 3.1.2 (GREEN's THEOREM, ComPLEX Form): Let U C C be bounded
with a piecewise smooth boundary OU. For two scalar functions w; =
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wy(2,%) and wy = wy (2, Z) satisfying w;, w, € C! (U) define the 1-formw =

w; dz 4+ w, dz. Then,
/ w:/ dw. (3.1.1)
U U

Proof: For real-valued functions &;, £y, 71, 75, let
w; =& +in; andlet wy =& +in,.
Then,

w= (& +in)dz + (& +iny) dz

= (& +in)(dz +1idy) + (§; +iny)(dz —idy) (3.1.2)
=& dz +in, dz + & dy — ny dy + & da + iny dz — i€, dy + 0y dy

= [(& + &) dz + (g — mp) dy] +i[(ny + m2) dz + (§; — &) dy]

Each of £, &5, 7y, 1y are real-valued functions that can be represented with a
domain of R2. By definition,

dw=(0+0)(& +in)dz+ (0 +0) (& +in,) dz

- (%+ %) dz Adz + (§+ %) dz Adz

0z 0z z

_ 9% _Om 9% Om

=2 (l 0z oz o " a. )N (3.1.3)
0&, - 96, - om - oy o 0 - 08, | Ony .97

N ( Ox oy ox ' oy ' oz oy ox ' oy dz A dy

:(%_%_%_%)dAH(%_%_%_%)dA_
X

From (3.1.2), we can apply Theorem 1.2.8. For the real component of w, we
obtain

On, 0& Omy 0%
?gU(§1+§2)d$+ - dy—//( ———%—a—y>dxdy,

and for the imaginary component,

_ ﬁ_%_%_%
jéU(ernz)der —&)dy = //( pye By dz dy,

and the integrands on the right side both match those of (3.1.3). O
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The theorem above is only a specific case of the Stokes—Cartan Theorem
(Theorem 1.2.11). However, it proves the validity of the treatment of the 0
and O operators, and the generalization to forms with basis dz and dz.

Theorem 3.1.3 (CAucHY-PompEIU): Let U C C be bounded with a piecewise
C' boundary OU. Let f(z) € C! (U) Then Vz € U\ 90U,

1 (f SQ [ 20 dTnd
f(Z)—%i(?i Hoac [ 28 cz)'

Proof: Since z € U \ 9U, Je > 0 such that D(z,e) C U. Consider the com-
plex differential form

f(¢)d¢
(—=z

with a singularity at ¢ = z. Consider the region U \ D(z,¢). Since f €
ct (U) by applying Green’s Theorem (Theorem 3.1.2),

/ d(f(()dC) _ (Qd¢ f(€) dC. (3.1.4)
U\D(z¢) (—z ou €% 8D(z,e) (—=

By properties of d, the expression is equal to

A ) B o ( f(©) )
0+0 (— ANd¢ = — [ ==£)d¢cad
/(;\D(Z:&')( ) (—= ‘ U\D(z,¢) OC\C—= ‘ ‘

9 () g
+8Z(C_Z)d(/\dc.

The first term in the integrand vanishes as it contains d¢ A d¢. The second
1

term can be simplified using the fact that 8%2 = 0, leading to

/ f dtnd
\D(ee) 0 C—2

The rightmost term in (3.1.4) can be parameterized with ( = z + eell, t €
[0, 2x]. Then,
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_ it
2,€) C e

f F(Qd¢ _ /2“ flztee®) g
aD( €
2

Y

= f(z+eett)dt

027: 27
/ (2 + ceit) — f(2)) dt + i/ () dt.
0 0

Because f € C! (U), by Proposition 1.2.2, f is Lipschitz continuous on U,
and IM € R_, such that Vzq, 2, € U, |f(2;) — f(20)| < M|z, — 2,|. On
dD(z,¢), we get that | f(z + ee'*) — f(2)| < Me. Therefore,

/ Tr(f(z + eelt) — f(z2)) dt
0

27
< / |f(z + ee) — f(z)| dt < 2Me,
0

which approaches 0 as ¢ — 0. Taking this limit, we obtain

f dg /af chdngm/ af dgA 5)

2Tif(z) = - 8( Ay

oU e—0

We then aim to prove that

_ af dTnd¢ _
lim
81_’O/D(z o OC -z

Notice that since f € C* (U) by Theorem 1.2.13,3M"’ € R_ , such that V( €

(3.1.6)

of /
U, B—E‘ < M’.Then,
d¢ nd
lim/ 6—{ ¢ ¢ SM/lim/ —d(/\dc
e—0 D(z,e) 8C C—Z e—0 )C

By a change of variables to a polar coordinate system centered at z, we obtain

M’ lim

e—0

/D( )re%d(z—l-re_ie) Ad(z + rel?)|,

and by expansion of the wedge product,
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2i 1
M/lim/ Tledr/\dﬁ :2M’1im/ Wdr/\dﬁ
e—0 D(ze) e e—0 D(ze) €
27 £ )
= 2M’ lim / / e drdé
e—0 0 0
p— 0.

Then from rearranging (3.1.5), we obtain:

L ([ fQdC [ af dTadg
f<z>—2—m<w C—z_/Ua_Z’ c—z)' o

Corollary 3.1.3.1: Let f : C — Cbe a continuously differentiable, compactly
supported function. Then

1) =—§//CZ—§@

for all z € C where { = £ +in.

Proof: Choose R > 0 such that D(0, R) D supp(f). By the Cauchy-Pompeiu
Theorem (Theorem 3.1.3), we have

_1(1 f(Qd¢ 0f d€dn
fle) = T <2i ?gD(O,R) (—2 //D(O,R) ¢ — z)

Then the proof is complete given that f vanishes on 0D(0, R) and by letting
R — oo. O

In complex analysis, when integrating over a region that contains a singu-
larity, it is common to exclude a small disk of radius € around the singularity,
perform the integration over the punctured region, and then take the limit
as € — 0. As in the proof above, the displayed estimate for the integral over
the removed disk is still necessary in confirmation, although it is typically
tacitly elided.

From the above result, we can directly obtain the following theorem:

Theorem 3.1.4 (CAucHY's INTEGRAL FORMULA): Let U C C be an open region
with a piecewise C'! boundary OU, and let f € C* (U) be holomorphic on U.

Then for all z € U,
_ 1 f(Q)
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Proof: By (3.1.5), for f (C ,Z) g—g = 0. Applying the Cauchy-Pompeiu Theo-
rem (Theorem 3.1.3), the area integral vanishes, and (3.1.7) consequently
follows. O

Theorem 3.1.5 (CAucHY's INTEGRAL THEOREM): Let U C C be an open region
with piecewise C! boundary QU. For a function f(z) € C* (U) holomorphic
over U,

75 £(¢)d¢ = 0.
oU

Proof: Let ¢(z) = zf(z). Applying Theorem 3.1.4 on ({) with z =0, we
obtain
_ 1 P@Q) .1
0= Q—“iéUTdC— 2Ttifi9Uf(OdC'

Alternatively, we can use Green’s Theorem (Theorem 3.1.2) withw = f(¢) d¢:

an(C)dC=jlgUw=/wa=/Ug—§dZ/\d(=0. o

Theorem 3.1.6: For a compactly supported function 1 (z) € C*(C), a solu-
tion satisfying u(z) € C*(C) to the non-homogeneous Cauchy-Riemann
equation

Ou(z)

U)o
is

1 _

u(z) = _ﬁ/ ép(_cl d¢ Ad¢. (3.1.8)
C
Proof: Split C into C \ D(z,¢) and D(z,¢). For all € > 0, the integral
1 () 1=
—— d¢ Ad
2mi C\D(z,¢e) C_ z C/\ C

is continuous. Since 1(() is compactly supported over C and continuous, by
Theorem 1.2.13, it is bounded. Then the limit

: 1 P(Q) = _

Therefore, (3.1.8) is continuous. A trivial substitution can be used to rewrite
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2mi ¢
Then,
u(z+Az)—u(z) 1 [ p((+2+Az)—p((+2) =
2) = /C A d¢ A dg3.1.9)

For a fixed z, the value of

Y+ 2+ Az) —9Y((+2)
Az

tends to %gz) as Az — 0. Because 9(¢) = ¥(¢ + z) has compact support

and is C, by Proposition 1.2.2, it is Lipschitz continuous for a constant M.
Let [Az| < landlet K = {we C: infee qupp oW — ¢l < 1}. Then,

P+ 2+ Az) —P(( +2)
Az

SM;

and specifically, when ( + z ¢ K,

P(C+z+Az) —Pp(C+2)

Az =0

As shown above, the integrand is uniformly bounded by M, which has a
convergent integral of [ K M d¢ A d(, the limit Az — 0 may commute with
the integral in (3.1.9). Let { = & + in. From the real axis,
ou 1 10y 1 / oY (Q)
C

_ 1 _
a(z) =50 C58_§(<+z) d¢ Ad¢ = omi ). 0E EdC(BdQO)

From the imaginary axis,

ou 1 [10y L1 o) 1 _
5y = ot | eay € r AN = o [ SEN . T acdt)

Since ) € C'(C) and has Lipschitz constant M, (3.1.10), (3.1.11) are both
continuous (by the same argument for the continuity of u(z)). Thus, u €
C*(C). It follows from the two equations that

Ou_ 1 [0y 1 N R S Vv
%‘%/Ca_z'ﬁd“dc‘%/;(az Fdendt

By Corollary 3.1.3.1,
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ou
5% P(2). O

Remark: In the first part, we established that a function 1 (z) € C°(C) with
compact support satisfies
1 [ =
- — [ BY g nde e co©).

w9 =g | £ nace0©
If ¢(z) € C'(C), then the first order derivatives of u(z) can be written in the
same form ((3.1.10), (3.1.11)) since g—?, g—;’; € C°(C) and are also compactly
supported. Then they too are continuous functions, and u(z) € C*(C).
Then using the same argument, In general, for 1(z) € C*(C), the same
process can be used recursively to find that u(z) € C*(C) as well.

If the support of 1(2) is the union of infinitely many or finitely many disjoint
compact sets, then the integral in (3.1.8) can be split into a sum of integrals
over each compact set, and the same argument applies to each term.

When Cauchy formalized Theorem 3.1.4, Theorem 3.1.5, he included the
necessary condition that f(z) € C! (U) It was later shown that all such
holomorphic functions had holomorphic derivatives, and this condition was
thus later dropped by Goursat:

Lemma 3.1.1:Let f : G — C be a continuous function defined for a region
G CC. Let I C G be a rectifiable piecewise smooth curve. Then Ve > 0,
there exists a polygonal chain P C G inscribing I' (each vertex lies on I')

/Ff(z)dz—/Pf(z)dz

Proof: Because f € CY(G), there is a compact set D C G enclosing I' and
is the closure of some open set. By Theorem 1.2.15, Ve > 0, 36 > 0 such
that Vz',2” € D satisfying |2” — 2’| < 6, |f(2”) — f(2)| < €. Partition T
inton € N curves vy, 7y, ---, ¥, between points 2, 21, ...2,, such that Vk €
{0,1,...,n — 1} the length of ~, is less than 4. For all k € {0,1,...,n — 1},
let [;, denote the straight line segment connecting z;, and z;_ ;. The length of

where

< E.

l,, is less than § as well. Then let
n—1
k=0

Over the partition formed with +,, the integral
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/Ff(z) dz

can be approximated with the Riemann sum

n—1
S = f(z) Az,
k=0
where
Azkzzkﬂ—zk:/ dz:/ dz.
!

Tk k

Then the sum above can be written as

and it follows that

/ f(z)dz — S‘ = < ¢ - length(T")
r

S [ 156 ol

and

< € - length(P) < ¢ - length(I")

/P 7(2) dz—s| -2 /lk[f(z)—f(zk)] dz

where length(I") is the length of I" and length(P) is the length of P. Then,
/f(z)dz—/f(z)dz /f(z)dz—S /f(z)dz—S‘
r P r P |

< 2¢ - length(T).
Lemma 3.1.2 (Goursar): Given a holomorphic function f(z) on a simply

< +

connected region U C C, for any piecewise C! closed curve T' C U,
/ £(C)d¢ = 0. (3.1.12)
r
Proof: By Lemma 3.1.1, Ve > 0, there is a polygonal chain P where

/Ff(z)dz—/Pf(z)dz

<e. (3.1.13)
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B Figure 2: Quadrisection of int A

Figure 1: Closed triangulated
polygonal chain

The statement we aim to prove is equivalent to proving that
/ £(z)dz = 0. (3.1.14)
P

Since P is a closed polygonal chain, we can triangulate the interior. For
example, consider Figure 1, where

yiABCDE flz)dz = (/A_B>+ /w—i_ /C—D>+ /ﬁ—i_ /ﬁ> f(z)dz
(oo Lo

B ?iABE JEdz+ fABCE JEdzt %ACDE JEdx

Thus, if the integral over every triangle in U vanishes, then (3.1.12) follows.
Consider a triangle in U with boundary A. Then define M to be

72 f()dz|.

We can quadrisect the triangle bounded by A into four triangles with bound-
aries Ay, Ay, Ag, A, as in Figure 2. Then one of A, A,, Ag, or A, (denote
this to be A1) satisfy

M =

46



and recursively, choose

M
_27 ceey

f(z)dz

A2

> >

M
o (3.1.15)

%An f(z)dz

Let L denote the perimeter of A. Then, the perimeters of A, A2, ... respec-

W

tively are %, 2%, ... Asn — oo, A, shrinks to a single point z,. Then, Vn €

N, z, € A™.
By the definition of holomorphy, Ve > 0, 36 > 0 such that Vz € D(z, J),
’f %)

z—zo — f'(20)

<e,

£(2) = F(20) = [/ (20) (2 = 2)| < elz = 2,

and 3N € N such that Vn € N, 5, A™ C D(2y, ). By Theorem 3.1.5, since
the functions z — 1 and z — z are both entire,

fndzzo,fnzdzzo.
fmf 2dz— f o)yindzf’(%)(%nzdzzoindz)

$ 1)~ z0) —  (ao) (= o)l d

Then

Because the distance between any two points in the interior of a triangle
is always less than its perimeter, using the triangle inequality for complex
integrals,

Comparing the above equation with (3.1.15),
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Figure 3: A simplified region containing two vertical lines and two
continuous, rectifiable curves.

M L
— — M L.
4n<64n, <eg

Since A is rectifiable, L is finite, and letting ¢ — 0, we find that M — 0. Then,
for every triangle in U, the integral vanishes, and (3.1.14), (3.1.13) follow. O

Theorem 3.1.7 (CAucHY-GoursAT): Let U C C be an open region bounded

with boundary QU Let f : U — C be a holomorphic function continuous on
U. Then,

74 £(¢)d¢ = 0.
oU

Proof: Since U NU = & and f(z) is not necessarily holomorphic over U,
we cannot directly apply Lemma 3.1.2.
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First assume U has the shape of M NQP in Figure 3. That is, U consists of
x =a, x = b for a < b, and two rectifiable C° curves m cy = ¢(x) and
Q? : y = () such that ¢(z) < ¢¥(z), Va < x < b.

For some € > 0, n > 0, construct a new curve M{N/Q1P/ € U to be the
boundary of the region bounded by LM, :x =a+¢, N;Q,:z=0b—c¢,
M'N’: ¢(z) +n,and Q' P’ : ¢(x) — n such that M{N; Q7P remains sim-
ple. By Lemma 3.1.2,

7{ f(z)dz=0.
M{N{QI P

By Theorem 1.2.15, f(2) is uniformly continuous over U, and therefore Ve’ >
0, we can choose 7 > 0 so that Vz € M{N/, |f(2) — f(z —n)| < &’ is satis-
fied. Letting n — 0 with ¢’ — 0 and fixing € > 0, we get that

‘/_>f(z)dz—/_>f(z)dz g/ ) — Fe— iz

M{N; My N MiN;
< 5’/ |dz| — 0,
M| N/
and consequently,
/ £(2)dz — / f(2)d=. (3.1.16)
M{N] M; N,
Under the same limit, we get
/ f(z)dz — / f(z)d=. (3.1.17)
QP QP

By the continuity of f(z) over a compact set,
/ f(z)dz — / f(z) dz,/ f(z)dz — / f(z) @.1.18)
Pl/Ml PlMl NI,QI NIQI
Then letting € — 0, for the same reason as (3.1.18), (3.1.16), (3.1.17) yield
/ f(z)dz —)/ f(z) dz,/ f(z)dz —>/ f(z)dz.
M, N, MmN o7 oF

We are left to show the subsequent limits of the results from (3.1.18). For the
left integral, let y, = max(¢(a), ¢(a + ¢)) and y,, = max(¢)(a), ¥ (a +€)).

Then,
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/Hf(z) dzzi/;:?) fla+iy) dy=i([pjj)+/yw+/¢(a)>f(a+iy) dy.

PM Yo Yy
Similarly,
Yo Yy ¢(a+£)
/ f(z)dz =1 / +/ +/ fla+e+iy)dy.
Pl—]\/[l> P(ate) Yo Yy
The difference ( f?]\? . f_.._)Pl i ) f(z) dz between the two is then equal to
Yoy Yo #(a)
[ sare syl [T+ [0 ) favi)
Yo P(a) Yy
Yo ¢(ate)
—i!/ -+/ fla+e+iy).
P(ate) Yy

The first term vanishes by uniform continuity, through the same argument
used for M{N{ — M;N;, and the remaining four integrals all tend to 0
because they are taken over degenerating intervals. Ase — 0, %, — ¢(a) and
Yy — P(a) because ¢, € C°. Therefore,

JERCLEEY B OLS
P, M, i
and through similar logic,
/ f(z)dz — / f(z)dz.
NQ NG

Therefore,

?{ f(z)dz=0.
MNQP

Any openregion U C C with a simple closed boundary can be broken up into
smaller regions with the same form as M NQ P with finitely many auxiliary
lines. Then the conclusion follows. O

Remark: The theorem is also valid for any multiply connected region (and its
boundary will consist of multiple curves) as a multiply connected region is
equal to the union of several simply connected regions with vertical auxiliary
lines between.
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Additionally, if U C C is simply connected and f is holomorphic on U, then
for any two points z, 2, € U, the integral

/Z IGE

is well-defined and independent of the path taken from 2 to 2. In this sense,
holomorphic functions behave analogously to potential fields.

Theorem 3.1.8 (CaAucHY-GoursAT): Let U C C be an open region bounded
with a simple closed boundary OU, and let f : U — C be a holomorphic
function continuous on U. Then for all z € U,

f(z) = %72(] gf(_oz dc. (3.1.19)

Proof: By the Cauchy-Goursat Theorem (Theorem 3.1.7),

f(C) f(<) f(¢)
dc=¢ L5 4c— L) e =o.
/8(U\D(z o 6 ou 6 — 7 yfw(z,e) (—2

From rearrangement,

©) ot oo f(s
§ =)+ [ 1S et — fa))

Since f € C°(0D(z,¢)),ase — 0,

/ 7‘[f(z+eei‘t) — f(z)] dt
0

< /02ﬂ|f(z+8eit) — f(z)|at

< 2n max |f(z+eel’) — f(z)| = 0.
t€[0,2w]

_1%
2mi o

Remark:In the proof of Theorem 3.1.3, we used Lipschitz continuity for

By rearrangement,

O

a smooth function, which was a stronger condition than necessary. The
true necessity of smoothness was to be able to apply Green’s Theorem
(Theorem 3.1.2).

This profound theorem is extremely important and helpful in complex inte-
gration and essential in the evaluation of integrals, as demonstrated below.
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(

_dz

Example 3.1.1: Evaluate the integral ‘9€8D 0.2) T

where n € N.,.

Proof: Since 2" — 1 = HZ:S (z — wk), where wk = 2™ the integrand has

singularities at every n-th root of unity. Then the integral is equal to:

7§ = —j'f f 9 _dz (31.20)
8D(0,2) H;:Ol (z—w;)  Jopooyy =W

where c; are the coefficients of the partial fraction decomposition. By the
Cauchy-Goursat Formula (Theorem 3.1.8), (3.1.20) becomes:

n—1 c n—1
E ?{ kE_dz = 2ri E Cl-
k=0 JoD(0,2) * T Yk k=0

Observe that Z:;é ¢, =lim, ZZ;& zzjjk =lim, ,, -=5 =0 since
n > 2. Therefore,
dz
?g zn——l ::0. [:
8D(0,2)

We have also already seen the utility of parameterization via a polar transfor-
mation. Many useful identities in classical calculus can also be derived from
concepts in its generalization:

Example 3.1.2: Prove that Vn € N,

/27{
0

Proof: Consider the integral

ACHE-
zZ+ - —.
oD z z

Letting z = €%, we get j;an) (e + e*ie)%e*ie dz = 22" fo% cos?™ 0 df. Al-

ternatively, we can expand the integrand and get

7{22” 2k2n QZTL?{ 2k2n1dz
)

D k=0

2k—1

When 2k —2n — 1 > 0, the integrand is holomorphic. The integral is then
equal to

2 2 2 d 2
n>7§ d+( n>7§ d++< ")7{ _Z:%i( ">
0 oD 1 oD n ap < n
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since all the higher order terms vanish:

2T .
S2k—2n—1 4, — j e2i0(k—n) g — 0 ifk<n,
oD 0 2riif k = n.

Therefore,

2m 2 27 27 (2n)! o 2n k
22"i/ cos®" 0 df = 27ri( n) <:>/ cos?" 0 df = 27;( ?)2 - nHk:1 5
0 n 0 2 (n) Hk::l (2k)

From simple cancellation, we then have
~o2k—1
om = [[=— O
[ e == 1%

Example 3.1.3 (CAUCHY—GOURSAT FORMULA ON THE ExTERIOR): Let v C Cbe

a simple closed curve, and suppose that f : ext(y) — C is holomorphic and

continuous on ext(y) = C \ int(y), where int and ext respectively denote

the interior and exterior as in Theorem 1.2.5.

1 If f has a removable singularity at oo, or if w = lim,_, _ f(z) exists and is
finite, then Vz € C \ ~,

if z € int(7y)
(—z w— f(z) if z € ext(7y).
2 If v encloses the origin, then Vz € C \ ~,

1 f(©) [0 if z € int(y),
2_111752 dc = { : (3.1.21)

2( — (2 f(z) if z € ext(7).

Proof:

1 By the compactness of 7, it can be completely contained within a suffi-
ciently large disk centered at the origin (y C D(0, R)). Then by applying
Theorem 3.1.8 or Theorem 3.1.7 on the set D(0, R) Next(y) = D(0, R) \
M, we get that

1 if z € int(y),
%iDOR)C— 2111?{( e+ { f(z)if z € D(0, R) Next(7).

By letting R — oo and letting { = Re'?, we get that

1 f¢) .. 1 o f(Rele) 0 if z € int(y),
%é@dc_%fgfi@ o 1-— dé - {f(z)iszext(v).

Re19
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By the continuity of f on dD(0, R), it attains its maximum M. For suffi-

ciently large R, |1 — £55 | attains a positive minimum. Then the integrand
is uniformly bounded in R and 6, and hence the order of the limit and the

integral may be exchanged. Hence,
1 f(©) 1% w 0 if z € int(v),
. d¢ = — . —df — :
2mi J ¢ — 2 2n J, 1-limp, 7% f(z) if z € ext(7)

_ {w if z € int(y),
| w— f(2) if 2 € ext(y)

as expected.
Under the partial fraction decomposition of (3.1.21), we get that

10 2)s
(3.1.22)

o i f(Re?) 0 if z € int(y),
:/0 (f(Ree) o= ) d6 + {Z’rrif(z) if > € oxt(y) N D(O. R)

Reie

when v C D(0, R). We will analyze the first integral as R — oo. By the
triangle and reverse triangle inequalities,

o7 . f(Re19)> o7
Rel?) — 2 7 1 44| <
[ (-2 o< |

27
] 2m|2|
< dé = — 0.
_A R — |7 R — ||

z
Reif — 2

dé

By substituting the result into (3.1.22), and letting R — oo, we get that

1 f(© [0 if z € int(y),
ori VZZC—QQ d¢ = {f(z) if z € ext(y)

as desired. O

3.2 Analyticity and Holomorphy
The Cauchy—-Goursat Formula (Theorem 3.1.8) can also be generalized into a
result that equates complex integration and differentiation:

Theorem 3.2.1 (CAucHY-GOURSAT): Let U C C be an open region bounded
by a simple closed boundary OU, and let f: U — C be holomorphic and
continuous over U. Then Vz € U, Vn € N, f(") (z) exists, and
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(s = Ld. 3.2.1
Ry e R (3:2.1)

27i

Additionally, since U is open, Ya € U, Vr > 0 such that the closed disk
D(a,r) C U, f has the uniformly and absolutely convergent Taylor expan-

() = Z a;(z—a)’, (3.2.2)
=0
where
1

for z € D(a,r).
Proof: Va € U,Vz € D(a,r) C U, by Theorem 3.1.8,

-t =g f (HL- L)
S L9
35y T 2)C )

and dividing by z — a, the above is equal to

f(Z)—f(a)_Lyg f(¢)d¢
(€ —

z—a  2mi 2)(¢—a)

Since

S LA

zZ—Q
= o 7€,U <c—z><c—a>2 ac,

Let d be the distance from a to OU; then 0 < r < d. Then since |z —a| < r
and |¢
(3.24)is bounded above by d2( 7> where M is the maximum of (O],

exists by Theorem 1.2.13. Then

z—a f(©) [z—a] M
omi éU (g—z)(g~—a)2d<|S o dz(d—r)ng’dq‘

As z — a, the difference vanishes, and therefore,

— r. Then the absolute value of the integrand of
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b,
o:_
26

Now inductively assume that (3.2.1) is true for a givenn = k € N, or

k!
7{(] _ Z k+1 C

Notice the expansion of the kernel, convergent since |z — z,| < |¢ — a:

1 1 (—a 1 1

(—z (—-a (—a+a—z (—a 1—z2¢

¢—a
1 & /z—a)’
:c—a2<c—a)'

(3.2.5)

Then,

Ll C I k+1

. Z—aQa

:2_“1 8U kH (;(C—‘) ) 9
E!(k f(¢)

= £0)(z) + fg e

+0(|z — al?),

where the remainder terms O(|z — a|?) resemble

k! E+1
(s — a5 [(k:+1) ("3 )] 7§ %dg—k(ﬂ(\z—aﬁ).
ou
The difference quotient is equal to

f¥ () — M) _ (k+1)!?§ f©)
ou (€

d¢+ O(|z —al).

z—a 27i — a)k+2

As z — a, the remainder terms vanish, and

(k1) gy = B+ D! O 4
£ (a) f; ¢

27i y (¢ —a)k+?

By induction, (3.2.1) is valid. By substituting (3.2.5) into Theorem 3.1.8, we
obtain
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f(z) = %fg(] g(fl]f; (Z:Z)Jdc
= %ngj:ZO(z )? (Cf(_clgigil

Because f(() is continuous over OU, it is bounded by a constant M. Addition-

z:g‘ < 1, the sum is

ally, since |z — a| < r < |{ — a| and consequently ¢ =
termwise uniformly bounded by the convergent series

o
J
c

Yy M=

=0 "

By the Weierstrass M -Test (Theorem 2.3.2), the integrand uniformly con-
verges, and we can justify

1 o | 1 & -
Q_’Kié Z(z—zo)]%dﬁ= .ZjéU(z—zg)](C_f(%dC

U 5=0 (C— 2 2mi =5 0)
- Zaa’(z — )",
3=0
which verifies (3.2.2) and (3.2.3). O

Remark: By induction, we have shown that assuming the existence of the
first order derivative of a holomorphic function f, the n-th order derivative
of f exists Vn € N and is holomorphic over the same region as f("~ 1.
Furthermore, if f is holomorphic, then Vz € U, there exists an open disk
enclosing z such that f has a convergent Taylor series expansion. This prop-
erty is known as analyticity, and Theorem 3.2.1 tells us that all holomorphic
functions are analytic. Analytic functions can be expanded into power series,
which are termwise differentiable, and therefore complex differentiable. Thus,
analyticity and holomorphy are logically equivalent, which is a fundamental

difference between real and complex functions.

The differentiation formula above can be thought of as a generalization of
Theorem 3.1.8, and provides similar utility in the evaluation of integrals:

Example 3.2.1: A Legendre polynomial is a polynomial whose explicit equa-
tion is given by

1 d
F2) = oo

n

(2 -1)". (3.2.6)

Prove the integral form
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1 (¢-n"
P() = o y{ T

where 7 is a simple closed curve enclosing z.
Proof: By applying Cauchy-Goursat (Theorem 3.2.1) on (3.2.6), we get that

Py(2) = — 74(42_1) a,

- on+1ri 9 (C _ z)n+1

as desired. O

Theorem 3.2.2 (CAucHY's ESTIMATE): For a function f : U — C holomorphic

over U C Cand Vz, € U and VR > 0 such that D(z,,R) C U, Vn € N,

(n) n!M
‘f (zO)’ S R )

where

M= max |[f(z)]
z€D(zy,R)

Proof: By the Differentiation Formula (Theorem 3.2.1), Vn € N,

),y 1 f(<)
) = 2mi ?iD(zO,R) (¢— Zo)nJr1 a©

Because f(z) is continuous over the boundary 0D(z,, R), it is bounded by
M. Thus,

| 27 M
(n) < n_/ - iOR do = [hdiehind
|f (z0)| = 9 o (eieR)n+le Rn !

as desired. O

Theorem 3.2.5 will profoundly generalize this statement significantly. The
relationship between the derivatives of a holomorphic function and the func-
tion itself is an important property of holomorphic functions.

Example 3.2.2: Let f be entireand Vz € C, |f(2)| < Mel*l. Prove that Vn €

N, |f(0)] < M and

£ (0)] < Mn!<3>n.

n

Proof: |f(0)| < M is obviously true by letting z = 0. Then VR > 0, by
Cauchy’s Estimate (Theorem 3.2.2),
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R
(n) &
| £™(0)] gMn.Rn.

By letting R = n, the conclusion follows. In fact, this is the tightest possible
inequality. Consider ¢(R) = M n!;—i to be a function of R. It attains its
minimum as its derivative vanishes:

RRn - neRRn—l

<,o’(R):Mn!e T =0« R"=nR"! < R=n.

To confirm it as a minimum, we calculate the second order derivative:

en

) = ¢"(n) = M(n— 1)!n—n,

1 2n n(n+1)
” _ R
¢"(R) = Mnle (ﬁ ~ Rntl + Rr+2

which is positive and convex. O

The following theorem, albeit originally proven by Cauchy in 1844, shows a
fundamental difference between holomorphic functions on proper subsets of
C and entire functions.

Theorem 3.2.3 (LiouviLLE): Any bounded entire function is constant.

Proof: Let f: C — C be entire. Then, Vz, € C, VR > 0, f is holomorphic
over D(zy, R). By Theorem 3.2.2,

where M = sup,.c|f(2)|. By letting R — oo, f’(%,) where z, is any arbi-
trary value in C. Therefore, f(z) is constant. O

Proof Alternative Proof: Let a,b € C be distinct and arbitrarily chosen. Let f :
C — C be entire and bounded such that |f| < M for some M > 0. Let R >
|al, |b|. Since a # b, Je > 0 such that D(a,e) U D(b, ¢) = &. By the Cauchy-
Goursat Theorem (Theorem 3.1.7), we have

L dz = ( ) —f(z) dz.
éD(O,R) (z—a)(z—b) jép(ays) * ‘éD(b,a) (z—a)(z—0)

f(z) f(z)

z—a z—b
holomorphic on the disk centered at a, by the Cauchy—-Goursat Formula

(Theorem 3.1.8), we have

$, . earmy (e )

Since z — is

is holomorphic on the disk centered at b and z
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On the contrary, we also have

?{ + 7{ @ lem ?{ _lde
dD(ae) Y OD(be) (z—a)(z—b) 8D(0,R) |z —allz — b
_ 2rMR
- (R—a)(R—D)
-0 as R — oo
We conclude that
2wi
2 (10) ~ fa)) =0
for all distinct complex a and b. Hence, f is a constant function. O

Theorem 3.2.4 (Morera): Let U C C and f : U — C be continuous over U.
If for any closed triangular contour v C U,

$ 1014 =0,

then f is holomorphic over U.

Proof: Let a € U be arbitrary. Since U is open, 3r > 0 such that D =
D(a,r) C U. Define

re) = [ TF0)de,

where the path is a straight line segment, and F' is well-defined for z € D.

Now
o g e
|:f:+Az+fZa+(fzz+Az+sz+Az):|f(C) dC
= lim .
Az—0 Az

Note that the first three integrals sum to form a closed triangular curve and
hence vanish by assumption. Therefore,

By the continuity of f at z, for any € > 0, 3§ > 0 such that |[{ — 2| < § =
|f(¢) — f(2)| < €. Then, for |Az| < 4,
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1

z+Az 1
a1 e -

A/ U0 - s <=

Thus, F'(z) = f(z) for all z € D. Since a was arbitrary, f is holomorphic
over U. O

Theorem 3.2.5: Let U C C be open, let K C U be compact and V O K be
open such that V C U is compact (V D K is relatively compact in U). Let
f(2) be holomorphic in U. Then there exists a sequence {c,,} C R dependent
only on K and V (independent of f and z) such that Vn € N,

SSEU(H)(Z)' < el flprvys (3.2.7)

where | f||.»v) denotes

(/ If(Z)Idedy)p-
\%

Proof: Let p € C*°(C) satisfy supp(¢) C V and be identically equal to 1 over
some open neighborhood W of K relatively compact in V. Since f € C*°(U),
by the Cauchy-Pompeiu Theorem (Theorem 3.1.3) on f(2)¢(z) € C* (U)

f<z><,o<z>=i( oo ac [ 212 )d“dc).

2ri\ Jyu C—z (—z

By the product rule,

f(Q)e(0) _ 0(0)
a¢ a¢
and since QU C C \ supp(y), the first term vanishes, resulting in

1 [ 09(Q),, . dEAdC
2“1 U az f(C) C_Z ‘

f(Q),

f(2)p(z) = —

Let K, denote supp( (<) ) and Vz € K, ¢(z) = 1. Therefore,

a¢
Do L[ . 200 dndE
1) =5 | 9025

27i

We can differentiate within the integral as f(() - &p is C*° and bounded

over K, and thus the integrand is uniformly bounded by an integrable
function independent of (:
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PR 0p(¢) _d¢AdC
1 )(Z)—TM/KIJC(C)‘ ¢ '(C_Z)nﬂ,

and by the triangle inequality,

< ™ 9p(¢)| |4¢ ndC]
) < o [ 101|268 =

1

Notice that over W, ¢ = 1, 9" = 0, and is disjoint from K (orthat W N K| =
). Then, the distance between W and K is positive and the two are disjoint.
Therefore, AM > 0 such that

1
<M,
IC—=2] —
and thus,
’W(C)‘ 1
8Z ‘C_Z|n+1

can be bounded by a sequence {c,, }, independent of f and dependent only on
n and the sets K and V. Then,

n! , = n! ,
£™(2)] < %/K el Qllac nag = = /K 1 £(¢)llde A dy.

Because K is compact, it has a finite area area( K ), and we can define a new
sequence ¢,, = nlc,, area(K )/« to find that

D@ <en [ 1£ONdz Ady < e, / F(O)]]dz Ady].
K, v

The problem now stands to prove that ¢(z) exists in the first place, which
requires a topological argument to be later discussed in Theorem 3.2.1.6. O

Corollary 3.2.5.1: Let U C Cbe open, let K C U be compactand V' O K be
open such that V' C U. For any holomorphic function f(2) in U, there exist
constants (independent of z and f) {c,,} such that

sup|f™(2)| < ¢, sup|f(2)|-
zeK zeV

Proof: Starting from (3.2.7), observe that

ol floavy < ¢ area(V) suglf (2)l;
zE

62



and we can define a new set of constants equal to c,, area(V'), which are still
independent of z. O

For the next theorem we will briefly introduce the concept of analytic contin-
uation.

Definition 3.2.1 (Analytic Continuation): Let U C C be open, and let f:
U — C be holomorphic. Let V' C C be open with U C V. A function

F:V—>C

is an analytic continuation of f to V' if:
1 F is holomorphic on V, and
2 F=fonU.

The concept of analytic continuation and its consequent problems and prop-
erties will be discussed in detail in a later chapter. For now, we will prove a
theorem that is a direct consequence of the Cauchy-Goursat Differentiation
Formula (Theorem 3.2.1) and the existence of holomorphic functions with
removable singularities.

Theorem 3.2.6 (RIEMANN): Let D*(zy,7) = D(%y,7) \ {#p} (known as a
punctured disk), and f : D*(z,,7) — C be holomorphic and bounded. Then
f can be analytically continued to D(z, 7).

Proof: Define the auxiliary function

o(z) = {(z — zo)zf(z) if z € D*(z,,7r)

0 if z = 2.

¢(z) is bounded and continuously differentiable on D(z,, r) and satisfies the
Cauchy-Riemann Equations since
2
i PG = 00) _ =) _

22 Z— 2y Z— 2 z—2g

meaning that i—f(zo) = 0. For z € D*(zy, 1),

¢ (2) = 2(z = 2)f(2) + (2 — 20)° f' (2).

As z — 2y, ¢(z) — 0, meaning that ¢ is holomorphic over D(zy,r). By
Theorem 3.2.1,

P = alz =20

which is convergent over D(z, r). Then we can define
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Fo) = —2E S (e a0y
=0

(z — 20)2

over the same disk of convergence. Over the punctured disk, f(z) = f(z),
and therefore f is an analytic continuation of f. O

3.2.1 Topology, Partitions of Unity, and the Existence of Bump Func-
tions

Definition 3.2.1.1 (Topological Space): A topological space is a pair (X, T),

where X is a set and 7 is a collection of subsets of X satisfying the following

properties:

1 gerand X €.

2 The union of any (possibly infinite) collection of sets in 7 is also in 7.

3 The intersection of any finite collection of sets in 7 is also in 7.

The collection 7 is called a topology on X, and its elements are referred to as
open sets under the topology 7.

Obviously the statement “let X be a topological space” itself has little
meaning. However, when the topology is implicitly obvious or the space is
describable without it, then it may be verbally elided.

The implied topology of a subspace A of (X, 7) is given by the intersection
of each set in 7 with A.

Definition 3.2.1.2: A subset A of a topological space X is closed iff X \ A
is open.

It is immediate from definition that the trivial sets X and & are always closed.
It is equally trivial from definition that the union of finitely many closed sets
is closed, and the intersection of any collection of closed sets is closed.

If AU € 7 such that « € U, then U is an (open) neighborhood of x. If Vx,y €
X (such that z # y) have disjoint neighborhoods, then X is a Hausdorff space.

The following discussions involved with topological spaces here will always
be of Hausdorff spaces, although making such distinction is important for
future extensibility.

Definition 3.2.1.3: A topological space X is compact iff every open cover
has a finite subcover. For a topological space X, a set A C X is compact iff
every open cover has a finite subcover.

Proposition 3.2.1.1: Suppose X is a Hausdorff topological space and let A C
X be compact. Then A is closed in X.
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Proof: Let x € X \ A be fixed. For each a € A, since X is Hausdorff, there
exist disjoint neighborhoods U, and V, with x € U, and a € V. The set

Jv.24
acA

covers A, which by assumption, has a finite subcover
n
UV, 24, VkeN,,q €A
k=1
Moreover, the intersection

U, = ﬁ U,
k=1

is an open neighborhood of  and by construction, it is disjoint from the finite
subcover. Since it is disjoint from a superset of A, it lies entirely in X \ A.

For each z € X \ A, construct open U,, accordingly. Then we obtain

X\NAC |J U, CcX\4
ze X\ A

where the sandwiched union is open. Therefore, A is closed. O

Proposition 3.2.1.2: If X is a compact space and A C X is closed, then A is
compact.

Proof: Let U be an open cover of A in X. Since X \ A is open, the set
{UU(X\NA):UelU}
openly covers X. Then a finite subcover

{U, U (X\ A)}keNgn

exists and covers X. The refinement {U, } keN then covers A. O
<n

Definition 3.2.1.4: A point a is an accumulation point of a set A in a
topological space X iff any open U with a € U implies that U N A contains
a point other than a.

Proposition 3.2.1.3: A set A in a topological space X is closed iff it contains
all its accumulation points.

Proof: We first prove the forward implications under the assumption that A
is closed. Since X \ A is open, and suppose for contradiction, that a € X \
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A. Then for a € U = X \ A open, U N A = & (and hence a cannot be an
accumulation point by contradiction of definition).

Assume the converse assumption that A contains all its accumulation points.
Let x € X \ A be arbitrary. By assumption, z is not an accumulation point of
A. Hence, for some open set U D {z}, U N A does not contain a point other
than z (which it also cannot contain), implying that U N A = &, and hence
UCX\A

For each z € X \ A, we hence construct some open neighborhood fully con-
tained in X \ A. Together, they must union (by the definition of a topology)
to an open set, being X \ A. Therefore, A is closed. O

A topology allows the definition and general conceptualization of continuity,
convergence, and connectivity in a general setting, without necessarily rely-
ing on a notion of distance (a metric).

Definition 3.2.1.5: A function f : X — Y between two topological spaces
is said to be continuous if the pre-image of every open setin Y,

{reX: f(zx) eV},
is an open set in X.

For the case of metric spaces, this generalizes the epsilon—delta notion of
continuity.

Example 3.2.1.1: Consider the function f : R — R defined by
lifz >0
Jz) = {0 if 2 < 0.
We equip both the domain and codomain with the standard topology on R.
Let V = (.5,1.5) C R. Then the pre-image of V is
fFHV)={z eR: f(z) e V} =Ry,

which is not an open set in the standard topology on R. Thus, f is not
continuous.

For two topological spaces X and Y, a function f : X — Y is a homeomor-
phism (also known as a bicontinuous function) if it is a bijection such that
both f and f~! are continuous. If such a function exists, then X and Y are
homeomorphic.

The function f : [0,2x) — St with f(¢) = (cos(t),sin(t)) is indeed contin-
uous, but the inverse f~!(z;,z,) is discontinuous at (z,z5) = (1,0).
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Proposition 3.2.1.4: Let (X, 7y ), (Y, 7,) be two topological spaces. Then for

f: X =Y, the following conditions are equivalent:

1 f is continuous.

2 If A C Y is closed, then the pre-image f~'(A) is closed.

3 Ifa € X and A € 7, is an open neighborhood of f(a) in Y, then there is
some U € 7 that is a neighborhood of a such that f(U) C A.

Proof: We first show that Part 1 implies Part 2. By continuity, for A CY
closed, Y \ A € 7y, then

fFIYNA) ={zeX: flx) eY\A} =X\ f1A).

Assume the conditions of Part 2 for the converse. Let U € 7, be open, Y \ U
closed, then f~*(Y \ U) is closed. Similar logic shows

FHYNU) =X\ f7H(U),
which implies f~1(U) is open.

Next we aim to show that continuity implies Part 3. By assumption, the pre-
image of any open A C Y is f"}(A) and openand a € f~1(A). The property
is complete under U = f~1(A).

Assume the conditions of Part 3 for the converse. Let A € 7, be arbitrary. We
aim to show that f~1(A) € 7. If f 1 (A) = @, then the conclusion is satisfied
trivially. Hence, assume that Ja € f‘l(A). For any such a, there exists a
neighborhood U, € 7; suchthat f(U,) C A.Hence U, C f~!(A)foranya €
f~L(A). Therefore, we obtain

U U.cri,

acf~1(A)
U .2 U {a=W= (J U=r%4.
acf-1(A) acf-1(A) acf-1(A)

By the definition of topologies,

U U, en.
acf~1(A) =

Definition 3.2.1.6 (Basis for a Topology): Let X be a set. A basisfor a topology
on X is a collection B of subsets of X satisfying

1 UBe‘B B=X.
2 For any By, B, € ‘B and any point z € B, N B,, there exists a set B; € B
such that
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The topology generated by B is the collection of all unions of elements of ‘B.

Definition 3.2.1.7: A metric space is a pair (X, d), where X is a set and d is
a function from X x X to R, called a metric, such that for all z,y,z € X
the following properties hold:

1 d(z,y) > 0and d(z,y) = 0 iff z = y (positivity).

2 d(z,y) = d(y, x) (symmetry).

3 d(z,2) < d(z,y) + d(y, 2) (triangle inequality).

This in turn implies the reverse triangle inequality:

d(z,z) < d(z,y) +d(y, 2) = d(z,y) > d(z,2) — d(y, 2),
and similarly,

d(y,z) < d(z,y) + d(z,z) = d(z,y) > d(y, z) — d(z, 2).

Definition 3.2.1.8: Let (X, d) be a metric space. The metric topology induced
by d is the topology 7, generated by the basis

{B(z,r):z € X,r >0}
comprising the balls
B(z,r) ={y € X : d(z,y) <r}.
The pair (X, 7,) is the topological space induced by the metric d.
We now justify a claim whose triviality we have taken for granted.

Proposition 3.2.1.5: Let (X, d) be a metric space under the induced metric
topology. Then for any open set U C X, any point x € U, there exists a ball
B(z,5) (0 >0)inU.

Proof: By definition, U lies in the topology for X and is the union of (possibly
infinitely many) balls. There then exists some ball B(z, ") in U that contains
x. Let

d=0"—d(zy, ).
Since d(zy,z) < &', for any y € B(z, §), we have
d(zo,y) < d(xg, z) + d(z,y) <0
Hence, the open ball B(z, §) centered at x lies within B(z, §"). O

Theorem 3.2.1.1: Let (X,d,), (Y, dy) be two metric spaces under the
metric topology. Then a function f : X — Y is topologically continuous iff it
is epsilon—delta continuous.
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Proof: We first imply that topological continuity implies epsilon—delta conti-
nuity. For any z € X, Ve > 0, the ball B(f(z),¢) is an open set (it is in the
basis) in Y. By Part 3 of Proposition 3.2.1.4, there is some open neighborhood
U of x in X such that f(U) C B(f(z),e). By the previous proposition, there
is aball B(z,d) C U. This is equivalent to

e>0,re X=30=0,>0:y€ B(z,§) = f(y) € B(f(z),e).

Conversely, assume f is -8 continuous. Let V C Y beopenand z € f~1(V).
Since V is open in the metric topology, there exists € > 0 such that

B(f(z),e) C V.
By epsilon—delta continuity, there exists 6 > 0 such that
dy(z,y) <6 = d,(f(z), f(y)) <e,

or that
y € B(z,0) = f(y) € B(f(z),e) C V.
Thus, the ball B(z, d,) is an open neighborhood of z in X such that

B(z,6,) C f'(V)=f*(V)c J B(3,)C V).
zef~1(V)

Since the union of open sets is open, the pre-image of any open set is open,
and hence f is topologically continuous. O

Theorem 3.2.1.2: Let X be a compact topological space and let Y be a
Hausdorff space. If f : X — Y is a continuous bijection, then f is a homeo-
morphism.

Proof: If A C X is compact, then the pre-images of any open cover U of f(A)
cover A. Hence, there is a finite subcover

{1 : U, €U, k€N, }
covering A. Then
{U,: U, ell,keN_,}
covers f(A), and hence f(A) is compact.

For any closed C' C X, Proposition 3.2.1.2 implies C' is compact. Hence, f(C)
is compact. By Proposition 3.2.1.1, f(C) is closed. Hence, f maps closed sets
to closed sets, and the pre-image of any closed set is closed under f~1. Hence,
Proposition 3.2.1.4 implies f~! is continuous, thus f is a homeomorphism.[J
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It is worth noting some motivating examples for which the conclusion fails
when certain hypotheses are not satisfied.

Example 3.2.1.2: Let I = [0,2x) be a topological space with a metric |-|
under the standard topology (the subspace topology induced by the basis
formed with open “balls” or symmetric intervals around each point). Equip
the unit circle

St={zeC:|z| =1}

generated by the metric defined by arc-length (dg:). Then the continuous
bijection f : I — S! defined by f(t) = e'’ is not a homeomorphism.

Proof: The non-continuity of f~!:S! — I is easy to visually see, both
topologically and by epsilon-delta. Topologically, select the relatively open
interval [0,n) in I. The pre-image of this set under f~! is €ll®™), which is
clearly not an open set. This proves that f~! is not continuous (by definition).

For continuity to hold by epsilon-delta, any ¢ would yield the existence of
some § such that Va,b € S* with dg:(a,b) < 8, |f~*(a) — f(b)| <e.

Let ¢ = 5. For any 0 < ¢ < 2, the points

B

-5
a=e'1,b=¢

satisfy
o
ds1(a, b) = 5 < 4.
However,
0 0
f_l(a)zzﬂ_17 f_l(b):Za
and
-1 -1 g
|ft(a) — F1(b)| :2’K—§>’K>€.
This contradicts the previous statement. O

We now provide a formal definition of the connectivity of sets:

Definition 3.2.1.9: A topological space X is disconnected if it can be written
as the union of two nonempty disjoint open sets. Otherwise, it is connected.

In a topological space X, a subset can be open, closed (the complement of
some open set), both (clopen), or neither. The only clopen sets that exist in any
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topological space X are @ and X iff X is connected. A technique pertinent
to many future proofs relies on the following fact:

Theorem 3.2.1.3 (CONNECTIVITY ARGUMENT): A topological space X is con-
nected if and only if X and & are the only clopen subsets of X.

Proof: Suppose X is connected and let A C X be clopen. Then A and X \ A
are both open in X, disjoint, and their union is X. Thus, either A = @ or X \
A=g(ie A= X).

Conversely, suppose X is disconnected. Then there exist nonempty open sets
U,V CXsuchthat UNV =g and U UV = X. Thus,

U=X\V
and
V=X\U

are both clopen, contradicting the assumption that X and & are the only
clopen subsets. Hence, X must be connected. O

Example 3.2.1.3: The topological space R under the standard topology has
only two clopen sets: R and &.

Now consider

X={J@mn+1),
ne2z

equipped with the topology 7 generated by the basis
{(n,n+1):ne2Z}.

This space is disconnected. For instance, (0,1) C X is open (as it is in 7) and
closed (since its complement in X is

(n,n+1) €r).
n€(2Z\{0})

In fact, every set in 7 is clopen.

Proposition 3.2.1.6: The interval [0,1] (under the subspace topology
induced by R) is connected.

Proof: Assume, for contradiction, that there exist two disjoint nonempty open
sets U,V C [0, 1] such that

Uuv =[0,1].

Without loss of generality, assume 0 € U (otherwise switch U and V). Let
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a=infV.

Since U, V are also closed in [0, 1], either @ € V or a is an accumulation point.
Either way, a is contained in V' by Proposition 3.2.1.3. Assume that a # 0.
Then by openness, there exists some 0 < § < a such that

(a—d,a) C(a—d,a+d)NJ[0,1] C V.

In particular,

)
— €V
a 26,

which contradicts a being a lower bound of V.

Therefore, a = 0. However, since [0, ) lies in U for some § > 0, a > 6 > 0.
Thus, we arrive at a contradiction, and thus V is the empty set. This then
shows that [0, 1] is connected. O

Connectivity intuitively means that a space cannot be split into two disjoint
open subsets, but is not meaningful in terms of how points within the space
relate to each other. In many geometric situations, the notion of path-connec-
tivity requires that any two points be joined by a continuous path. We will
see that this more concrete condition forces the space to be topologically
connected.

Definition 3.2.1.10: A topological space X is said to be path-connected iff
for any two points a,b € X, there is a continuous function f : [0,1] — X,
where [0, 1] is equipped with the metric topology and f(0) = a, f(1) = b.

Theorem 3.2.1.4: A path-connected topological space X is connected.

Proof: Assume path-connectivity and suppose X is disconnected. Then two
open nonempty disjoint components U, V' C X can be found. Letu € U, v €
V be two arbitrary points. Then there exists f : [0,1] — X such that f(0) =
u, f(1) = v. By continuity, the pre-images of U and V, namely f~*(U) and
f71(V) respectively, are disjoint open subsets of [0, 1]. Moreover, the pre-
image are nonempty as they contain 0 and 1 respectively. This contradicts the
connectivity of [0, 1] in Proposition 3.2.1.6. O

Definition 3.2.1.11 (Exhaustion by Compact Sets): For a topological space
X, an exhaustion by compact sets is a nested sequence of compact sets
{Ky.}, oy © X suchthat K, C K, foralln € Nand

X=|JK,

neN
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Lemma 3.2.1.1: Let 2 C C be an open set and let 8 be a basis for the
topology on 2. Then there exists a collection of sets {Un}neN C B such that

1y U, =
neN ~ "1
2 For every compact K C (2, K intersects only finitely many sets in

{Un}en
Proof: Let{K,,} _ C €lbean exhaustion by compact sets with K, = & and
K, C K, foralln € N. For each n € N, define
Wn = K:—i—l \ Kn—2’ VI’L = Kn \ Kr(:—l’

where K_; = &.Each W, is open and each V,, is compact, with V,, C W, and

Uv.=a

neN

Foreachn € Nandeach z € V, since W, is open and contains z, there exists
U, € B such that

zeU,, CW,.
The collection
{Uz’n 1z € Vn}

is an open cover of the compact set V,, so by Heine-Borel (Theorem 1.1.3) it
admits a finite subcover, there exist finitely many points z,, 1,..., 2, €V,
such that

kTL
‘/;7’ C UUZTL i1 g Wn.
i=1 '

Enumerate all such U,  overn € Nandi =1,...,k, to obtain a countable
collection {UJ} C $B. Then
jeN

Ju=9,
jEN
proving Part 1.
For 2, let K C €2 be compact. There exists N € N such that

K C Ky,

so K is disjoint from V,, for all n > N + 1. Since each V,

7. intersects only

finitely many U;, K intersects only finitely many U;. Thus the collection is
locally finite. O
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Figure 4: Geometry of the finite subcover of V, C W,, for some n € N.

Remark: The property of local finiteness of an open collection S in 2 is
commonly stated as: for every z € (), there exists an open neighborhood of z
that intersects only finitely many sets in S.

This is equivalent to Part 2 in Lemma 3.2.1.1. Indeed, if every point has such
a neighborhood, then any compact K C €2 admits a finite subcover of these
neighborhoods by Heine-Borel (Theorem 1.1.3), so K intersects finitely many
sets in S. Conversely, for any z € (2, take an open neighborhood V' with z €
V and with relatively compact closure in §2; then V intersects finitely many
sets in S, and so does V.

Theorem 3.2.1.5 (PARTITION OF UNITY): Let (2 C C be a nonempty open set
and let {2, } rey D€ an open cover of (2. Then there exists a collection of bump
functions {a j} N C C*°(C), each with compact support in €2, satisfying:

j

1 For each j € N, there exists k € N such that Supp(aj) C Q.
2 The collection {Supp(aj) }jeN is locally finite.

3 ForeachjEN,OSajgl.
4 ijlajzlonﬁ.

Then {a; }jeN is called a C° partition of unity subordinate to {2}, .
Proof: For each z € (2 there exists r, > 0 and k, € N such that

D(z,1,) C Q.
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The collection
{D(z,r):z€ QN0O<r<T,}

is an open basis for (2. By Lemma 3.2.1.1 there exists a locally finite open cover

{D(zr. )}, B

jeN

of Q) with

VIR IR

D(z r )CD(z r )CQkZ_, VjeN.

Define the standard bump function

1
0(z) = elz”-1 if |z] < 1
0 if |z| > 1.

Fore > 0 let

S0
Supp(ﬂj) = D(zj,rzj) C Qij'

By local finiteness of {D( Zj Ty, )} , for each z € () there exists an open
jeN -
neighborhood V with z € V intersecting only finitely many D( 2T, ) Thus
{Supp(ﬁj)} ___islocally finite on 2. Then the sum
jeN

9= 8,2

=1

defined for z € ) involves only finitely many nonzero terms (by local finite-
ness) on a neighborhood of every point z. Hence S € C*°(Q2) and S(z) > 0
(since {D( Zj Ty, )} covers €2). Define

jJeN

a;(z) = ' VjeN.
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Each a; € C°°(C) has compact support in €2, 0 < a; < 1, the supports are
locally finite, and

o0
> a(x) =1
=1
for all z € ). Moreover
supp(a;) € O,

proving subordination. d

Theorem 3.2.1.6 (ExisTENCE oF Bump FUNCTIONS): Let K C C be compact
and V C C an open neighborhood of K. Then there exists a compactly
supported ¢ € C*°(C) such that

0<9p(z) <1 VzeC,

supp(y) C V, and ¢ = 1 on some open neighborhood of K.
Proof: Let

V(K,e) = {z eC: Ciél}f{|z—d <€}
denote the open e-neighborhood of K. Since V is an open neighborhood of
K, Je > 0 such that
KCV(K,e) CV(K,2)CV,
where A C B means that the closure of A is compact and contained in B.

Define the open sets

Then {Q;,Q,} is an open cover of C.

By the Partition of Unity Theorem (Theorem 3.2.1.5), there exist compactly
supported functions {aj} N C C*°(C) forming a partition of unity subor-
J

dinate to this cover. That is,

oo
0<a; <1, supp(a;)C Q; for some i; € {1,2}, Zaj =1 onC.
=1

Let

J = {j eN: supp(ozj) - Ql}.
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Define
p(2) =Y a;(2).
jeJ

Then ¢ € C*°(C) is compactly supported within €2,, and since only finitely
many «; are nonzero on a neighborhood of each point, ¢ € C*°(C). More-

over,
supp(p) C @, C V.

For z € V(K ¢), all functions with support in {2, vanish at z, so
o0

o(z) = Zaj(z) = Zaj(z) =1.

jed Jj=1

Hence, ¢ = 1 on the open neighborhood V (K, ¢) of K. Outside V (K, 2¢), all
terms with support in 2, vanish, so ¢(z) = 0. Finally, 0 < ¢ < 1 everywhere
by construction. Thus ¢ satisfies all required properties. O

3.3 Zeros of a Holomorphic Function
For a region U C C and a holomorphic function f : U — C, a point z, € U
isa zeroof fiff f(z,) = 0.Furthermore, if f has the Taylor expansion at z, of

m+1

A (z—20)" + a1 (z—29)"" ++, meN,a,, #0,

then the zero at 2, has multiplicity m.

We will introduce a fundamental application of Liouville’s Theorem (Theo-
rem 3.2.3) below.

Theorem 3.3.1 (FUNDAMENTAL THEOREM OF ALGEBRA): Every non-constant
polynomial p(z) with complex coefficients has at least one complex zero.

Proof: For the sake of contradiction, suppose that p(z) has no complex zeros.
Then the function f(z) = ﬁ is continuous and entire, because p(z) has
no zeros in C. Moreover, as z — 00, p(z) — 00, so f(z) — 0, and thus f(z)
is bounded. By Liouville’s Theorem (Theorem 3.2.3), every bounded entire

function is constant. Thus, f(z) is constant, and so p(z) must also be constant.
By contradiction, p(z) has at least one complex zero. O

Theorem 3.3.2: Let U C C be open and connected, and f:U — C be
holomorphic over U. Then if the set defined by

S={zeU: f(z) =0}

has an accumulation point in U, then f = 0 over U.

77



Proof: Let {zn}neN be a subset of S and assume it has an accumulation point
2o in U. Since f is holomorphic over U, 3¢ > 0 such that f is holomorphic
over D(z,,,€) C U. Then over this disk, f has the Taylor expansion

f(z) = Zan(z—zw)". (3.3.1)

By Definition 1.1.3, 3N € N such that Vn > N, z,, € D(z_,,¢). Since z,, is a
zero of f, f(z,) = 0. Then, by the continuity of f,

lim f(z,) = f(#grilozn) = f(2,.) = 0.

n—oo
Using this result in comparison to (3.3.1), we get that a; = 0.

The function

has a Taylor expansion over D(z,¢€) of
F1(2) =) any(z = 20)"
n=0

Let z = z,, # z,, for some n > N. Then f,; vanishes, leaving
0=a; +0(z, — 2o)-
Letting n — o0, 2,, = 2., and a; = 0. Define

fale) = DL

Z— 2o

Then,
fol2) = Z pya(z — 250)"
n=0

Similarly, a, = 0. Letting

f(2)

(Z - Zoo)T“

the sequence {a, } _, vanishes,and f = 0on D(z,¢).
>0

ful2) =

Let

S={2€U:VYn€Zy, f™(z) =0}.
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For all z € D(z,¢), since f(z) locally vanishes (and has vanishing deriva-
tives as a consequence),

D(z,,,¢) C 8.

Furthermore, for all 2’ € S, 3¢’ > 0 such that f(z) has a convergent Taylor
series with vanishing coefficients on D(z’,&’) C U. Then f = 0 on D(2’,¢").
Then for all z € D(2’,¢’), since f is constant at z, it also has vanishing
derivatives. It follows that

D(z',¢") C 8.
Since every point in S has an open neighborhood also in S, S is open.

It is evident that for all k € Z, f (k) is continuous in U by the holomorphy
of f.Let

Sy ={2€U: fP(2)=0}.

For any sequence {Z, } € S} converging to some Z,, € U, by the continuity
of f,

lim f99(z,) = 0 lim 7,) = f¥(2,0) = 0,
and therefore Z_ € S),.. Thus, S, contains all of its accumulation points in U

and is therefore closed in U (if 2, ¢ U, then it is no longer relevant; we are
concerned about it being closed within U). Since

and each of S}, is closed in U, S is the intersection of closed sets and conse-
quently closed.

Since S is nonempty and clopen in the connected set U, S = U (by Theo-
rem 3.2.1.3). It follows that f =0 on U. O

Remark: This is a trivial property of holomorphic functions that allows for
the uniqueness of analytic continuations. It is oftentimes stated in the form
below:

Theorem 3.3.3 (IDENTITY THEOREM): Let U C C be open and connected, and
define f(z) and g(z) to be two holomorphic functions on U. For a set S C U
with an accumulation pointin U, if f = gon S, then f =gon U.

Proof: Let h = f — g be holomorphic over U. Since S has an accumulation
point in U, and h = 0 over S, then by Theorem 3.3.2, h = 0 over U. O
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Theorem 3.3.4 (HoromorrHIC ARGUMENT PRINCIPLE): Let U C C be aregion
and f: U — C be holomorphic. Let v C U be a simple, closed, positively
oriented curve that is null-homotopic in U. If f has no zeros on +, then f has
finitely many zeros in the region bounded by v, and this number, counting

multiplicities, is given by
1 /
h=— 75 S g,
2mi J. f(2)

Let I be the image of y under the map w = f(z). Then

1
k= oA arg(w),

where A arg(w) denotes the total change in argument of w as it traverses I'.

Proof: Let 2y, ..., z,, be the distinct zeros of f enclosed by «y with the respective
multiplicities &, ..., k,,. Choose disjoint disks D(zj, z—:j) centered at each z;
with radii €; > 0, each contained in the interior of v and avoiding 7. The
function

is holomorphic on the domain

n

int(y) \ U D(zj,¢;),

j=1

where int(y) denotes the interior relative to 7. The oriented boundary of this
domain is

vyt u U dD(zj,¢;) .
=1

By Cauchy-Goursat (Theorem 3.1.7),

which rearranges to

O 1)
, 702) dz_jlé dz.

Near each Z;, €Xpress
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k.
f(z) = (z— zj) ’hj(z)

where h; is holomorphic and non-vanishing on D(zj, 5]’)- Differentiation

yields

f(z) =k;(z— zj)kj_lhj(z) + (2 — zj)kjhj,(z),

and thus

Since h; is holomorphic and non-vanishing on D(zj, z—:j), the function h /h;

is holomorphic there. By the Cauchy-Goursat Theorem,

hy (2)
dz = 0.
fap(zj,sj) hj(z)

The Cauchy-Goursat Formula (Theorem 3.1.8) gives

kj
) z— Z;

BD(Z- €. J

277

Combining results,

2 N~ o
éf(z) dz—jzl%nkj—%nk.

Finally, parameterize I" by w = f(z). Then dw = f’(z) dz, and

1 dw 1 1
k=— @ — = —A:1 = —A
2ri rw ori L og(w) 21 Farg(w),
which proves the result. O

Thus, one defines the winding index (Ind) to quantify how many times a closed
curve winds counterclockwise around a given point in the complex plane.
Formally, if v = ([0, 1]) is a counterclockwise-oriented closed curve and z
is a point satisfying z ¢ ~, then

1
Indp(2) = 5 7§ -
Y

Theorem 3.3.5: Let {f,,(z)} be a sequence of holomorphic functions on the

d¢ 1 [Tyt
—z_2_7ri/0 y(t) — =z’

open set U C C that uniformly converges to f(z) on every compact subset
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of U.IfVn € N, f, (2) has no zeros in U, then f is either identically 0 or has
no zeros in U.

Proof: By the holomorphy of f, (z), for any simple closed rectifiable curve
v C U (whose interior is a subset of U), by the Cauchy-Goursat Theorem
(Theorem 3.1.7),

ifAOdCZO

Since 7 is a subset of any compact subset of U, { f,,({)} uniformly converges
on v, and by Theorem 2.3.6,

i § £,(0)d¢ = lim £,(0dC= § FQdc =0 (332)
Then by Morera’s Theorem (Theorem 3.2.4), f(z) is holomorphic, and f'(z)
is holomorphic. We aim to show that f), (z) = f’(2).

Let K C U be arbitrary and compact and V' O K be open and relatively
compact in U. Since { f,,(2) } is holomorphic, by Corollary 3.2.5.1, there exists
a finite constant ¢ > 0 such that

lim sup|fy,(2) = f'(2)] < ¢ lim sup|f, (z) — f(2)].

n—)oo n—,oo z2eV
By the definition of uniform convergence, the right-hand side approaches 0,
and {f; (%)} is then uniformly convergent to f’(z) by the same reasoning.

Through the proof of Theorem 3.3.2, if f % 0 over U, then the zeros of f do
not have an accumulation point in U and are therefore discrete. In this case,
let v C U be a curve that does not pass through the zeros of f. Since each
function in the sequence f, does not contain zeros in U, by the Argument
Principle (Theorem 3.3.4),
/7
lim f In®) 4, — g, (3.3.3)
n=o0 Ji J n(z)

Since f and f” are holomorphic over «, by Theorem 1.2.13, there exists a finite
value M > 0 such that Vz € v, max{|f(2)|, | f'(2)|} < M.

Since 7 does not pass through the zeros of f, 3A > 0 such that Vz € 7,
|f(2)] > A. By the uniform convergence of { f,,(z)}, 3N € N such that

fule) — F(2)] < 2

5 Vn > N,Vz €.

Then |f,,(2)] > 5 on v. Hence ( ) and its limit are uniformly bounded;

> fn
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1 1 1 2
‘% <X’ I <X’ Vz €v,Vn > N.
AN,
[ fa fuf
B IR
M
<23 U= F1+15 = £,
FE) )| oM o
sup| =B = 248 < . suplf, () - 1)+ supls ()~ 112
R CIN AP o
tim supl T o8 < 2 (i s, 2) — 10211+ 17 ()~ 2]
=0.

Therefore, % is uniformly convergent on «. By Theorem 2.3.6, we can pass

the limit through the integral in (3.3.3). Then,
f'(2)
dz = 0.
(

lim ?{ dz :f
n—o0 z)
v ¥

By the Argument Principle (Theorem 3.3.4), f(z) has no zeros in the interior
of 7. Since -y was arbitrarily chosen, either f(z) = 0 on U or has no zeros in

U. O

fa(2)
fa(2)

Theorem 3.3.6 (RoucHE): Let U C C be open and f, g be two holomorphic
functions over U. Let v C U be a simple, closed, rectifiable curve, and for all
zey

[£(2) = 9(2)| < |f(2)]. (3.3.4)

Then f and g have the same number of zeros enclosed by 7y and do not vanish
on .

Proof: 1t is obvious that g(z) has no zeros on . Otherwise, 3z, € v such
that g(z,) = 0, implying that | f(z,)| < | f(z,)| which is impossible. Similarly,
f(2) has no zeros on 7, since |g(z)| < 0 is an impossibility.

Let k; and k,, denote the number of zeros of f and g enclosed by -, respec-
tively. By the Argument Principle (Theorem 3.3.4),
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() — F(2gls)
97 (2) dz‘ﬁé

Il
6
Q

T f(®)

Letw = h(z) = gEz) with I' = h(7y). Then,

~
—

r w

From (3.3.4), by dividing both sides by f(z), we obtain |w — 1| < 1. Then I'
lies in the open disk D(1,1), which will never intersect or enclose 0. Then

d
kg—kfzf—wzo,
Fw

as desired. O

by Lemma 3.1.2,

By the Fundamental Theorem of Algebra (Theorem 3.3.1), any polynomial in
the form p(z) = ZZ:O a,2* (n € N,a, # 0,a; € Cwherek = 1,...n) has at
least one complex zero. Consider the function ¢(z) = a,,2", witha zero at z =
0 with multiplicity n. By Rouché’s Theorem (Theorem 3.3.6), since 3R € R
such that |¢(z) — p(2)| = ‘ZZ;; akzk’ < |a,,z"| over |z| = R, p and ¢ have
the same number of zeros, counting multiplicity.

Theorem 3.3.7: Let U C C be open and connected, and f(z) be holomorphic
and non-constant on U.

If z, € U and wy, = f(2,), and the multiplicity of the zero at z, of f — wy is
m, then for all p > 0 such that f — wy is non-vanishing on D(z,, p) \ {2},
36 > 0 such that V¢ € D(wy,d), f — & has m zeros in D(z,, p), counting

multiplicity.

Proof: The zero at z, is isolated by Theorem 3.3.2. Furthermore, |f — w| is
continuous on 0D(z,, p) and attains a positive infimum 4. In other words,
on this set, |f —wy| > J. Hence, V& € D(wy,d), we have | —wy| < <
|f(2) — wy| for any z € dD(z, p).

By Rouché’s Theorem, since |(f(z) —wy) — (f(2) —&)| < |f(z) —wy|, it
follows that f — ¢ and f — w, have the same number of zeros in D(z, p).O

We also have the following generalization of Theorem 3.3.5, which is a
heuristic restatement of Theorem 3.3.7:
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Theorem 3.3.8 (Hurwirz): Let U C C be an open and connected set, and
suppose {f,(2)} _ is a holomorphic function sequence that uniformly
converges to a non-constant function f(z) on all compact sets of U.

If zy, € U and w, = f(2,), and the multiplicity of the zero at z, of f —w,
is m, then for all p > 0 such that f — w, is non-vanishing on D(zy, p) \
{%p}, AN € Nsuchthat Vn > N, f,, — w, has m zeros in D(z,, p), counting
multiplicity.

Proof: The zero at z, is isolated by Theorem 3.3.2. Furthermore, |f — wy| is
continuous on 0D(z, p) and attains a positive infimum §. In other words, on
this set, | f — wy| > 4. By uniform convergence, 3N € N such that Vn > N,
we have |f(z) — f,,(2)] < 6 < |f(2) —wy| for any z € 0D(z, p).

By Rouché’s Theorem (Theorem 3.3.6), since
|(f(2) —wo) — (fn(2) —wo)| < [f(2) —wpl,

it follows that f, —w, and f —w, have the same number of zeros in
D(ZOa p) |

3.4 Further Properties of Holomorphic Functions
A useful corollary of Theorem 3.1.8 is the Maximum Modulus Principle.

Before the theorem, we first introduce the mean-value property of holomor-
phic functions.

Lemma 3.4.1: Let U C C be open and simply connected, andlet f : U — C

be holomorphic. Then Vz € U and Ve > 0 such that D(z,¢) C U, f(z) is the
average of f({) where ¢ € D(z,¢) is uniform. In other words,

1
z — dd|.
£(2) ﬂé RLCL

- 2me

Proof: By the Cauchy-Goursat Formula (Theorem 3.1.8),

2mi D(z.6) (—=z 2r J,

27
f(z) = L% A d¢ = 1 f(z +eelt) dt.
19)
Observe that

L[ it |3 it
f(z) = —?iD(Z’E) f(Old¢| = %/ f(z + ee't) |ice dt|

0

1 27
- = it
—%/0 f(z+ee') dt,
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and the conclusion follows. O

Since the real and imaginary parts of holomorphic functions are real-valued
harmonic functions, they also satisfy the mean-value property. Furthermore,
if a real continuous function satisfies the mean-value property, it is harmonic
(to be proved in Theorem 3.6.2.1). This equivalence allows for the alternative
definition of harmonic functions.

Theorem 3.4.1 (Maximum MobpuLus PrINCIPLE): Let f(z) be holomorphic
on an open connected region U C C. If 3z, € U and an open neighborhood
V C U of zy suchthat Vz € V, |f(2,)| > | f(2)|, then f is a constant function
onU.

Proof: Assume that 2, exists. We will first prove that the set

S={z:f(2) = f(%),z€V}
is all of V. This is equivalent to proving that S is nonempty, open, and closed
inV.
Since z, € S, the first condition is satisfied (nonemptiness). For any sequence
{#,} € S converging to some z_., € V, by the continuity of f,

lim f(z,) = f(rbll_)ngo Zn> = f(2e0) = f(20),

n—oo

and z., € S. Thus, S contains all of its accumulation points in V' and is
therefore closed (if z., ¢ V, then it is no longer relevant; we are concerned
with its relative closedness in V).

Since S C V and V are both open, Vz € S, 3\ > 0 such that D(z,\) C V.
By Lemma 3.4.1, V0 < € < A,

1

2
1) = |on [ Fa+ oot
0

1 2m
2 it
S%/O | f(z 4 eelt)| dt

1 2w
<5 | Vela=ise

It follows that all inequalities above are equalities, or that

1 2T

) 1 27 )
f@ =5 | flz+eet)dt =%/ |£(z + ee't)| dt
0 0

1 27
zﬁév@w:wm
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From the equality of the last two integrals,

[T~ 15+ et =o

Since this integrand is strictly non-negative, we have equality. Thus, Vz €
S, 3X > 0 such that D(z,\) C S. In other words, every z € S has an open
neighborhood that also lies in S. Therefore, S is open and S =V asitisa
nonempty clopen subset. Since V' is nonempty and open, it has an accumu-
lation point in U It follows that f(z) = f(z,) over U by the Identity Theorem
(Theorem 3.3.3). O

Remark: If f is holomorphic and non-constant on an open region U C C,
then for any compact set K' C U, the maximum of f in K lies on OK. Other-
wise, f would attain a maximum at some z € K, and contradict the statement
of Theorem 3.4.1 under the assumption of being non-constant.

A similar theorem exists for real-valued harmonic functions. The proof
follows in the same way as the one for holomorphic functions. We will state
it formally below.

Theorem 3.4.2: Let U C C be open and connected and let f: U — R be
harmonic. Suppose that 3z, € U and a neighborhood V' C U of z; such that
either

f(z) > f(zg) VzeV or f(zg)> f(z) VzeV.
Then f is constant on U.

By nature of the proof, the result holds for any continuous function satisfying
the mean-value property.

3.5 The Group of Holomorphic Automorphisms on the
Unit Disk

The following important result can be directly obtained from the Maximum
Modulus Principle.

Lemma 3.5.1 (ScuwArz): If f : D — D is holomorphic and f(0) = 0, then
f() <[z, [f(0)] <1

Any one of the inequalities becomes equalities iff f(z) is in the form of ze'",
where 7 € R. In other words, f is a pure rotation.

Proof: Define the auxiliary function
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g(z) = @ if z#0
f(0)if z=0.
Because lim,_,, f(zz) = f’(0), g(z) is holomorphic on D. Since f is an auto-

morphism on the open disk, V|z| < 1, |f(z)| < 1. By the Maximum Modulus
Principle (Theorem 3.4.1), VO < e < 1, Vz € D(0,¢),

[f(z)l _ 1
< —_— < -
\g(z)\ - zserg[a;?%),s) 3 €

As € = 17, we obtain that Vz € D,
0. Then we get |g(0)] = |f'(0)] < 1.

g9(z)| <1, or that |f(z)| < |z|. Let z =

For the sake of the equality condition, assume |f(z)| = |z|. Then |g(z)| =1
on the unit open disk. By Theorem 3.4.1, g(z) = e!” where 7 € Rand f(z) =
zel™ on D.

Next, assume only that | f(0)| = 1. It follows that |g(0)| = 1. Since |g(z)| < 1
for all z € D, it follows from Theorem 3.4.1 that g is constant with magnitude
1, or in the form of €', where 7 € R is a constant. Consequently, f(z) =
zel, O
To discuss the main topic of this section, we will first introduce the concept
of a group.

Definition 3.5.1 (Group): A group is a nonempty set G and a binary opera-

tion (we will denote this as *) satisfying the four group axioms:

e Closure:Va,b e G,axb e G.

o Associativity: Va,b,c € G, (a*b) xc =ax* (bxc).

« Identity Element: de € G suchthatVa € G,a * e = e * a = a. Note thate is
unique; if e, f € G were both identity elements, thene* f = fxe=e =
f, and are equal.

« Inverse Element:Va € G,3a~! € Gsuchthataxa™ ! =e=a"
e is the identity element. Note that a~! is unique. Assume b, ¢ were both

L % a, where

inverses of a. Then,b =b*xe =0b* (a*c) = (b*a) x c = ¢, and are equal.

A subgroup H of G is a subset of G that is also a group under the same
operation as G. This relationship is denoted by H < G or H < G for proper
subgroups.

Group operations are not necessarily commutative. In the case that they are,
(specifically if a,b € G => a * b = b x a), then G is an abelian group.

IfU C Cisconnectedand f : U — U is holomorphic on U and bijective, f is
a holomorphic automorphism on U. The group of holomorphic automorphisms
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on U is denoted by Aut(U), which is the set of all holomorphic automor-
phisms such as f, with the operation of composition (f o g).

First we will show that Va € D,

Pa(2) = 12:;Z € Aut(D). (3.5.1)

Firstly, the function is holomorphic on D as |z| < 1, |a| < 1, the denominator

never vanishes. Additionally, ¢, (a) = 0.

First, we will observe the image of OD. Let |z| = 1. Then,

z—a
1 —

—a
z

eale)l =2

Therefore, the image of 9D lies on 0D, and since f is holomorphic and non-
constant, by the Maximum Modulus Principle (Theorem 3.4.1), for any |z| <
1, |, (2)| < 1. Therefore, f maps D to D. We next aim to show that f : D —
D is bijective.

Let us first confirm injectivity. For all z;, z, € D, we will observe when

z1—a 29 —a

1—az "1 — a2y
is satisfied. It follows that
(2 —a)(1 —azy) = (2, —a)(1 —az),

2] —a— G229 + |a]?2y = 29 — @ — @2y 25 + |a|?2,.
Then,

lal? (2 — 21) = 2, — 2 <= (laf* —1)(2, — 2,) = 0.
Since |a| < 1, then |a|> — 1 # 0, and we get 2z, — 2; = 0. This proves the
univalence of ¢, (z).

Next, we will solve for the inverse of ¢,. Let z = ¢, (w) = {*=. Then,

zZ+a
1+az

Z—azw=wW—a <= w= (3.5.2)
It follows that ¢_, = (gaa)_l. Thus ¢, is surjective and a bijective automor-
phism. It follows that (3.5.1) is true. Functions in the form of ¢, (Where a € D)
are known as Mobius transformations, and the group of all such transforma-
tions is known as the Mobius transformation group on the unit disk, which is a
subgroup of Aut(DD). Functions in the form of p,(2) = 2e'", where 7 € R is
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constant, form a group known as the rotation group, which is also a subgroup
of Aut(D).

Theorem 3.5.1 (THE HoromorrHIC AuTOMORPHISM GrROUP ON D): Vf €
Aut(D), f is a composition between a Mgbius transformation and a rotation.
In other words, J]a| < 1 and 37 € R such that

f(z) = @40 p-(2).
Moreover, all such functions are in Aut(DD).

Proof: Define the auxiliary function
Y(2) = @50) © f(2).
It follows that ¢ € Aut(D). Furthermore,
P(0) = ¢y ° f(0) = 0.

¥’ (0)] < 1.Since ! € Aut(D) with

By the Schwarz Lemma (Lemma 3.5.1),
$1(0) =0, |(¥7")"(0)] < 1. Then,

Vo= ‘w'w}l(o»‘ B ‘z//l((»‘ =t

¥’(0)| = 1, and by the equality statement of Lemma 3.5.1,
h(z) = 26" = p.(2)

for some constant 7 € R, and

| (v~

Then,

f(2) = @50y ° P+ (2).
By (3.5.2), it follows that

f(2) = o_0) ° p-(2).

As a direct consequence of Theorem 3.5.1, we have the following result:

Lemma 3.5.2 (ScHwarz-Pick): Let f:ID — D be holomorphic. For all
z1,%9 € D, letw; = f(z;) and wy = f(z). Then,

Wy — Wy 21— 22

. (3.5.3)

1—ww, 1—27,

and
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|dw| |dz|
< . 3.5.4

T = T- [P (354

The equalities hold iff f € Aut(D).

Proof: Let

z+ 2 z—w,
Aut(D = Aut(DD).

v, (2) =
It follows that
Pu, o9 (0) = @, (w;) = 0.
Then by the Schwarz Lemma (Lemma 3.5.1), for z € D,
|0, o Fop . (2)] < lal.

Let z, = ¢_, (2). Then,

‘Sowl Of(z2)| < (10:/:1(’22)| Aand |g0w1(w2)| < (10;:1(22) )

confirming (3.5.3). By the second statement of the Schwarz Lemma
4
(Lemma 3.5.1), ‘((pwl ofo wle) (0)‘ <L

By the chain rule,
"P(wl)/(wﬂf’(zl)(p(_zl)/(0)’ < 1.

Let us now calculate the derivatives of ¢, and ¢_, . By the quotient rule,

1 —wjw 1
w, (2 Z#a w, (Wy) = ———,
P, (2) 1w ° () =
and
/ 1722’(1 / —_
Sole (Z) = ()szl (O) =1- Z1%1-

(1+72)%

Since both derivatives are positive,

[f'(z1)] <

- 1 — 2_12’1 ’
Since z; € D is arbitrary, it follows that

d_w
dz | —

1 —ww |dw| |dz|

1—22 l—ww ~ 1—2z

(3.5.5)
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By the Schwarz Lemma (Lemma 3.5.1), under the equality condition that
"P(wl)'(wl)f/(%)‘P(le)’ (0)’ =1,

we have that

iT

P, 0 fop_, =¢7,

where 7 € R is constant. It follows that
f=¢_y ceTop, €Aut(D). O
Remark: In Section 8, we will introduce the hyperbolic metric on D, defined as

4]dz|?

ds? = ——_
(1—1]2)

From (3.5.5), we get that the hyperbolic metric does in.notcrease under a
holomorphic mapping of D to itself. This metric is invariant (the equality
condition) under all functions in Aut(D). This gives a geometric explanation
for Lemma 3.5.1.

3.6 Alternative Integral Formulas

As in the Cauchy Integral Formula (Theorem 3.1.8), we can write holomorphic
functions in terms of an integral representation. We define the Cauchy kernel
to be

1

H((,z) = m

Then Theorem 3.1.8 can be written as
fe)=§ FOHE)
ou
There also exist other integral formulas for functions, varying in the kernel

of the expression.

Let ® : D — R be harmonic such that ® is continuous on D. By the mean-
value property introduced in Lemma 3.4.1, we have

1 [ .
®(0) = %/ ®(pe') dt,
0

where 0 < p < 1. By the uniform continuity of ® on D (Theorem 1.2.15),
Ve > 0, 38 > 0 such that for all p € (3,1) satisfying 1 —p < d and all ¢ €
[0’ 2“]9
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|®(e) — ®(pe')| < e.

It then follows that

1 27Y 1 2’“
L it L it
2“/0 B(cit) dt 27‘/0 B(peit) dt| < e.
Hence,
1 2‘[( 1 2‘K
lim — O (pe't)dt = — o (elt) dt = ®(0). 3.6.1
tim g [ o= [T a(ea=e0). @6
Let z € D and notice that
(—=z
= Aut(D
0.(0) = 1= € Au(D)

maps OD to D bijectively. Let u be harmonic on I and continuous on D.
Then u o ¢_, is also harmonic on D, and by (3.6.1),

1 [ .
u) =uop (0= 5 [ uep . (¥)dv,
0
By the univalence of p,, let el¥ = ¢, (e'!). It follows that
. 1—2 )
el dp = i——elt dt
(1 —zelt)
1—%zz 1—ze" |
dy = . *tdt
(0 (1—7e) o — 2 e (3.6.2)
1— |2
|1 — zeit|?

Then from (3.6.1),

121 z]?
u(z) = —/ u(e‘t)—’42 dt
2 J, |1 — Zeit|
Let

1— |2 1—|2?

P2 = 5% = amc— o

known as the Poisson kernel. Then,
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u(z) = / TWOPC AL o <1, (3.6.3)
0

where ¢ = e''. (3.6.3) is also known as the Poisson Integral Formula.

For all z € D(0, R), where R > 0, we can apply the transformation

6.0 = Rey (5

to extend the automorphism to D(0, R). Let u instead be harmonic on

D(0, R) and continuous on D(0, R). Then,

2T
u(0) = %/ u(Re') dy.
0

It follows that w o ¢_, is also harmonic on D(0, R) with
u(z) =uep_(0),

and from the bijectivity of Rel¥ = ¢, (Rel?),

1
dyp = ——F _eite ¥ dt
(1—%e")
2 - .
_ - 1-Fe (3.6.4)
- (1 _ %eit)z 1—Fe it
_ R2 _ ‘2’2
|Reit — z|?

Then because ;1 = ¢__,

1 27 . 2 _ 2
u(z) = ﬂ/ u(Re‘t)Mdt
0

i 2
| Relt — z|
The expression

CZ o 2
P(GA) = o

is a general form of the Poisson kernel. Then with ( = Re't,
27
u(z) = / w(Q)P(C, ) dt. (3.6.5)
0

The Poisson kernel can also be rewritten as
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€17 — [
2m(¢—2)(C— %)

1 (C¢+z  (+Z
_4_N<C—Z+Z—z> (3.6.6)

on C —z
Thus, (3.6.5) is equivalent to

u(z) = i/om u(C) E)%(C + Z) dt.

2w (—=z

P(¢,2) =

Since d¢ = i( dt, dt = 4 and

1 u(¢) <C+z) 1 u(C) ¢+ =
= — —>~ Re d Re —=>—d
2) 2mi iD(o,R) ¢ ¢— ‘= (27“ fi?D(O,R) ¢ (—= C) ,

where z € D(0, R).Since R > 0and ( — z # O forall{ € 9D(0, R) and z €
D(0, R), the function

_1 u(Q) ¢ +2
F2) =355 }éD(O o ¢ %

is holomorphic on D(0, R): for each fixed { € dD(0, R), the integrand is
holomorphic in z, and on compact subsets of D(0, R) we may differentiate

under the integral sign. Therefore, u(z) is the real part of a holomorphic
function

¢ +ie,

_ 1 u(€)
fle) = 2mi yfgaD(o,R) ¢

where ¢ € R. Since ¢ € R is holomorphic, by Proposition 2.2.1, ¢ is constant.
For f(z) = u(z) + iv(2),
1 2T

v(z) =c+ % u(¢) Im (gii) dt. (3.6.7)

Letting z = 0, the integral vanishes, and we obtain ¢ = v(0) = Jm(f(0)).
Define the Schwarz kernel to be

(+z2

S8 = arc—ac
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Then for a holomorphic function f on D(0, R) that is continuous on D(0, R),
we obtain the Schwarz Integral Formula:

f(z) = 74 Re(f(0)S(C,2)dC +iTm(f(0).  (3.6.8)
aD(0,R)

The significance of this alternative formula implies that a holomorphic func-
tion can be recovered from the real part on the boundary of a disk and the
imaginary part at a single point.

From (3.6.7), we can rewrite
C+z) 2z
2z Z -z
=Jm (ﬁ) (3.6.9)

B 2 Jm(zz>

T

Let

Jm (zZ)
Q(C? Z) = 5 2
¢ — 22
which is known as the conjugate Poisson kernel. Then (3.6.7) yields yet another
integral representation of harmonic functions:

o) =00)+ [ u(Q( ) de
0

where ¢ = Re''. Two harmonic functions are said to be conjugate if they
are the real and imaginary parts of a holomorphic function. As seen above,
on open disks, any harmonic function will admit a unique conjugate, up to
an additive constant v(0). For a harmonic function u, we can construct its
harmonic conjugate from (3.6.9).

The Poisson kernel is important in many branches of mathematics. We will
introduce two of the important uses below.

3.6.1 Solution to the Dirichlet Problem on a Disk

A fundamental problem in the theory of partial differential equations is to
find a function u that is continuous on the closed disk D(0, R), harmonic on
the open disk D(0, R), and identically equal to a given boundary function on
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P
S

Figure 5: (, §, and z when | — 7| > 4, with distances marked. The use
of 4+ and — denote a value more or less (respectively) than the preceding
value.

0D(0, R). This is known as the Dirichlet problem (for Laplace’s equation) on
a disk.

Theorem 3.6.1.1: For a continuous function ¢ € C°(0D(0, R)), the unique
real-valued solution u € C° (D(O, R)) that solves

VZu(z) =0 Vze D(0,R),
u(z) = ¢(z) Vze€dD(0,R)

is given by the Poisson integral formula:

27
u(z) = / P(Q)P((,2)dr, (3.6.10)
0

where ¢ = Re'™.

Proof: Since
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1 (C¢+z (47
P(C7Z)_E<C—Z+ZE)’

from (3.6.7), we have that V2P((,z) = 4% = 0 (since each term is

independent of either z or Z). Moreover, by Theorem 1.2.6, (3.6.10) gives that

27

27
V2u(z) = V2 / PP 2)dr= [ V2[p(Q)P((, 2)dr = 0.
0 0

Our goal is to show that for fixed ¢ = Re'” € 0D(0, R),

lim  u(z) = p(§). (3.6.11)

z2—E
zeD(0,R)

Let § < p < Rand z = pe'?. Then with ¢ = Re'”,

27
o)~ [ P 2)o(c) dr).

0

0(&) — u(2)] = |p(Re”) — u(pe'?)| =

For a constant harmonic function identically equal to 1, we get
fo% P(¢{,z)dr = 1 from (3.6.5). Hence,

|0(§) —u(z)| =

/ " PG 2)(p(Re?) — p(0)) dr.
0

By the continuity of ¢, Ve > 0,34 > 0 such that V|J — 7| < § < 5, we have
that |o(Re™) — ¢(¢)| < &. Therefore,

—u(z)| = P((, 2 Rel?) — dr
0(6) — u(2) ‘( /ﬁ7<5+ /Wms) (¢ 2) (p(Be?) — 9(¢)
=L + L| < L]+ | L]

Since the Poisson kernel is non-negative,
27
11 </ cP(C,2)dr < e/ P(C,2)dr = &.
[9—T|<d 0

By continuity of ¢ on the compact set 9D(0, R), by Theorem 1.2.15, it is
bounded and M = sup)¢|_g|¢(¢)| is finite. The Poisson kernel can be rewrit-
ten as

R2_p2

P((,2) = 2 = 22
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where ¢ = Rel™ and z = pe'?, with |9 — 7| > 6. Then 35 > 0 such that Vz
with |€ — z| < 7 (small enough so that [§ — 6] < 2),

0 — 1| > g (3.6.12)
and

(3.6.13)

SR

(p>§> and 7 <

as in Figure 5. Then,

§\? 1 o
2 2. (9 Ip2fq_ 2
I —=2|*>4p sm<4> > 2R (1 cos<2)).

We aim to prove that |I,| < €. Since |¢(Re'”) — ¢(¢)| < 2M, the condition
is satisfied if

R2 _ p2 RZ _ ,02 €
d 2 —
/ﬂ_w R (1 cos(3)) | RE(1—cos(3))  2M

and from rearrangement, we can tighten the constraint with:

2 _ 2 __& pafq_ 9
R*—p <4MR (1 cos(2>),

which follows in particular from

R—p< 8iMR (1 - cos(g>) . (3.6.14)

From Figure 5, it is evident that R — p < | — z| < n. For (3.6.12) to be true,
we previously had that [ — 6] < g. In other words

4]
€ — 2|2 < R? + p? — 2Rpcos(§).

Obviously, this is satisfied if | — z|? < %2(1 — cos(%)) < 2p2(1 — cos(g)).
This can be rearranged into

1— )
€ —z2| <R %w:Rsin(g).

Therefore, we can choose
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. € 1) [0\ R
77_mln(mR(l—cos(§)>,Rsm(Z),5,> > 0,

under which (3.6.12), (3.6.13), and (3.6.14) are satisfied.

Hence, Ve > 0, I > 0 such that Vz with 0 < | — z| < 1, we have |p(£) —
u(z)| < 2e. Then (3.6.11) follows.

We will now show that u(z) is unique. Assume that v # u on D(0, R) also
solves the problem. Then u — v is harmonic and vanishes on 9D(0, R). By
the Poisson Integral Formula ((3.6.5)),

u(z)—vle) = [ P20 — () dr =0
0

for all z € D(0, R). Hence u = v, a contradiction. O

3.6.2 In Harmonic Analysis
Consider R = 1, { = €', and z = pel? in (3.6.5):
1 [ 1— |z
u(z) = —/ u(Q) dr
2m 0 ‘C - 2’2
1 [ (1—p?)u(e™)dr

~ on (67— pei®) (eIt — pei0)

1 /2“ (1—p?*)u(e™)dr

T on 1+ p2—2pcos(f— 1)

(3.6.15)

Since u(z) is continuous on 0D and u(ew) is periodic with period 2, it admits
a Fourier series representation with coefficients

1

27
a, = %/0 u(e'™)e "7 dr, (3.6.16)

so that the corresponding Fourier series is
oo
in6
E a,e™.
n=—o0

This series may diverge. Observe that continuity of u on the compact set
0D implies uniform boundedness: 3M > 0 such that ’u(eie)’ < M for all
6 (Theorem 1.2.13). Consequently, |a, | < M. Introducing factors p™ with
|p| < 1 yields a convergent series:
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1+ |p|

)
Z aneinep\n|,
=60 = ol

Substituting the coefficients gives

i anein0p|n\: io:
1
2m

E a eln0p|n\

n=—oo

< Z la,,|p!™ <M

1 [ .
2_/ u(e”)e_deT em0p|n\

- |n\ 17' ein(6— T)d
s g

By Theorem 2.3.2 and Theorem 2.3.6,

n=—oo

2 2T 00
Z / p\n|u 17' 1n(9 T) dr = / u(ei‘f‘) Z p\n|eln(?376d,ﬁ>
n=-00 0 n=-—00
The summation simplifies as follows:
Z p|n\ein(077) — Z pnein(efT) + Z pnefin(effr)
n=—00 n=0 n=1

=1+2 Zp” cos(n(f — 7))
n=1
=1+ 2%Re (Z p"ei"(97)>
n=1

i(0—1)
_ pe
=1+ 29%(1 —pei(e—f))

1—p?
1+ p%2 —2pcos(f —71)°

Substituting into (3.6.17) yields

o0 1 27 1 _ 2 iT )

Z 1n9p\n| / (2 p )u<e ) dr = u(pe10)‘
o2n o 1+p*—2pcos(d—1)

Furthermore, by the proof of Theorem 3.6.1.1 (specifically (3.6.11)),

Thus, for any continuous function u on 0D, its Fourier series is Abel summable
to wu.
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We now establish that real-valued continuous functions satisfying the mean-
value property are harmonic.

Theorem 3.6.2.1: Let U C C be open and f : U — R continuous. Suppose
for every z, € U, there exists A > 0 with D(zy, \) C U such that for all 0 <
e <A

2T
flzo) = — / F(zo +eei) dt.
0

Then f is harmonic on U.

Proof: Fix z, € U arbitrarily and choose A > 0 such that D(z,, A) C U.
Because f € C%(8D(zy, \)), Theorem 3.6.1.1 guarantees the existence of a
unique harmonic function u on D(z,, A) satisfying

2w

u(z) = [ fOP(( 2)dr,
0

with u = f on 0D(zy, A). Define ¢ = f —u on D(%;, ). Then 9 is contin-
uous, satisfies the mean-value property, and vanishes on 0D(z,, A). By the
proof of Theorem 3.4.1, which relies solely on the mean-value property, ¥ =

0 on D(zy, A). Thus, f = u on D(zj, \), implying f is harmonic at z,. The
arbitrariness of z, establishes harmonicity on U. O

4 The Theory of Weierstrass

While Weierstrass’ contributions in complex analysis are mainly character-
ized by his discoveries on uniform convergence, he also characterized entire
and meromorphic functions and a unique representation of entire functions,
as well as his contributions toward the study of essential singularities.

To classify the behavior of non-removable singularities, mathematicians gen-
eralized Taylor series to Laurent series.

4.1 Laurent Series

The Laurent series generalizes the Taylor series to holomorphic functions
with isolated singularities. While Taylor series are valid within a disk centered
at a point of holomorphy, Laurent series apply to annular regions surrounding
a singularity, making them essential for studying functions near non-remov-
able singularities (refer to Theorem 3.2.6).

We now introduce a fundamental result in complex analysis due to Weier-
strass, which formalizes the conditions under which the limit of a sequence of
holomorphic functions is itself holomorphic. This theorem not only guaran-
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tees the holomorphy of the limit function but also the uniform convergence
of its derivatives (its statement was used in the proof of Theorem 3.3.5).

Theorem 4.1.1 (WEIERSTRASS): Let {f,(2)} _ be a sequence of holomor-
phic functions on an open region U C C that converges uniformly to f(z) on
every compact subset of U. Then f(z) is holomorphic on U, and Vk € N, the
sequence { fﬁ(z)}neN uniformly converges to f(*)(z) on all compact subsets
of U.

Proof: By Morera’s Theorem (Theorem 3.2.4) and the uniform convergence
of {f, ()}, the holomorphy of f(z) follows (refer to (4.1.2) and preceding

explanations).

Following the same logic, by Corollary 3.2.5.1, Vk € N and for all compact
K C UandopenV D K relatively compact in U there exists a finite constant
¢, > 0 such that

lim sup| /¥ (z) — /¥ (2)| < ¢, lim sup|f,(2) — f(2)]-
eEK

n—oo z n—oo zeV

Since {f,,(z)} is uniformly convergent, the limit on the right-hand side
vanishes. Then,

lim sup|f{¥ (2) — f*(2)| =0,

n—oo 2K

and therefore { fiF) (z)} N uniformly converges on all compact subsets of
ne

U. O

The condition of uniform convergence on every compact subset can also be
significantly loosened, by the fact demonstrated below:

Proposition 4.1.1: Let U C C be an open bounded region, and let {f,,(2)}
be holomorphic on U. Let K C U be compact. If f,,(z) = f(z) on 0K, then

fa(2) 3 f(z) on K.

Proof: By the converse statement of the Cauchy Criterion (Theorem 2.3.1),
Ve > 0,dN € N such that Vn,m > N,

sup ‘fn(z) - fm(z)‘ <Ee.
zeOK

By the Maximum Modulus Principle (Theorem 3.4.1) on f,, — f,,.

sup [f,,(2) — fin (2)| = sup| f(2) — fr(2)] <e.
z€0K zeK

It follows that f,,(2) = f(z) on K by Theorem 2.3.1. O
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Remark: From the above result, the uniform convergence on every compact
subset in Theorem 4.1.1 can therefore be loosened to the uniform convergence
on every simple closed curve.

We will now study Laurent series. Let a € C and {Cn}nez C C be constants.
A series in the form of

f(z) = _Z ¢, (z—a)" (4.1.1)

is a Laurent series at the point a. The series can be separated into a power
series with non-negative exponents,

o0
p(z) =3 e (z—a)m, (4.1.2)
n=0
and a power series with negative exponents,
oo
P(z) = Z c_,(z—a)™". (4.1.3)

n=1

(4.1.1) is said to be convergent at z = 2, if the two power series are both
convergent. Let the convergence radius of (4.1.2) be

1
Vienl

lim sup,,_, .,

by the Cauchy-Hadamard Theorem (Theorem 2.3.4). It follows that ¢ is
holomorphic on D(a, R). Let { = (z — a)~!. Then (4.1.3) becomes

Zc_ng".

n=1

This series converges when

1 n
€ < e Vlenl = A

lim sup,,

Let 7 = . Then 9(z) converges when

|z — a| > limsup v/|c_,|,

n—oo

or when z € C\ D(a,r).

If R > r, then f is convergent on the annulus D(a, R) \ D(a,r) and diver-
gent on ((C\D(a, R)) U D(a,r). If r = R, the series diverges possibly
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everywhere but on 9D(a, r). Similar to power series with positive exponents,
the convergence on the boundary varies. For example,

—,
n=—oo n
n#0

where R = r = 1, converges (absolutely) on 0D, whereas

oo
>,

n=—oo

diverges on all of 0D, while

converges (conditionally) on all of D \ {1} and diverges at z = 1. If r > R,
then the series is divergent on all of C. The region D(a, R) \ D(a,r) isknown
as the annulus of convergence. f(z) in (4.1.1) is holomorphic over this annulus.
The series ¢(z) is known as the holomorphic part of f(z), and ¢(z) is known
as the principal part of the Laurent series. The properties of the convergence
disk in Abel’s Theorem (Theorem 2.3.3) can be generalized to Laurent series.
In other words, f is absolutely convergent on the annulus and is uniformly
convergent on every compact subset of it.

Theorem4.1.2: LetV ={z€ C:r < |z—a|] < R}forsome0 <r < R <
o0o. Let f be holomorphic on V. Then f has the unique Laurent expansion

fA= 2 e e= g f P seviany

for any simple closed curve v C V enclosing a. Moreover, the series con-
verges absolutely on V' and uniformly on all compact subsets of V.

Proof: By the openness of V, there exist two circlesy; C V with radius r’ and
v, C V withradius R’ centered at a such that «y encloses y; and v, encloses 7y
both without intersection. Let W = {z € V : 7' < |z —a| < R’} and let z €
W be arbitrary. By the Cauchy—-Goursat Formula (Theorem 3.1.8),

f(z)=%(?§ 1944 %dc)

For all { € v, (or | —a| =7'), | — a| < |z — a| and therefore, }g:g; <1It
follows that
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Figure 6: The annulus V, with v, 7,, and 7.

(4.1.5)

1 1
(—z (z—a)(l za) Z - "H

is uniformly convergent with respect to ¢. Similarly, for all { € 5,

|z — a

¢ —al

I —a| > |z—a| <= <1,

and it follows that

1 1 >~ (z—a)"
_ 4.1.6
ity o D DY ey S

is uniformly convergent with respect to ¢. By the boundedness of f on v,
and -y, from holomorphy on a compact set, the uniform convergence from the
Weierstrass M -Test (Theorem 2.3.2), gives that

(C _ a)n—l
d - N~ . .
Z 21:1 (27{ _ n+1 €+Z%1 (z—a)" f(C)d{ 7)
By the Cauchy-Goursat Theorem (Theorem 3.1.7), for a given n,

[ 0w [ foc-arac-o

goy (C— )" THUAT

In other words, the integrals in (4.1.7) are the same as on 7. Hence, we obtain
the absolutely convergent expansion
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o0 (e o)

(2 —a)” Zc,n(z—a)*" = Z c,(z—a)"
n=1

C
=0 n=—oo

n

which converges uniformly on compact sets of V. The constants {C”}nGZ
are also unique in the expansion. For the sake of contradiction, assume there

exists another set of constants {c,,} _, such that

o0

f(z) = Z ch(z—a)", (4.1.8)
where z € V' and the series is uniformly convergent on . Let m € Z be
arbitrary. By Cauchy-Goursat (Theorem 3.2.1),

0 if k>0 0 ifk+#—1
Nk ds. — _
?g(z a)"dz {21: A1) if k< —1 {2111 if k= —1.

v

Multiplying (4.1.8) by (z — a) ™ ! and from integrating over -, we get that

nml
§ Lot f 3 oot

v 7y n=—00

implying that

o0
27ic,,, = E c%?{ (z—a)" ™ tdz = 2xic),,
n=—00 5

which is a contradiction, implying uniqueness. O

Remark: Unlike Taylor series, Laurent series are not necessarily unique up
to the point of expansion. Depending on the chosen annulus, the expansion
may differ.

4.2 Isolated Singularities

An isolated singularity of a complex function is a point a € C where a function

f is holomorphic on some open punctured neighborhood of a (namely, for

some 7 > 0, the punctured disk D*(a,r)), but not necessarily defined or

holomorphic at a itself. The nature of this isolated singularity is characterized
by the principal part 1(z) (let ¢(2) be the holomorphic part) of the Laurent
series of f at the point a. Specifically, we can analyze the behavior of f(z) as

z = a.

1 Iflim,_,, f(z) exists and is finite, then z = a is a removable singularity and
can be analytically continued to D(a, ) by Theorem 3.2.6. Consequently,
f(2) has a convergent Taylor expansion and the principal part of its Laurent
expansion vanishes, and f(z) = ¢(z).
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2 If lim, ,, f(z) = oo, then z=a is a pole of f (from the stereographic
projection and the Riemann sphere, the co is a single point in C, and
approaching co does not distinguish between different directions, unlike
the use of 400 and —0).

Theorem 4.2.1: The condition lim,_,, f(z) = oo is equivalent to there
being a finite number of nonzero c_,,’s, where n € N.

In other words the principal part of f is equal to

(Y c

¢(Z): _{_..._|_——m, c_m#()

z—a (z—a)™

for some m € N. Therefore,

- - N e (=93
FO =0l 1) = Y ez -ar = G100
on the punctured disk D*(a, r), where
g(Z) = ch—m(z - a)n
n=0

is holomorphic on D(a, ) and does not attain a zero at z = a. Then f(2)
has a pole at z = a with order m. If m = 1, the pole is also called a simple
pole.

Proof: Obviously, under the assumption of a finite, nonempty number of
nonzero terms in the principal part of the Laurent expansion coefficients,
lim, ,, f(z) = co. Now we will prove the converse. Let

Then lim, ,, g(z) = 0. There exists a 6 > 0 such that f is nonzero on
D*(a, ). Then g(z) is holomorphic on D*(a,d) and has a removable
singularity at z = a. By Theorem 3.2.6, g can be analytically continued to
D(a, d). Let the multiplicity of the zero at z = a be m. Then

9(2) = ¢(2)(z —a)™,

where ¢(z) is holomorphic and nonzero at z = a. Then there exists a 6" >
0 such that ¢ is nonzero on D(a, ¢"). It follows that % is holomorphic and
nonzero on D(a,d”). We can then write its Taylor expansion as

=c_p,tec 7m(z - a’) +
#(2) '
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where c_,,, # 0. It follows that

_ L e e 4o
M= 5 = e T

By the uniqueness of the Laurent series, the conclusion follows. O
3 Iflim, ,, f(z) is nonexistent, then a is known as an essential singularity.

Example 4.2.1: The function e has an essential singularity at z = 0.

Proof: Observe that lim,_,+ e = oo. Similarly, lim, o ex =0, and for
z =iy withy — 07,

which is divergent. Therefore, the limit does not exist. O
The implication on its Laurent expansion at a is:

Theorem 4.2.2: The necessary and sufficient condition for lim,_,, f(z) to
not exist is that infinitely many of c¢_,, (where n € N) are nonzero.

This follows by elimination from the established trichotomy; if the limit
as z — a does not exist, then the singularity is neither removable nor a
pole (results from Part 1 and Part 2). Similar logic can be applied to the
coefficients of the Laurent expansion.

Indeed, in Example 4.2.1, the Laurent expansion is equal to:

[e°] —n

1 z
ez = —_—,
Z n!

n=0
which has infinitely many nonzero coeflicients of negative powers.

A function with an essential singularity exhibits striking behavior. We will
first introduce the following famous result.

Theorem 4.2.3 (CASORATI-SOKHOTSKT-WEIERSTRASS): Leta € Cand U C C
be an openregion. Suppose f : U \ {a} — Cisholomorphic with an essential
singularity at a. Then the set of values that f attains on any open punctured
neighborhood of a is dense. In other words, Ve, § > 0, Vw € C,3z € D*(a, )
such that |f(z) — w| < e.

Proof: Assume for the sake of contradiction that 3¢, > 0, and Jw € C such
that Vz € D*(a,9),

f(2) —w| > €. Define the auxiliary function
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which is holomorphic and non-vanishing on the punctured neighborhood of
a.Since as z — a, g(z) — oo, it follows that g(z) has a pole at a. Let the order
of the pole be m € N. By Theorem 4.2.1, g(z) has the Laurent expansion

c—m
m‘i‘"'—FCO-}-CI(z—a)—F"’

for some m € N. It follows that

c_

f(z) = Wﬁ‘""i‘C,l +w+cy(z—a)+ -
If m = 1, then f has a removable singularity at a. If m > 2, then f has a pole
at a. Hence, we have a contradiction. O

An analogous proof yields the following result for entire functions.

Theorem 4.2.4: The set of values that a non-constant entire function f
assumes is dense in C.

Proof: For the sake of contradiction, assume there exists w € C and € > 0
such that D(w, ) N f(C) = @&. Define

It follows that |g| < % on C. By Liouville’s Theorem (Theorem 3.2.3), g is a
constant function, and hence, f is also constant, which is a contradiction of
the statement. O

In Section 8, we will prove a profound generalization of the two results (@
thm:greatpicard and Theorem 8.3.4), which was first proved by Emile Picard
in 1879.

4.2.1 At the oo Point

Given the one-point compactification of C, C we can now define and analyze
the behavior of functions near the point at co. Similar to the classification of
isolated singularities in C, we can classify co as a removable singularity, a
pole, or an essential singularity of a holomorphic function.

Let f: C\ D(0,R) — C be holomorphic for some R > 0. Then z = oo is
an isolated singularity of f. To analyze the nature of the singularity, let ( =
1. We define a new function g({) = f (1) = f(z), which is holomorphic on

¢
D*(0, %) Then at ¢ = 0, g(¢) has the Laurent expansion of

[e°]

90 = D ("= "+ el =0(0) +9(Q),
n=0 n=1

n=—oo
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where ¢ and 1 are the holomorphic and principal parts of g, respectively. Let
o(z) = (1), U(z) = 1/)(%) At z = 0, f then has the Laurent expansion of

z

FER)= ) cuz" =) ez "+ ) 2" = 32) + ().
n=—00 n=0 n=1

The classification of the singularity at oo is then reduced to the classification
of the singularity of g at 0:

1 If z = oo is a removable singularity of f(z), then f(z) has the form of

—e 42 G
f(z) =co+ Tttt
2 If z = oo is a pole of f(z) with degree m € N, then f(z) can be written as
c
F(2) = 2™ F ey 2" e+

where c,, # 0.
3 If z = oo is an essential singularity of f(z), then f(z) can be expanded as

flz)= > ¢,2",

where VN € N, In > N such that ¢,, # 0 (infinitely many coefficients of
1 or v are nonzero).

Remark: Under stereographic projection from the point (0,0, 1) of the unit
sphere 52, a neighborhood of that point maps to a subset of the extended
complex plane of the form C\ K,where K isa compact and connected subset
of C. Such sets are referred to as neighborhoods of co in the Riemann sphere.

Example 4.2.1.1: The function z % has a removable singularity at z =
00, the function z — 22 has a pole at z = oo, and z > e* has an essential
singularity at z = co.

4.3 Entireness and Meromorphy

We have previously defined the concept of an entire function in the chapter
on complex differentiation. Let f be entire with the unique Taylor expansion
ZZO: o Cn?"- Since z = 00 is an isolated singularity, by the uniqueness of the
Laurent expansion, the expansion at z = 0 has the same form as the expansion
at z = 0o. We will now analyze the implications on the entire function f given

an isolated singularity.

1 If the infinity point is a removable singularity, then lim__, _ f(z) exists and
is finite.
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Proposition 4.3.1: If f(z) is entire and has a removable singularity at z =
oo, then f is constant.

Proof: Let z = %, andlet g(¢) = f (%), which has a removable singularity
at ( = 0. By Theorem 3.2.6, g can be analytically continued to all of C,
especially at ¢ = 0. Let w = ¢(0). Then, Ve > 0, 36 > 0 such that V( €
D(0,90), |9(¢) — w| < e. It follows that V|z| > 3, | f(2)| < |w| + €, and is
bounded. For the complement, Vz € D(0,%), f(2) is continuous on a
compact set, and by Theorem 1.2.13, is also bounded.

Then by Liouville’s Theorem (Theorem 3.2.3), f is constant. O

2 If f(z) has a pole at z = co of order m € N, then f is a polynomial of
degree m.

Proof: By the classification of a pole at co, f can be written as
m m—1 €1
f(z)=¢,,z"+c,, 17 +"'+Co+7+”'-

Since f(z) is entire, it is holomorphic at z = 0 and has a convergent Taylor
expansion. By the uniqueness of Laurent expansions (Theorem 4.1.2), the
two expansions are equivalent and therefore all terms with negative expo-
nents vanish, and

f(Z) = szm + Cm—l’zm_1 + o+ Co»
and since c,,, # 0, the statement is confirmed. O

3 If f(z) has an essential singularity at z = oo, f(z) is known as a transcen-
dental entire function.

Example 4.3.1: The entire functions sin(z), cos(z), sinh(z), cosh(z), and
exp(z) are transcendental.

Definition 4.3.1 (Meromorphy): Let U C C be open, and let {a,} _ CU
be a set of isolated points. Suppose f : U \ {an}neN — Cis holomorphic and
has a pole at each of z € {a,, }. Then f is meromorphicin U.

Similar to holomorphy, meromorphy on a compact set can be defined as
meromorphy on a neighborhood of the set. In general, we imply for the set
to be open unless stated otherwise. If the set is not implicitly specified, we
assume meromorphy on C.

All holomorphic functions are meromorphic functions (with poles on &).
Consequently, entire functions are meromorphic on C. All rational functions
(including polynomials) are also meromorphic on C. In the study of mero-
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morphic functions with an isolated singularity at oo, rational functions are of
important interest.

Let f(z) be rational, written as f(z) = %, where p and ¢ are polynomials.
Let
p(2) = ;2" +a, 12"+ Fag
Q(z) = bmzm + bmflzmi1 +oet b07
where a,,, b,,, # 0. Trivially, the poles of f are the zeros of g. Since
a4 2
f(z) = g - B
by + 2t o 2
we have
ifn=m
ZILTOf(z) =490 ifn<m
oo if n > m.

Conversely, we have:

Theorem 4.3.1: If f(z) is meromorphic on C and has a pole or removable
singularity at z = oo, then f is a rational function.

Proof: Since f is meromorphic on C, its singularities are isolated poles. The
assumption that f has either a pole or a removable singularity at co implies
that this singularity is also isolated. Thus, there exists some R > 0 such that
f is holomorphic on the punctured neighborhood {z € C : R < |2] < oo} of
0.

Consider the Laurent expansion of f at co, obtained by substituting w = %

and expanding around w = 0:
oo
fz)= ) ape",
n=—oo

where the series converges for sufficiently large |z|. If oo is a removable
singularity, the coefficients a,, = 0 for all n > 0. If co is a pole of order m,
then a,, = 0 for all n > m, and a,, # 0. In either case, the principal part at
oo is
m
Vool2) = Y _an2",
n=1

which is a polynomial (identically zero if degree is 0).
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Next, observe that f has only finitely many poles in the closed disk D(0, R) =
{z : |z| < R}. Suppose otherwise. Then the set of poles in D(0, R) would

be infinite. By Bolzano-Weierstrass (Theorem 1.1.2), this set would have an

accumulation point in D(0, R). At such an accumulation point, f would have
a non-isolated singularity, a contradiction of the meromorphy of f on C.

Let 24, ..., 2, denote these finitely many poles in D(0, R). For each k =
1,...,n, the Laurent expansion of f at z;, has principal part

my

(e =Y s

)
j=1 (2 — zk)J

where m,, is the order of the pole at z;. Define the auxiliary function
(D(Z) = f(Z) - woo(z) - Z¢k(z)7
k=1

which is meromorphic on C, with potential singularities only at zy, ..., 2,,

and oo.

We now show that each of these singularities is removable. First, fix j €

{1, ..., n} arbitrarily. Since the poles are isolated, there exists £; > 0 such that

the punctured disk D* (zj, sj) = {z 10 < |z — zj| < Ej} contains no other

poles z;, for k # j.

1 Since f(z) — 1;(z) is the holomorphic part of the Laurent expansion at z;,
it is holomorphic on D(zj, Ej) (including at z;).

23, 4 (%) is holomorphic on D(zj,sj), as each 1, has its singularity
elsewhere.

3 1., (2) is a polynomial, hence entire.

Thus,

D(2) = [f(2) —1;(2)] —Woo(2) = D 1y(2)
k#35

is holomorphic on D(zj, z—:j), including at z;. Therefore, we can define @(zj)
to make ® holomorphic at z;.

Since f(z) — 1, (2) is the holomorphic part of the expansion at co, consisting
of terms with nonpositive powers of z, lim, ,  f(z) — ¥, (2) exists and
is finite. Additionally, each v, (2) consists of negative powers of z — z;, so
lim, , ¥, (z) = 0 for each k, and thus lim,_, ZZ:1 ¥, (2) = 0. Therefore,
lim

oo P(2) exists and is finite, so oo is a removable singularity of ®.

Without the finite singularities at each z;, ® is entire. Since ® has a finite
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limit at oo, it is bounded on C. By Liouville’s theorem, ®(z) = ¢ for some
constant c.

Hence,

n

f(2) = e+ o () + > i(2).
k=1
The right-hand side is a sum of a constant, a polynomial, and finitely many
principal parts (each a rational function with a single pole), so f is rational.(]

If z = 0o is not a pole or removable singularity of a meromorphic function
f(2), then it is either an essential singularity or an accumulation point of
poles. In this case, f is not rational and is known as a transcendental mero-
morphic function.

4.4 Further Properties of Meromorphic and Entire Func-
tions

Theorem 4.4.1: Let U C Cbe aregionand f : U — C be meromorphic. Let
v C U be a positively oriented Jordan curve that is null-homotopic in U. If
f has no zeros on 7, then f has finitely many zeros and poles in the region
bounded by «. Denote the zeros of f in the bounded region by a,, ..., a; with
respective multiplicities o, ..., a;, and the poles by by, ..., b,,, with respective
orders (3, ..., B,,. Let 1 be any function holomorphic on a neighborhood of
the closure of the bounded region. Then

1 () (), & e
%iwdz = Zaﬂ/’(ai) Zﬂjw(bj)'

i=1 j=1

Proof: Choose disks D(a;,¢;) with pairwise disjoint closures around each
zero a; and D(bj, E;) around each pole b;, with ¢;, ¢’ > 0 sufficiently small
so that these disks are contained in int(+y), disjoint from +, and contained in
the neighborhood where 1) is holomorphic. The function

P(2)f(2)
is holomorphic on
k m
int(y) \ (U D(a;,e;) U U D(bj,E;)) ;
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since 1 is holomorphic there, f is meromorphic with no other singularities,
and f # 0 on . The oriented boundary of this punctured domain is y* U
Ule 0D(a;,e;) U U;n:l dD(bj,}) . By Cauchy-Goursat (Theorem 3.1.7),

Near each zero a;, write f(z) = (z — a;)**h(z) where h is holomorphic at a;

with h(a;) # 0. Then

SO

Then,

= a  KEY
‘éD(ai,ai) o2z = éD(ai,gi) v) (z “ " hiz) ) dz = 2mia;y(ay),

where the first term has been reduced by the Cauchy-Goursat Formula
(Theorem 3.1.8) and the second integral vanishes by the Cauchy-Goursat
Theorem (Theorem 3.1.7).

Near a pole b;, write f(z) = (z— b]-)iﬁjk(z) where k is holomorphic at b;
with k(bj) # 0. Then

SO

A similar calculation yields that
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9(z)dz = —2xiB(b;).
aD(bj,e})

Combining these,

¥(2)f'(2) S o
% ————2dz = Z 2mio; Y (a;) — Z 2mif;1p(b;)
~ f(2) =1 j=1
k m
= 2ri (Z a;p(a) — Y ,ij(bj)) .

i=1 j=1
Theorem 4.4.2 (ARGUMENT PRINCIPLE): Let U C Cbe aregionand f : U —
C be meromorphic. Let v C U be a simple, closed, positively oriented curve
that is null-homotopic in U. If f has no zeros or poles on 7, then f has finitely

many zeros and poles in the region bounded by 7, and the number of zeros, k,
minus the number of poles, k", counting multiplicities and orders, is given by

1 ()
STl A TE

Let I be the image of y under the map w = f(z). Then k — k" = Ind(0).
Proof: By Theorem 4.4.1 for ¢ =1,

1[G

—k— K.
omi ) 1(2) dz=k

Parametrize I" by w = f(z). Then dw = f’(z) dz, and

1 dw
k—k =— ¢ — =Indp(0).
2mi ) w ndp(0) O
4.4.1 The Group of Holomorphic Automorphisms on C

In complex analysis, three main sets of interest are D, C, and C. We will now
find Aut(C).

Theorem 4.4.1.1 (THE HoLomorpHIC AuToMORPHISM GrRouP OoN C): Vf €
Aut(C), f is linear and non-constant. In other words, 3a € C\ {0} and 3b €
C such that

f(z) =az+b.

Proof: First, assume that oo is not an essential singularity of f(z), which we
will prove later. Then oo must be a pole by trichotomy, as a removable singu-
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larity implies boundedness (Proposition 4.3.1). Therefore, f(z) is a polynomial
of degree m, where m € N.

Since ! € Aut(C), it is true that (') is entire. Since

it follows that f” has no zeros in C. By the Fundamental Theorem of Algebra
(Theorem 3.3.1), if m > 1, then f” has a complex zero, which is a contradic-
tion. Hence, f must be linear, and all functions in Aut(C) are in the form
of az + b, where a € C\ {0} and b € C are constants. In other words, any
holomorphic automorphism on C is a composition of a rotation, a dilation,
and a translation.

We will now prove the primary assumption; the singularity at 2 = co cannot
be an essential singularity of f(z). Let w € C be arbitrary. Then by the
Casorati-Weierstrass Theorem (Theorem 4.2.3), Ve > 0 and VR > 0, 3|z| >
R such that | f(z) — w| < €. Equivalently, VR > 0, 3¢ € D(w, €) such that
|f71(¢)| > R. Since f~! is continuous on D(w, &) by holomorphy, by Theo-
rem 1.2.13, it is bounded, which is a contradiction. O

4.4.2 The Group of Meromorphic Automorphisms on C

It is generally common to consider a meromorphic function as a function
in the form of f: U — C. Let Aut (@) denote the group of meromorphic
automorphisms on C.

To make more profound conclusions on the structure of Aut (C), we will
introduce certain concepts from group theory.

Definition 4.4.2.1 (Coset): Let G be a group, and let H < G be a subgroup
(operation denoted by juxtaposition). Then the left coset of H in G with
respect to g € G is defined as

gH = {gh:he H}.
The right coset is defined as
Hg={hg:he H}.

The subgroup H is normal iff the left and right cosets are equal. The notation
H < G is used to represent a normal subgroup. Cosets, like groups and sets,
are unordered.

Theorem 4.4.2.1: Let G be a group and N < G a subgroup. The set of left
cosets
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G/N ={gN : g € G}
admits a group structure with operation
(gN)(hN) = (gh)N
if and only if IV is a normal subgroup of G (ie. N < G).
Proof: We prove the two implications separately.
1 If N < G then G/N is a group.

Assume N isnormal, N < G,so gNg ! = N forevery g € G (equivalently
g 'Ng = N). Define a product on G/N by

(gN)(hN) = (gh)N.

We now verify that this product is well-defined: if gN = ¢’ N and hN =
h’'N then we need (gh)N = (¢’h’)N. Since gN = ¢’ N, there exists n; €
N with ¢’ = gn,, and since hN = h'N there exists ny, € N with h’ =
hns. Then

g'h = (gny)(hny) = g(n;h)ny = gh(h™*nyh)n,.

Because N is normal we have h™'n,h € N,andn, € N,so (h"'n h)n, €
N.Hence g'h’ € (gh)N, meaning that (¢’h")N = (gh)N. Thus the prod-
uct is well-defined.

Associativity follows from associativity in G:
((gN)(AN))(EN) = (ghk)N = (gN)((AN)(EN)).

The identity is eN = N, since (eN)(gN) = (eg)N = gN and similarly
on the other side. The inverse of gN is g !N, because (¢N)(g ' N) =
(997')N = N. Thus G/N is a group.

2 IfG/N can be given a group structure via the coset multiplication, then N <
G.

Fix g € G and n € N arbitrarily. By assumption, we have
(gN)(nN)(g~*N) = (gng™*)N.
Because nN = eN, we also have

(gN)(nN)(g7'N) = (gN)(eN)(¢g~'N) = (g9 ")N = N,
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implying that (gng™')N = N, and hence gng™' € N forany g € G, n €
N.Hence, gNg~! C N. Now replacing g with g~! and rearranging yields
n € gNg~ 1, or that N C gNg . Therefore, N is normal.

O

Under the normality of NV, the group G/ N is known as the quotient group of
G by N.

Remark: Every subgroup of an abelian group is normal.

Definition 4.4.2.2 (Group Homomorphism): Let (G, -) and (H, x) be groups.
A function ¢ : G — H is said to be a group homomorphism if

©(91 - 92) = ¢(91) * p(g2) V91,92 €G.

Definition 4.4.2.3 (Group Isomorphism): A group homomorphism ¢ : G —
H is called an isomorphism if it is bijective.

If there exists an isomorphism between two groups GG and H, they are said to
be isomorphic, denoted by G =2 H. The utility of groups allows us to classify
them according to their structure: if two groups are isomorphic, they are
essentially the same from a group-theoretic perspective. This viewpoint lets
us replace complicated groups with simpler, isomorphic ones, and study their
properties without loss of generality.

Let us now examine Aut (C) Let f(z) € Aut (C) such that f(co0) = co. It
follows that f maps C to C bijectively and f € Aut(C) < Aut(@). There-
fore, f(z) has the form az + b, where a € C* = C\ {0} and b € C are

constants.

Let f(2) € Aut(@) such that f(oo) # co. Then,

isin Aut (C) and g(0o) = co. By the property above, g(z) = cz + d for some
complex d and nonzero c. Hence,

f(oo)(ez+d) +1

1(z) = cz+d

Let a = cf(00) and b = df(c0) + 1. Then
az+b
)= _—4
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In this specific construction, ad — bc = —c # 0. Let the matrix ('z Z) corre-
spond to this transformation, where for any nonzero scalar k, k(z Z)

corresponds to (Z 2). Therefore, we can arbitrarily pick ad — bc to be 1.

Therefore, there exists a one-to-one correspondence between Aut (C) and
the group under matrix multiplication of

{(&0)a((t0))=1}rn,

The quotient group is taken because the matrix (a Z) corresponds to the
c

same transformation as (:Z :Z). This group, denoted by
PSL(2,C) = SL(2,C)/{£I} = Aut(C),

is known as the projective special linear group of order 2, and is isomorphic to
the group of Mébius transformations, consisting of all complex linear fractional
transformations.

Therefore, any meromorphic automorphism on C is a composition of rota-
tions, dilations, translations, and inversions. We will now state this formally:

Theorem 4.4.2.2 (THE MEROMORPHIC AUTOMORPHISM GROUP ON @ ): Vfe
Aut (@), f is a Mobius transformation. In other words, Ja, b, ¢, d € C satis-
fying ad — bc #+ 0 such that

az+b
f(Z)_CZ‘f—d.

Moreover, every such Mobius transformation is in Aut (@)

The group of holomorphic automorphisms on D, or Aut(D), is also a sub-

group of Aut (C)

Proposition 4.4.2.1: Suppose we have two Mdobius transformations repre-
sented by the matrices Z Z) and (: £> . Then their composition is a Mébius
€

a

transformation represented by (C d (g i)

Proof: From simple substitution, we have

a;iiﬁ—i—b aez +af +bgz+bh  (ae+bg)z+ (af + bh)

C;ﬁ{ +d cez+cf+dgz+dh  (ce+dg)z+ (cf +dh)’

which corresponds to the product <Z Z) (; D O
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We have now introduced three of the most important regions in complex
analysis: D, C, and C. Their importance will be later explained by the
Uniformization Theorem (@ thm:uniformization).

4.4.3 The Construction of Entire and Meromorphic Functions

It is common knowledge in algebra that any polynomial can be factored into
linear factors. When can this factorization be extended to transcendental
entire functions?

We will start by introducing the concept of infinite products. Let

ﬁ(l + uy,)

be an infinite product. If the limit

lim H(l + uy)
k=1

n—oo

exists and is finite, then the infinite product is said to be convergent.

Forz € RZO, since e > z and e? = 1, we can integrate over [0, x] to get that
e® > x + 1. Therefore,

exp (Z\%\) > [T +lwe) =14 Juy
k=1 k=1 k=1
+ > Jugu] e Tl > D .
k=1 k=1

jvke{lv'“7n}
i<k
. (o) . o0 .
Since the convergence of 3 ~ | \uk(\;s the same as that of eXp(Zk=1c|)g’f|)’ it
follows that the convergence of .~ |uy| is equivalent to that of [T~ (1 +
lug|). If Zzil |uy| is convergent, then H;il (1 + uy,) is absolutely convergent.
As with the order of summing an absolutely convergent series is unimportant,
we may also rearrange terms in an absolutely convergent infinite product.

Similar to series, absolute convergence is a stronger condition than conver-
gence:

Lemma 4.4.3.1: An absolutely convergent infinite product is convergent.

Proof: Let {uy}, _ be a complex sequence such that Z;OZ ,|ug| is convergent.
Then H;oz L (1 + u,,) is absolutely convergent. Let @),, denote the partial prod-
ucts of HZ:1(1 + |uy|) and let P, denote the partial products of szl(l +
uy,). By the Cauchy Criterion (Theorem 1.2.12), we have that Ve > 0, 3N €
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m — @n| < €. Let us now analyze the absolute
difference between P, and P,

n m
k=1 k=1
k=1 k:m+1 k=1
m n
k=1 k=m+1
<TJ@+1ul)-| TT @+ luh—1
k=1 k=m+1
which therefore satisfies Theorem 1.2.12. O

We will now provide the following assertions on the locally uniform conver-
gence of infinite products:

Lemma 4.4.3.2: Let U C C be open and connected. Suppose Z:il fi(2)
uniformly converges on compact subsets of U such that each f;, is holomor-
phic on U. Then the infinite product

T exw(f(2)

is uniformly convergent on compact subsets of U.

Proof: Let K be an arbitrary compact subset of U. Since ZZZ | fr(z) con-
verges uniformly on K, it follows that Ve > 0, 3N € N such that Vn > m >
N, fk(z)’ < eforall z € K. Additionally, we have

HeXP fr(z Hexp fr(z ‘ = |exp (ifk(@) — €exp <ifk(z)> ‘
k=1 k=1

By Theorem 4.1.1, the uniform limit Z;’; , x(2) is holomorphic on U. By
continuity and Theorem 1.2.13, this limit is bounded on K. It follows that

each partial sum is uniformly bounded on K. Since the exponential function
is Lipschitz continuous on compact subsets of C, there exists a finite constant
M > 0 such that
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n

Z fi(2)

k=m+1

<Me. O

exp (i: fk(z)) — €xp (i fk<z>)

Remark: Uniform convergence on compact subsets is also known as compact

convergence. In the case of C (or in any topological space such that every point
has a compact neighborhood), compact convergence is equivalent to locally
uniform convergence.

We also have:

Lemma 4.4.3.3: Let U C C be open and connected. Suppose ZZil\fk(zﬂ
is uniformly convergent on compact subsets of U such that each f; is holo-
morphic on U. Then the infinite product

H (1+ fi(z

is uniformly convergent on compact subsets of U to a holomorphic function,
which vanishes only at a point z if and only if f,(z) = —1 for some k£ € N.
The multiplicity at each such zero z is the sum of the multiplicities of 1 + f;,
at z for all k satisfying f,(z) = —1.

Proof: Let K C U be an arbitrary compact set. By the uniform convergence
of Z:; |fe(2)| on K, it follows that the uniform limit is continuous by the
Uniform Limit Theorem (Theorem 2.3.5). By continuity on a compact set, it
follows that the limit is bounded by some constant M’. Additionally, Ve >

0, 3N € N such that Vn > N, ZZ:1|fk(z)| < M’ + e. It follows that the
partial sums are uniformly bounded on K by

M = M’ }
max{lg}iﬁfzne%(’fk( )y t+e

Similarly, by earlier discussion of infinite products, we have

H 1+ |fi(z Sexp(Z\fk(zﬂ) <e
k=1 k=1

or in other words, the partial products are uniformly bounded on K. Let 0 <
€ < 1 be arbitrary. By definition, there exists N € N such that Vn > m > N,
’ZZ:m+1 fi (z)| < e for all z € K. The difference between the non-absolute
partial products satisfies

124



n

At h) - T[0+ h ] 0+ fl2) -1

=

H + fu(z

k=1 k=1 k=m+1
< B exp( > 1) -1
k=m+1
< eM<e€ - 1)7

where the second inequality can be easily verified by expanding the product
1" (1 + f(2)) — 1 and the triangle inequality.

k=m+1
Since e — 1 — 0™, it follows that

H + fi(z

is uniformly convergent on K. Let £ € U be a point satisfying F'(£) = 0. Since
there exists an m € N such that

o0

II @+ £

k=m+1

is non-vanishing at z = ¢, and from the fact that

Fi) =T[4+ o) T[ @+ ful2).
k=1 k=m+1

we can analyze the zeros of the finite product to obtain the conclusion. [

We will now study the construction of an entire function f(z) via its zeros.
We have the following cases:

1 If f has no zeros in C, then the function defined by z — ’;((;) is entire, so it

is the derivative of an entire function ¢(z). Therefore, the function defined
by z = f(z)e ??) has the vanishing derivative

df(z)e

 — p(@)e — @ () f(2)e e =0,

It follows that f(z)e™#(%) is constant, and therefore f(z) = cexp(p(2)) for
some constant ¢ € C. Since ¢(z) is entire, it follows that f(z) is also entire.
Absorb the constant ¢ into ¢(z), and f(z) = exp(¢(2)).

2 If f is entire and has finitely many zeros in C, namely a, = 0, ay, ao, ..., a,
with respective multiplicities my, m, ..., m,, (if 0 is not a zero, treat m, =

0), then at each zero a,, it has the local Taylor expansion
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= o),

Jj=my

where c,,, # 0. Therefore, we can divide f(2) by (z —a .) to obtain a new
entire function with no additional zeros and no zero at a;. Repeating this
for every zero, we can define

which is entire and has no zeros, where

p(z) = 2o (1 - a—zl)ml... (1 - i)m

We write p(z) in the above form rather than that of 2™ HZ: (2= a)"*
as we aim to generalize the construction to infinite products to study
convergence. By the non-vanishing case above, 1)(z) = exp(p(z)) for some
entire function ¢(z). Therefore, we can write

f(2) = p(z) exp(p(2)), (4.4.1)

where p(z) is a polynomial with zeros at a;, with respective multiplicities
my,. The entire functions p(z) and f(z) both have the same zeros with
matching multiplicities.

If f(2) is entire and has infinitely many zeros such that f is not identically
zero, then it follows that f has countably many zeros (since the zeros are
isolated). Let the zeros be indexed by N, namely a,, a,, .... Without loss
of generality, assume that Vn € N, 0 < |a,,| < |an +1| (repeated elements
representing multiplicities), and lim,,_,  a,, = oo. The case for a zero at 0

will be treated differently.

There exists a positive integer sequence Py, Py, -.- such that for every
Pnt

positive and finite R, }°° | £

converges. For example, let p,, = n,
and for sufficiently large n, ] < 1 and the series is convergent. Consider

the infinite product

oo 1 2 1 Pn
H(l—i) exp (i+—(i) +---+—<i) )-(4-42)
n=1 ap an 2 28 Prn \ O,

Let
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P(z)=z+ %zQ + -+ %z”
Qy(z) =log(1 —2) + B (2) (443)
B, (2) = exp(Q(2)) = (1 — ) exp(B,(2).
Therefore, we can rewrite (4.4.2) as

> z
1= (;)

The expression in (4.4.3) is known as the p-th Weierstrass elementary factor.

Consider the product H

have

N pn n) For z € D(0,R) and n > N, we

log(1 — w i%

k=1

has a convergence disk of D(0, 1). Then,

!%(i)H ié(—)k )

(4.4.4)

0 z P 1
< Z
fmp a, a,, 1—|=
R
a,
1
R DPnt

By the definition of {p,, } _..the series 2 ZZO

-1 |a,

converges. There-

fore, 32 @, (é is uniformly and absolutely convergent on D(0, R)
by the Weierstrass M -Test (Theorem 2.3.2). We then get that

[ (2) -0 (0. ()

and it uniformly converges on D(0, R) to a nonzero holomorphic function
f(2) on D(0, R) by Lemma 4.4.3.2, Theorem 4.1.1, and Theorem 3.3.5.
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The zeros of
N-1 .
H Ep <_>
n=1 " an

are a,, ..., a,_; and lie in D(0, 2R). To prove the absolute convergence of

1> . E <i> on D(0, R), we_will show that Z;’;N’E ; (i> 1‘ is

n=N Pn \ a, a.,

convergent. Trivially, when ¢ € D, we have
lexp(¢) — 1| < exp(|¢]) — 1 < (e —1)[¢]-

By (4.4.4) above, we get that ‘Qpn (f) ‘ < 1whenn > N.
Therefore, we have

() = leel @ (3))

(2 e

p,+1

)

ap

which has a convergent series by definition. Therefore, HZOZ ~Ep, (ai) is
absolutely convergent on D(0, R). Letting R — oo, we obtain the follow-

ing result:

Theorem 4.4.3.1 (WEIERSTRASS PRODUCT THEOREM): Let {a,} _ be a
sequence of nonzero complex numbers satistying a,, — oo as n — oo and
0 < |a,| < |a, 1| (equality of a,, and a,, ,, treated as multiplicities) for all
n. Then there exists a sequence {pn}neN of nonnegative integers such that

VR | &[T h ibed h
>0, anl a. converges. For such a prescribed sequence, the
function

f(z) = f[l E, (i) (4.4.5)

defines an entire function with zeros at each element of the sequence of
multiplicities matching the number of times an element is repeated. More-
over, the product converges uniformly on any compact disk D(0, R).

The following result is then apparent:

Theorem 4.4.3.2 (WEIERSTRASS FACTORIZATION THEOREM): Suppose f(z)
is an entire function. Let {an}neN be the sequence of all nonzero zeros of f
satisfying a,, — 00 as n — oo and 0 < |a,,| < |a,,,,] (equality of a,, and
a,,, treated as multiplicities) for all n. Let m be the multiplicity of f(z)
at z = 0 (let m = 0 if there is no zero at 0). Then there exists a sequence
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Pptl

Lt con-

Ay

{pn}n N of nonnegative integers such that VR > 0, Z;’;l

verges. Then, we can write

m z = z
f(z) = 2me?®) L[l E, (@) (4.4.6)

on D(0, R), where E,,(2) is the p-th Weierstrass elementary factor defined
in (4.4.3) and ¢(z) is an entire function. The infinite product converges
uniformly on D(0, R) and converges absolutely on C. If we let p,, = n, we
can write

00 2 n
1/ 2 1/ 2
= ,MeP(2) 1— Z A e = .
o= 1 e (3 (2) 3 (2))
Proof: By the Weierstrass Product Theorem, construct 1(z) to be entire

and have zeros at {a,,} _.. Thus, 2™9(z) and f(z) have the same zeros
and corresponding multiplicities. Then the function

nb(2)
72)

has removable singularities on all of {a, } _.U{0} and has an analytic

continuation (Theorem 3.2.6) to an entire and non-vanishing function.
Therefore, it can be written as

om "/)(Z) — ed)(z)’
f(2)
where ¢ is entire. Let ¢ = —¢, and from rearrangement, we obtain (4.4.6).0]

Corollary 4.4.3.2.1: Let f be meromorphic on C. Then f can be written as
the quotient of two entire functions.

Proof: Let ¢(z) be any entire function with zeros only at each pole of f
(with multiplicities matching the order of each pole). If there are infinitely
many poles, we can explicitly construct such a ¢ by the Weierstrass Product
Theorem (Theorem 4.4.3.1). If there are finitely many poles, construct ¢ using
(4.4.1). It follows that ¢f can be analytically continued on its removable
singularities to an entire function ¢(z) with the same zeros as f(z). Hence,

_4(2)

which is an explicit construction. O
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Therefore, any meromorphic function on C can be expressed as the quotient
of two infinite products. Hence, any meromorphic function on C can be
explicitly written in terms of its zeros and poles.

We will now study the construction of meromorphic functions from their
poles and the principal parts of their Laurent expansions at each pole.

Suppose n € N and {ak}Zzl C C is a sequence of distinct values. Let
{wk(z)}zz , be a collection of functions in the form

Pr

Ur(z) = > . (4.4.7)

7 Y
j=my (Z - a‘k)
where p,, > m, are finite integer constants and {c,“ j} are complex constants.

Suppose that f(z) is meromorphic on C such that f has finitely many poles.
Therefore, f has an isolated singularity at co. We have two cases:

1 If z =00 is a removable singularity or a pole, by the given proof of
Theorem 4.3.1, we may construct f(z) to have poles at each of {“k}L
such that the principal parts of f at each of {a,,},_ are {t};(z)},_,.Itcan
be explicitly written as

) = p(z) + 3 ()
k=1

(we can absorb the constant c into the polynomial 9 as used in the proof).

2 In the case that f(z) is a transcendental meromorphic function with an
isolated essential singularity at z = oo, notice that the function defined by

o(2) = £(2) = 3 (2)
k=1

has removable singularities at each of {a k}Z: ,- Indeed, since the singular-
ities are isolated, for a fixed k, Je;, > 0 such that for any j#k, a; ¢
D(ay,¢y). Tt follows that 1, is holomorphic on D(ay,e€;). Notice that
f(2z) — 1, is the holomorphic part of the Laurent expansion at a;, and is
also holomorphic on the disk. Suppose f has 1, as the principal part of its
Laurent expansion at a;. Then ¢(z) is holomorphic on D(ay, €;,). Since k
was arbitrarily chosen, ¢ is entire and transcendental.

Therefore, f can be constructed by
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for a transcendental entire function ¢(z).

The existence of a transcendental meromorphic function f whose poles
have an accumulation point at z = oo is the concern of the following
theorem:

Theorem 4.4.3.3 (Mir1aG-LEFrLER): Let {a,} _ C C be a sequence
of distinct complex numbers such that Vn € N,

a,| < lay,| and
lim, . a, = oco.Let {wn}neN be a function sequence, each in the form of
(4.4.7). Then the following hold.

First, a meromorphic function f(z) on C can be constructed such that Vn €
N, f has a pole at a,, with principal part 1,, at a,,.

Second, the function f(z) satisfying the criteria above can be explicitly
represented as

F2) = 9(2) + 3 (0u() ~ a(2) (448)

for some sequence of polynomials {p,, (z) } and an arbitrary entire function
©(z).
Proof: The classical proof for this theorem allows for a more explicit

construction, as in (4.4.8). As for the existence statement, we can prove the
first assertion by use of the J-problem.

Fix n € N, and let U,, be an open neighborhood of a,, such that Vi, j € N
where i # j§, U, N 7] = . Let V, be a neighborhood of a,, that is relatively
compact in U,,. By Theorem 3.2.1.6, for each n, there is a C*° function ¢,,
satisfying

o (2) = 1ifz€V,
" 0if z€ C\U,.

Let
u() =3 o2 n2).

which is an element of C'*° ((C \ {ak}keN). For afixed n € N, itis true that
u =1, on V, \ {a,, }. Hence, although u is not meromorphic, it does have
the required principal part near each a;,. Let

P(z) = {g_: if 2 € C\ {andye

0 ifz € {ap},
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Since Ou/0z = Ov,,/0zZ = 0 and is C™ on V, \ {a,,} and ¢ vanishes on
{ar}, o @ € C°°(C). By the discussion preceding Theorem 3.1.6, there
exists a C* function v(z) such that g—g = ¢(z) on C. Since ¢ is C*°, it
follows that v is also C*°. Define f(z) = u(z) — v(z). Then

of Ou Ov

gr _ou_o9v _ _ -0
which implies that f is holomorphic on C\ {a;}, . Since u has the
desired principal part 9,, at each a,, and v is C*° (and hence removable
at each singularity), it follows that f is meromorphic on C with principal
parts v, at each a,,, as desired.

Let {e,} _, be a positive sequence such that ZZOZ | En is convergent.
Without loss of generality, let a; = 0 (if a; is not a pole, set¢; = 0). Choose
p1(z) = 0 (this can actually be any arbitrary polynomial). Fix n > 2. Since
9, is a polynomial in terms of —— and has its only pole at z = a,,, ¥, (2)
is holomorphic on D(0, |a,,|) and can be written as

o L& (0
wn(z) _ Z djnk'( )Zk.
k=0 ’

By Theorem 2.3.3, this series is uniformly convergent on D(O, ‘ & |) Hence,
3\, € N such that

A

AN
() =3 Ol <o,
Let
A
pn(z) - o k" z

Fix R > 0 and let N € N depend on R such that |a,,| > 2R foralln > N
and |a,,| < 2R for all n < N. Therefore, Vn > N, R < |a7”| Then Vz €
D(0, R), we have

¥ (2) = pn(2)| < €p

By the convergence of ZZO: N1 Eno by the Weierstrass M -Test (Theo-
rem 2.3.2), the series
oy = S W) = pa(2) (4.4.9)
n=N+1
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converges uniformly on D(0, R). Since z < R < |%| < |a,,| when n >
N, the pole of 9,,(z), namely z = a,,, is not in D(0, R) when n > N. By
Theorem 4.1.1, (4.4.9) is holomorphic on D(0, R). Let

N
U(z) = Y (¥ (2) = pa(2) + 2y (2).

n=1
The poles of ¥(z) in D(0, R) are all of the a,, with corresponding princi-
pal parts 9,,(z), where n € N and a,, € D(0, R). Since R was arbitrarily
chosen, ¥ has poles at each a,, with the corresponding principal part
¥, (z) on C. Let p(2) = f(z) — ¥(z) be analytically continued onto each
of {a,,}, - Then ¢(z) is an entire function (since the Laurent expansions
of p at each of {a,,} _ vanish). By rearrangement, we obtain our desired
result. O

The Mittag-Leffler Theorem (Theorem 4.4.3.3) can also be generalized as
follows:

Theorem 4.4.3.4: Let U C C be an open set with a simple closed boundary
OU and let £ = {an}neN C U be a sequence of distinct complex numbers
whose accumulation points lie on OU. Let {1, }neN be a sequence of functions
in the form of (4.4.7). Then there exists a meromorphic function f : U — C
with poles at each a,, with principal parts 1),, at each a,,.

Indeed, since OU N U = &, each a,, is not an accumulation point of E. In
other words, for each n € N, there exist neighborhoods U,, of a,, that are
relatively compact in U with disjoint closures. The proceeding proof is anal-
ogous to that of the existence part in Theorem 4.4.3.3.

Finally, we will examine the construction of entire functions interpolating
prescribed values and derivatives at given points.

Let {z]}
=
{wj}fl , C C be a sequence of complex numbers. We can then construct
J:

r,bl C C be a sequence of distinct complex numbers and let

a polynomial f(z) such that Vj € {1,...,n}, f(2;) = w;. One such explicit
formula is given by the Lagrange interpolation formula:

n n

Z— 2
f(z) =) |w,
ki

n

Then, following the assumption that {z]} , C C is a sequence of dis-
j

tinct complex numbers, let {wj7 k} '

be a sequence where
]6{1’~"7n}7k€{0’"'7nj}
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{nj}n L CN Then we can find a polynomial f(z) such that Vj € {1,...,n},
J:
Vk € {O, j} fk ( ) = klw; , (for clarity’s sake, j selects the pair and

k selects the order of the derivative, whose upper bound varies for each j).
Oftentimes, the factorial coefficient is absorbed into {wj7 k}

As it turns out, an entire function can in fact be constructed for infinitely
many interpolation points, or when n — oo.

Theorem 4.4.3.5: Let {zk}keNCC be a discrete set and let

{wk’n}kEN,ne{O,...,nk} be a sequence where {n;},  C N. Then there exists

an entire function such that Vk € N, Vn € {0, ...,n.},

f () = nlwy, . (4.4.10)
In other words, an entire function can be constructed by the given first n,
coefficients of the Taylor expansion at each zj,.

Proof: According to the Weierstrass Product Theorem (Theorem 4.4.3.1), we
can construct an entire function ®(z) with zeros at each of {2}, . with
corresponding multiplicities {n;}, . By the discreteness of {2}, . there
exists a corresponding sequence of radii {;,}, _ such that each D(z;, 2¢;)
is disjoint.

Define a complex function sequence {¢,(2)}, _ by

n,—1

= Z wk,n('z - zk)nv
n=0

where k£ € N. By Theorem 3.2.1.6, we can construct a C'™ sequence of
functions {¢;(2)}, _ such that Vk € N, supp(;,) C D(z, 2¢;,), ¢, = 1 on
D(zy,,€;,),and 0 < ¢, < 1onC.

Let ¥ € C°°(C), and construct
oo
f(z) = —@(2)¥(2) + Y $r(2)on(2)- (4.4.11)
k=1
Under what conditions on ¥ will f be entire? Since the supports of each ¢,
are disjoint, the summation Zzi | #x(2)¢(2) contains at most one nonzero

term and is convergent and well-defined. To construct f to be entire, we must
have 8[ = 0. In other words, we want

0 8\1!
e (Z%‘Pk) = —(2V) <:>Z¢k g 82
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on all of C. Let

k=1
Since ¢, =1 on D(z,¢&;), 37 =0 on Uk , D(24,€;). Consequently,
g9(z) =0on U,jil D(zy,€p)-
From rearrangement, we have

g(z) _ 0¥
o(z) 0z’

which has removable singularities at each z,. Define g)(é) =0 at z = 2.

Under this assertion, we have Z q> (C). Since the support of ;‘IJ)(( )) is the

union of disjoint compact sets, by Theorem 3.1.6, there exists a function ¥ €
C>(C) satisfying

g(z) _ 9¥
®(z) 0z

Since g vanishes on U , D(z,,¢p), it follows that £ vanishes on

Uk L, D(z, D(z,,e,), and U is holomorphic on U L, Dz, ).

Fix k € N and let n € {0, ...,n, — 1}. For z € D(2;,¢;,), from (4.4.11), we
have

f(2) = =@(2)¥(2) + ¢ (2)-

Since ® has a zero at z;, with multiplicity n;, ®(z)¥(z) vanishes at z;, with
multiplicity at least n;,. Therefore, we have

nE—1
f(n) k dzn(Z’UJkJZ—Zk )

d” [ ;
T dan (Z wy, (2 — zk)])
2 J=ny Zi

n—1 J
= lim E wy (2 —z,) " H T
A r=j—n+1

J=n
0o J
— Z (w;w-(z— z,) " H r)
j=ng r=j—n+1
= ”!wk,n’
as desired. O

Remark: For a general power series, there is no assurance that it corresponds
to the Taylor expansion of an entire function. However, for any polynomial
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of degree n, there always exists an entire function whose Taylor expansion
agrees with the polynomial up to the first n + 1 terms, which is the funda-
mental difference between a polynomial and a transcendental entire function.

Example 4.4.3.1: Prove the pole expansion formula

e (£ 20) £

k=—o0

for z € C\ Z.

Proof: Let the simple poles of 7 csc(nz) at each integer be enumerated by

_ [-zitneoN,
“n = Yl ifn e N\ 2N,

O

4.4.4 Classifying Growth of Entire Functions

Lemma4.4.4.1: Let f : D(0,r) — C* (wherer > 0) be anowhere-vanishing
holomorphic function. It follows that

27
log|f(0)] = %/ log|f(rei?)| dé.
0

Proof: Without loss of generality, assume r = 1. Since f is non-vanishing and
D is simply connected, we may define the holomorphic logarithm as

/')
oy 4+ log(f(z0)

log(/() = |

for any fixed z, € D and all z € D, where v C D is any piecewise smooth
curve from z; to z.

Hence, log|f(z)| = MRe[log(f(z))] and is therefore harmonic. The assertion
then follows from the mean-value property. O

Theorem 4.4.4.1 (JENSEN's FormuLA): Let f : D(0,r) — C be meromorphic
such that f(0) # 0. If a4, ..., a,,, by, ..., b, are the zeros and poles of f in
D(0, r), counted with multiplicities and orders, respectively, then

n
— Z log
k=1

by
T

Zk
r

1 27 . m
log|f(0)| = %/ log|f(re'?)| df + Zlog a4
0 k=1
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Proof: For simplicity, assume ay,...,a,, are the zeros in D(0,r) and

Ay 415 -+ Gy, are the zeros on 0D(0, ). Similarly, let by, ..., b, be the poles
in D(0,r) and b,, 11, ..., b, be the poles on D(0, ). Let

H;nzl(z - a‘j)
szl(Z— bi)’

where g is holomorphic and non-vanishing on D(0, r). Since

f(z) = g(2)

log| £(0)| = log|g(0)| + ) _log|a,| — ) _ log|b,|,
j=1 k=1
by Lemma 4.4.4.1 on g,

HZ=1 (reie — bk)
H;nzl(reie — aj)

+ Zlog|aj’ — Zlog|bk|
=1 k=1

1 27 ) m n
- 2—/ log|f(re19)|d9+210g|aj| —Zlog]bk|
T Jo =1 k=1

de

2T
st = 2 [ el
0

1 27 n bk
+%/0 LZ(logr—l-logl—reh9 )
=1
—Z(logr—l—log 1——].0D] de
g re!

4
T

27 m n
=L [ o] ) a0+ 3| 2]~ 3o
™ Jo =1 k=1
J
1 m n Log(1 — z)dz
+‘9%9§;E z{:j£ __zz:j£ z
j=178D(0,|a;/r|)  k=1+8D(0,|b,/r|)
1 27 . m n
:ﬁ/o 10g|f(ree)|d9+210g —Zlog
7j=1 k=1
1 n UL Log(1l — z)dz
+ Re i ( Z - Z ) ?:{HD z

k=ng+1 j=mo+1

by,
r

45
T

by,
r

where z = a;/(re'?), b,/ (re'?), df = idz/z, and the leftover integrals (up
until £ =ny and j = my) for interior points vanish by Cauchy-Goursat

(Theorem 3.1.7), since w has a removable singularity at z = 0.

137



We now are left to prove that the remaining integral I vanishes as well, which
is not as immediate since the integrand does not extend continuously to the
boundary. Let z = €'?, dz = ie?, then (by ¢ = g)

- 2m 0
Iz% M:/ log’l—ei9’d9=2/ log|e_i¢—eiw’d¢
) 0 0

z

i /2
=2mlog2 + 2/ log|sin¢| dy = 2w log2 + 4/ log|sin ¢| dv
0 0

=2nlog2 + 4J.
Splitting at 7 /4 and using cos with a substitution for the second integral then
yields
~/4 /4 /4 1
J = / log|sin ¢| dy + / log|cos¢| dy = / log| = sin 21/1‘ dv.

0 0 0 2

Changing back to 8 = 21, we have
J =

As an immediate consequence, we have:

Corollary 4.4.4.1.1 (JENSEN's INEQUALITY): Let f be holomorphic on D(0,r)
such that f % 0 and f(0) # 0. It follows that

I :
log| f(0)| < %/0 log| f(rel?)| dé.

Theorem 4.4.4.2 (PoissoN—JENSEN FORMULA): Suppose f is a meromorphic
function on D(0, ) such that f # 0 on D(0, r) and is non-vanishing and non-
infinity on 9D(0, r). Let aq, ..., a,, and by, ..., b,, be the zeros and poles of f in
D(0, ), counted with multiplicity and order, respectively (multiplicities and
orders count as multiple zeros or poles). Then it follows that

27
log| f(2)| = / log|f(C)|P(¢, =) d8
0

+Zlog

where ¢ = rel?, 2 € D(0,7) ({a }ni U {bk}?1>, and P((, z) is the Pois-
son kernel in (4.4.6).

(4.4.12)

n

Z log

k=1

O/J Z — bk‘)

—a;z 2 —byz |

Proof: For fixed z € D(0, r) not at zeros or poles, let
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9.(Q) =1 (wi (%))

where p_, = (goa)_l is the unit disk automorphism sending 0 to a. Then g,
maps 0 to f(z), and has zeros at rp_ (f) =apor(¢ = ro= ( ) and poles at
rcp_f( ) =byor( =rp: ( ) By Jensen s formula (Theorem 4.4.4.1),

1 27 .
loglg. (0)] = logl ()| = 5 [ loglg. (re)] 40
0

(%))
T\ r

Lemma 4.4.4.2: Let f: D — C be a non-constant bounded holomorphic

n

()5

k=1

function whose zeros are a4, a,, ..., counted according to their multiplicities,
ordered such that |a,,| < |a,,, | for all n € N. Then,

o0

> (1—la,])

n=1
is convergent.

Proof: First assume f(0) # 0 and choose M such that |f| < M on D. Let
n(r,0, f) count the number of zeros of f, according to multiplicities, inside
D(0, 7). By Jensen’s Formula (Theorem 4.4.4.1), we have

27
log| f(0)| = %/ log|f(reie)| do
0

n(r70’f) n(r707f) a
+ Z log| —= ‘ < log(M) + Z log —k‘
k=1 r k=1 r

For any fixed positive integer k, choose r such that |a;| <7 < 1. Then
n(r,0, f) > k and

n(r,0,f)

k a
Z log Zlog 73 ,
j=1

j=k+1,...,n(r0,f). Therefore,

k a k
log| f(0)] <log M +} log|-*| =log M + » log|a;| — klogr.

J=1 J=1

Rearranging,
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k
Zlog|aj| > log|f(0)| — log M + klogr.
=1
Now let » — 1~ with r > |ay|. Since klogr — 0, it follows that
k
Zlog|aj| > log|f(0)| — log M.
=1

This holds for every k. Since log’a3| <0 for all j, the partial sums
Z log‘ ;| are decreasing and bounded below by log| f(0)| — log M, hence

converge to some finite limit, and

> logla,| > log| £(0)| — log M,
j=1

or equivalently,

oo
log| f(0)] < log|M| + ) log|ay|.
k=1
Forany 0 < a < 1, we have —log(a) =1—a+3>> (1—a)"a" >1—a.
Hence,

<Y (1 —al) < Zloglakl < log| M| — log|f(0)|.
k=1

If f has a zero of multiplicity m at 0, then the argument applies to z %.D
Theorem 4.4.4.3 (BLAsCHKE ProbuUCT): Let {a;},  C D* =D\ {0} be a

sequence such that the series ZZo: (1 —lay|) is convergent (known as the
Blaschke condition). Then the Blaschke product, defined by

B(z) = ﬁ [M%k(@], (4.4.13)

(where ¢, (z) is a Mdobius transformation in the form of (4.4.1)), locally
uniformly converges to an analytic function on I such that |[B| < 1 on D,

and its only zeros are precisely at each of {a;} counted according to

keN’
multiplicities.

Proof: If it can be shown that

o0

>

k=1

|ak| T2 4
ay, 1—akz
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locally uniformly converges, we can use Lemma 4.4.3.3 to show that the
infinite product converges uniformly on compact subsets of D. Let D(0,r) C
D be a compact subset. The summand can be bounded with

lay|® — anz
it e S
|ay|(1 —ay2)

|ay| ap — 2 1 ap ap— 2 _
ap, 1 —agz lag| 1 —agz

2 J— _
lag|” — a2z — |ag| + |ay|ay2
lag|(1 —ay2)

_ | @z(a] = 1) + lag[(lag| — 1) ’
|ag|(1 —ay2)

_ | @z + e )(A — !ak!)‘

|lag|(1 —agz)
lag|(1+7) 1+7r
<= lag)) = < (1 —lag]) :
M ag (1 — lay|r) M1
Since
>l ‘ 2]
k=1 "=

is convergent (Blaschke condition), by the Weierstrass M-Test (Theo-
rem 23.2), >.°° ’I%IM 1‘ converges uniformly on D(0,7). By

k=1| a, 1—agz
Lemma 4.4.3.3, the infinite product in (4.4.13) converges uniformly on com-

pact subsets of ID. The properties of its zeros follow from the lemma.

Lastly, since ‘(pak‘ < 1 and each partial product is bounded by 1, it follows
that |B(z)| < 1 onD. O

Remark: A more general Blaschke product has an additional factor of 2™ to
account for a zero at the origin, similar to the case of the Weierstrass product.

Corollary 4.4.4.3.1: Let f: D — C be bounded and holomorphic whose
multiplicity of the zero at 0 is m (if f does not vanish at 0, then m = 0). If
{a,},  are its zeros in D*, counting multiplicities, then

f(z) = F(z)em ﬁ el ).

where F' is bounded, holomorphic, and non-vanishing on . Moreover,

sup| f(z)| = sup|F(2)|.
z€D zeD

Proof: Let
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f(z)
F(z)= .
) 212, [y, (2)]

n

By construction, F' extends to its removable singularities to a holomorphic
function that does not vanish. Because

sup|z™ {_|a_n o ( )] <1,
zeD n=1 a, "
it follows that
sup|F'(z)| > sup|f(z)]. (4.4.14)

z€D z€D

The partial products

give for fixed 0 € R, ¢ > 0, the existence of 0 < " < 1 such thatr’ <r <1
implies

’Bn(reie)’ >1-—e.

Then by the Maximum Modulus Principle (Theorem 3.4.1),

N N O
zeD szn(z) ZGD\W ZmBn(z)
< —
S =9 szlelg\f(Z)l % szlellg\f(z)!
astT — 17. Letting € — 0", n — oo gives
sup| F'(z)| < sup|f(2)|,
zeD zeD
which in conjunction with (4.4.14), completes the final assertion. O

From the results above, a recurring theme in complex analysis is hinted at;
the rate of growth of functions provides insight towards the distribution of
its zeros.

The subjects to be discussed here are relevant and preliminary to Nevanlinna
theory, or the study of holomorphic value distribution.

For an entire function f, let M(r, f) = sup,._,|f(2)| = sup <, |f(2)| (by
the Maximum Modulus Principle in Theorem 3.4.1).
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Definition 4.4.4.1 (Growth Order of Entire Functions): An entire function f
is said to be of finite order if there exists o, r,, € R such that

M(r, f) < exp(r®), Vr>r,,

or in loose terms, f is of finite order if it grows at most exponentially for large
z. The order of f, or p(f) is defined to be the infimum of all « satisfying the
previous condition.

Proposition 4.4.4.1: Let f be entire; then if there exist a, b, a, 7, 5 > 0 such
that

M(r, f) < exp(ar® +b), Yr>r, g,

then p(f) < a.

Proof: For e > 0, since r° — oo as r — 00, for any € > 0, there exists _ such
that

1
r¢ > 24 = 57‘“” > ar®
for r > r_. There exists . > 0 such that
’ 1 a+e
r> = grttt > b.
For simplicity, let the value max{r,, r.} be denoted by r_. Then
o 1 +e 1 + +
r>r, = ar +b§§ro‘ +§7‘"‘ € = poTe,

By assumption, we have
M(r, f) < exp(ar® +b) < exp(r**®) = a+e > p(f).
Letting € — 07, the assertion follows. O

Theorem 4.4.4.4: The order of an entire f may be explicitly given by

o(f) = lim sup log(log M(r, f))

r—00 10g T

Proof: By assumption, we have Ve’ > 0, 30 < ¢ < ¢’ (or simply just Ve > 0
by the nature of the exponential) such that

M(r, f) < exp(rp(f)+5)

for some r” and any r > 7. Taking logarithms twice we have
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log(log M (r, f)) <1hnsup10g00gﬂfOzf))

logr m S logr <p(f)+e—p(f)

as €’ — 0. Moreover, for any € > 0, 7" > 0, 3r > r’ such that

log(log M
M(r, f) > exp(r?¥)=¢) = lim sup og(log M(r, /))
r—00 log r

> p(f) —e = p(f)

as € — 0. Therefore,

log(log M
p(f) S 11m Sup Og( Og (T7 f))
r—00 logr

< p(f) O

Example 4.4.4.1: The function sin is of order 1, while exp o exp is not of
finite order.

Proof: We consider the two examples separately:
1 Observe that

el#| + |1 |yl —[y]
sup [sin(z)| < sup M = sup eete ™ < sup el¥l = e,
|z|=r |z|=r 2 |z|=r |z|=r

Forr > 1, wehavee™ ™ <1< %er, and hence for z = ir, we have

Therefore,

1 1 o1
—e" < suplsin(z)| < e" = p(f) = limsupM = 1.

4 |z|=r r—00 IOgT‘
2 Let z = r, then
sup |exp o exp| > exp(exp(r)) = logolog sup|f(z)| > r

|2|=r |z|=r

O

= p(f) > lim sup T — O
r—oo lOgrT
The utility of p is that it gives implications on the rate of which the zeros of
an entire function tend to co. The order for meromorphic functions is more
general and is pertinent in Nevanlinna Theory (@ sec:nevanlinnatheory).
This is quantified technically by the convergence range of the sum given by

> 1
ZT’

n=1|an
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where each a,, is a zero. Specifically, the infimum of all such k£ under which
the prescribed sum converges correlates to this right. For example, let a,, =
n for each n. Then for any k > 0, the integral test gives the convergence of
the series, while if a,, = ,/a,, (corresponding to a slower approach to c0), the
series converges for k > 1.

For the following discussions, let n(r,0, f) count the zeros of f in D(0,r)
according to multiplicity.

Lemma 4.4.4.3: If f is entire with f(0) = 1, then

log2 - n(r,0, f) <logM(2r, f).

Proof: By Jensen’s formula (Theorem 4.4.4.1), for r > 0, we have

n(2r,0,f)

Z log

k=1

2r

ay,

1

27
- i0
- /O log| £ (2re?)| 6,

where ay, ..., a5, 0, 1) are the zeros of f in D(0, 2r), ordered such that each
‘U/k‘ S |ak+1|. Then

n(r)07f n(rﬂo’f

) )
Z log2 < Z log
k=1 k=1

2w
= i/ log|f(2rei9)‘ df <log M(2r, f).
2 J,

n(2r,0,f)

< Z loga

k=1

2r
ay,

Theorem 4.4.4.5: For a nonzero complex sequence {a;} ey counting multi-
plicities (such that |a,| < |as], etc.), the sum

S
k=1 ’ak|a

converges for any

1
o > lim sup ogn(r)
r—oo  logr

where n(r) counts ay, in the closed disk of radius .

Proof: Choose ¢’ such that

lo
o > o’ > lim sup gn(r).
r—oo  logrT

For sufficiently large 7,
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logn(r)

/

<o =n(r)<r’.

logr
For sufficiently large k € N, by the ordering of zeros, it follows that
k< n(lag| +0) < (lay| +6)”

for sufficiently small §. As § — 0T, we have

o 1 1 1 1
E<lay|” = - > - = - > .
k™ |ag” kol ay

By the comparison test, we then have the convergence of

= 1

|Cl |O" D
k=1 1"k

Theorem 4.4.4.6: For an entire function f (f(0) = 1) of finite order p(f)
whose zeros are at {a;}, . counting multiplicities (such that [a;| < |a,

5

etc.), the sum

converges for any n > 0.
Proof: By trivial definition, we have
M(2r, f) < exp((2r)F*%)
foralle’” > 0 and some 0 < € < €’. Lemma 4.4.4.3 gives that for any r > 0,
log2-n(r,0, f) <log M(2r, f).

Hence,

) o(f)+e n(r, 0, f) 1 p(f)+e,—e +
log2-n(r,0, f) < (2r) = (e < log22 r—¢—0

as 7 — 00. Then for sufficiently large r, we have

n(r,0, f)

< — e S1=n(r,0,f) < rr2e,
.

For sufficiently large k € N, by the ordering of zeros, it follows that
k <n(lag| + 6,0, f) < (Jag| + 5)p(f)+2e

for sufficiently small 4. As 6 — 0", we have
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1 1 1
o PO R = (e

1
k< ‘ak‘P(fH-?& — . >

The left-hand side as a summation is convergent for 2¢ < n or lower, and
hence we have the convergence of

> 1
; |ak|P(f)+?7' 0
Therefore, for any r > 0, the series
© |, p(f)+n % |, lp]+1
— < Z — for sufficiently small 5
k=1 | %% k=1 | %k

converges. Then by the Weierstrass Factorization Theorem (Theorem 4.4.3.2),

f(z) = 2MeP(?) 10_01 Ew (i>
1

k= A
locally uniformly converges on C, where ¢ is entire.

Definition 4.4.4.2: The rank of an entire function is the smallest p € Z
for which the associated sum

i 1
p+1
k=1 lagl
converges, where {a; }, are its zeros in C*.

The conclusion of Theorem 4.4.4.6 is that the rank of an entire function with
finite order is finite. Moreover, the rank < |p].

Definition 4.4.4.3: Let f be entire of finite rank p. By the Weierstrass
Factorization theorem (Theorem 4.4.3.2),

f(z) = zme?® kl;[l E, (a_zk) :

If ¢ is a polynomial of degree ¢, then f is said to be of finite genus y =
max{p, ¢}.

This particular Weierstrass factorization is the Weierstrass canonical factor-
ization of f (the portion corresponding to the product of elementary factors
itself is the Weierstrass canonical product). Now that we have indulged in the
implications of p(f) to its zero distribution, we now turn to the function ¢ in
the exponential.
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Lemma 4.4.4.4: Let f be entire with finite order such that f(0) = 1. Let
{ar}, . be the zeros of f, listed with multiplicities, such that |a,| < |ay| <
lasg| < .... Suppose p > p(f) — 1; then for any z € C,

n(r707f)
—p—1
lim aP(r2—a2) VT =0.
lim w2 -

Proof: For fixed 2, let 7 > 2|z| such that ay, ..., a,, o 5 lie in D(0,7). For
each k we obtain

2

2 o> 2 2 _ . r_1m
"r akz’_r lag||z] >r*—r 5 5

o 2 p+1
= |ak|p+1|r2 —apz|? s (—)
r
since p(f) > 0 by the logarithm formula. Now by definition of p(f),
Lemma 4.4.4.3 gives the estimate for sufficiently large r and arbitrarily small

e > 0:

< log M (2r,0, f) (2r)pf)+ep—p1

0 —p—1 —p—1
n(r, 0, fr - log 2 " - log 2
Thus,
n(r,0.f) p+l p(f)+e—p=19p(f)+e+p+l
> @m0, (5) <” -
k=1 r log 2
Letting € = z%p(f) (positive by theorem assumption), we obtain
n(r70’f) —_— -
o 2(3p+3—p(f))/2 ¢
Z Pt (r? —ap2) "< T 50 as rooo.O
log 2
k=1

Theorem 4.4.4.7: Let f be entire with f(0) = 1. Then for p > p(f) — 1 (p
integer) and z € C,

lim
r— 00

/27‘ rel? log|f(re“9)| 40 = 0
0

(rel? — z)p+2

Proof: For fixed z, 7 > 2|z

/ 2 irel? 46 % dw oriR 1
—_— = —————— =2niRes ————
o (re? =2 Jop, (w—2)PH2 w=z (w — 2)P*?

, we have
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by the Residue Theorem (Theorem 4.5.1). Since p + 2 > p(f) + 1 > 1 where
p is an integer, we must have p + 2 > 2 and thus

™ relfde
o (rei? —z)
Therefore,

2% it ] i0
/ re og|f(re )| 40
0

(rel? — z)p+2

2 rei? )
/ W [log’f(’rele)’ — log M(r,f)] dé
0

reld — z

< /O ﬂ 7y los Mr, 1) —log] 7 (re) ] a6

27
= p+3p—p—1 [211 log M (r, f) — / log|f(rei9)| d0]
0

< 2pH4 =P lxlog M(r, f),

where the last expression uses the inequality derived from Jensen’s formula
(Corollary 4.4.4.1.1) on the remaining integral.

Now by assumption, we have
log M(r, ) < r+
for any € > 0 and sufficiently large r. Hence,

/27‘ rel? log‘f(reie)‘ 40
0

(relf — z)p+2

< pFHapp(f)te—p—1n — op+dp(p(f)—p=1)/21

p(f);pfl < 0, the expression vanishes as R —

00. O

) Then since

_ ptl-p(f
at e = —

Proposition 4.4.4.2: Let f be entire, non-constant, and of finite order such
that f(0) = 1. Let {a; } ke be the zeros of f counted according to multiplic-
ities such that |a; | < |ay| < |ag| < ....If p > p(f) — 1 is an integer, then

i (70) " L

=1 (ay

for all z € C.
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Proof: Letr > 2|z|. By the Poisson-Jensen Formula (Theorem 4.4.4.2), at each
non-singular point, we have (the kernel representation derived in (4.4.6))

1 [ . rel® + z
Re IOg f(Z) = % / log|f(7"e‘9)| Re (m) do
0
n(r,0,f) ( )
+ Z Re log( e )

For any holomorphic g = u + iv, we have

dPeg(2)) _ % <8u(z) _iau(z)>

0z ox oy s
415
1(oue) o) _10e) g M

2\ Oz ox) 2 oz 2

Therefore, by differentiation under the integral sign
T70)f

I'(2) 1/% gy el df r? — |a|”
= - log| f(re! +
f(2) T Jg ‘ ( )|(re10 2 ; 2 —a,z)(z—ay)
1 2m . i0 de n(r,0,f) — n(r,0,f) 1
= —/ log|f(7"e‘9)|—r.e 5 + T T .
TJo (reif — 2) = r2—mz = z—ay
Differentiating p times from here gives
ﬁ(f’(z)) —l/%log|f( )|7"ele(p+1)'d0
dz? \ f(2) T J, (reif — Z)p+2
n(r,0,f) aPHp! n(r,0,f) |
p!
+ - - 1
Z p+1 kz:; (ak o Z)p+1

The first two terms vanish as r — oo by Theorem 4.4.4.7 and Lemma 4.4.4.4.0J
Lemma 4.4.4.5 (LOGARITHMIC FACTORIZATION): Let f be entire, non-constant
and of finite order p such that f(0) = 1. Let
et z
z) = E —
) Il:[l rank f (ak)
be the associated product. If p > p(f) — 1 is an integer, then

B St

dzr \ P(z2) P
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forall z € C.
Proof: Let P, be the n-th partial product of P. Then

Bz _ 3~ B () 5

Pn(z) k=1 Erankf<a_zk> k=1 j=1 0
implying that

L (D)= e rﬁfi‘_

dzr \ P,(2) £~ (q, — p+1 T qp —~ 4

Since the polynomial in the rightmost term has degree at most maxj — 1 =
rank f — 1, and because p > |p| — 1 > rank f — 1, after p derivatives each
term of the expression vanishes. For an arbitrarily chosen compact K C C
avoiding ay, some N € N such that |a;| > max, x|z|forall K > N, we have

a, — 2| < |a.|+ |z] < 2|la,;|. en the convergence o
k < |ay < 2|ay|. Then th g f
Z“’ _
k=1 2’%’%1

from Theorem 4.4.4.6 implies the absolute convergence of

= 1

D

1
=1 (ag — Z>p+

in K. Moreover, it can be shown that the uniform convergence of B, —

P (from the Weierstrass factorization) and P, — P. (by the Weierstrass

Convergence Theorem, Theorem 4.1.1) in K implies that of £ Pz )) Hence, the

Weierstrass Convergence Theorem implies that

w2 ()R- et

n—oo dzP

=1 (a, —
o0
Z p+1

The two preceding results are similar in conclusion, but Lemma 4.4.4.5 is

not a special case of Proposition 4.4.4.2 since we have not asserted that the
canonical product is of finite order.
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4.4.5 Hadamard Factorization Theorem

Theorem 4.4.5.1: Let f(z) = e?(*) P(2) be the Weierstrass canonical factor-
ization of f, where f is entire with finite order p = p(f) and p(0) = 1. Then
 is a polynomial of degree < p.

Proof: By logarithmic differentiation and by taking p > p — 1 subsequent
derivatives, we have

PG _ ) PO @ (PO, & (P
) ¢<>+p<z>:‘dzp(f(z)) ® ”+dzp(P<z>>'

By applying Proposition 4.4.4.2 and Lemma 4.4.4.5, we have

N p! _ e+l S P! +1)
i T

Hence, ¢ is a polynomial of degree < p. Choosingp =1+ |p—1| >p—1
so that p < p, the assertion follows. O

Corollary 4.4.5.1.1: Let f(z) = 2™e¥(*) P(2) be the Weierstrass canonical
factorization of f, where f is entire with finite order p = p(f). Then ¢ is a
polynomial of degree < p.

Proof: Let f(z) = 2™g(z), where f and g are entire, g(0) # 0, and f has finite
order p(f)and M (r, f) = r™M(r, g) forr > 0.Fore > 0, 37" > 0 such that

r > 1’ implies
]\4'(7'7 f) = rmM(,,,,g) < erp(f)Jrs — M(r,g) < erp(f)+6'

Thus, p(g) < p(f) by letting ¢ — 0. Additionally, for any € > 0, V7’ > 0,
3r > r’ such that

. 1 N
M(r, f) > e = M(r,g) > exp| rPtH)=2 re — mlogr > o
'rp(f)*zf

because for sufficiently large r,

. mlogr

v e o b
Hence, p(g) > p(f) — 2¢. Letting € — 0T implies p(f) = p(g). Let g(z) =
ch(z) where c is a constant, so that h(0) = 1. It is also trivial that p(g) =

p(h). Explicitly, we have h(z) = e¥~18cP(2).

By Theorem 4.4.5.1 on h, ¢ — Log c is a polynomial of degree < p, and so is
2 O
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Then the results of Corollary 4.4.5.1.1 and Theorem 4.4.4.6 may be consoli-
dated into a single statement:

Theorem 4.4.5.2 (HADAMARD FACTORIZATION THEOREM): Let u be the genus
of f and let p be the order of f, where f is entire with finite order. Then u < p.

Theorem 4.4.5.3: The factorization

el )

defines an entire function and uniformly converges on any compact disk

D(0,r).

Proof: The zeros of sin are simple at each of Z. Aside from the simple zero at
z =0, let

" —7k/2 if k € 2N,
F= \n(k+1)/2if ke N\ 2N

enumerate the zeros of sin. By Example 4.4.4.1, and the Hadamard Factor-
ization Theorem (Theorem 4.4.5.2), the order of sin is 1, the genus does not
exceed 1, and

sin z = ze¥ lo_o[ ( )_ze‘/’ H(l——)exp(i),

where ¢(z) = az+ b is a polynomial (and where the product locally uni-
formly converges in C). Since the partial products {Pn}neN’ where

n z z
il 2)en()
;g A Rl

have a single accumulation point, the subsequence {PQ"}neN converges to
the same point. Since

we have
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Then from sin z = — sin(—z) we have

0o 22 o) 2:2
zeaz+bH 1_2_162 Ezefaz+bH 1_2_k2 — 202 =1 — ¢ = (.
I ™
k=1

k=1
Since lim,_,, Sizc =1, we have
T 2
ll_I)I(l)e H(l_m):1:>b: . 0

4.5 The Residue Theorem

After Riemann and Weierstrass refined the understanding of analytic func-
tions and the formal characterization of Jordan curves, the Cauchy Residue
Theorem was consequently formalized. Cauchy had the informal notion of a
residue, which we will now formally introduce.

Definition 4.5.1 (Residue): For some r € R.,, a€ U, suppose f:
D*(a,r) — C is holomorphic. Then the residue of f at a, denoted by
Res,_, f(z) or Res(f,a), is equal to

l}fgf(z) = Ly{ ( f(z)dz, (4.5.1)
oD

- omi
a,p)

where 0 < p < ris arbitrary. Since f has a Laurent expansion at a, being

- 1 f(z)dz
Cn(z_a)na Cn:_-f ;
Z A1ti 8D(a.p) (z _ a)n+1

n=—oo

we get that the residue of f at a is equal to the first term c_; of the principal
part of its Laurent expansion.

It then follows that the residue at a removable singularity is 0. As a direct
consequence of (4.5.1), we can derive explicit formulas for the calculation of
residues at poles. If U C Cis open, a € U is an isolated singularity (a pole of
order m # oo) of f : U \ {a} — C that is holomorphic, then locally:

f)=c ,(z—a)™+ci_p,(z—a)l "+t (z—a)t+ ...
Multiplying by (z — a)™, we obtain that
(z—a)"f(z)=c_,,tci_m(z—a)+ - +c_(z—a)™ 1+ ..
By the definition of a Taylor series, we find that

1 dm—l

o1 = Res () = ooy i s le @)™ f()) (452)

154



Let z = 0o be an isolated singularity of f(z), which is holomorphic in C \

D(0, R), for sufficiently large finite R. Then for finite p > R, the residue at
z = o0 is defined as (notice the orientation)

Res f(2) = 5 f £(2) d.
0D(0,p)

© 2mi

Let( = % Then we get that

1 1 1
R s =55, /(6) (0

R RN TSP (L)
aD(0,1/p)

2mi ¢? =0 (2

In this definition, if

)= 3 e = LD = S o2,

2
n=—oo C n=—oo

the residue at z = oo is equal to —c_;. We will later explain the reasoning
behind this definition.

Theorem 4.5.1 (ResipUE THEOREM): Let U C C be an open set with a simple
closed boundary curve OU. Suppose {z,,} C U is a finite set and f(z) is
holomorphic on U \ {z, } and continuous on U \ {z, }. Then,

f(z)dz = 2xi En: Res f(z)
k=1

z=zy

oUu

Proof: Since U is open, there exists a small disk centered at each isolated
singularity z;, of radii J,,. By the Cauchy—Goursat Theorem (Theorem 3.1.7),
we get that

/ f(z)dz = 0.
U"_, D(zy,8;) UBU*

From rearrangement, 9§8U f(z)dz = szl faD( 5 )f(z) dz, and the con-
- 210k
clusion follows. O

This result itself is fairly trivial. Now we will explain the significance of the
residue at infinity.

Theorem 4.5.2 (GLOBAL RESIDUE THEOREM): If {2, ...2,,, 00} is discrete and
finite, and f : C\ {#1,...z,,, 00} = C is holomorphic, and these points are
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Figure 7: The orientation of a neighborhood that does not enclose co
after projection.

the isolated singularities of f, then the sum of the residues at each of these
isolated singularities is zero, or

Zniz_es f(2) + Res f(z) = 0.
k=1 =2 2=00

Proof: Let R > maxcy_ |2,| be arbitrary. By the Residue Theorem (Theo-
rem 4.5.1), )

1 n
~Res f(z) = 5 yi RCLE > Res 102

as desired. This is merely a restatement of Theorem 4.5.1. O

There is not a directly trivial reason for the definition of the residue at oo,
except for the fact that it seemingly “unifies” the Riemann sphere.

However, if we take a neighborhood of an arbitrary point in C on the
Riemann sphere and traverse its boundary clockwise (from the perspective of
outside the sphere), its projection onto C will be counterclockwise (Figure 7).
However, the boundary of a neighborhood of oo in §? will have a clockwise
projection (hence the difference in orientation). We define its equality with
the residue of —% at ¢ = 0, rather than f(1/(), because we compose the
differential form f(z) dz with the inversion, as opposed to f(z).

For any closed rectifiable curve v C U (here we are not bound under the
assumption of simpleness), the Residue Theorem can be generalized into:
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—R R

Figure 8: A semicircular contour with orientation marked.

?{f(z) dz = QKiZIndv(zk) Zfi(zs f(2)
2! k *

where 2, are the singularities of f in U and Ind, is the winding index.

Residues are extremely important as they allow for simple evaluation of
definite (most commonly improper) real-valued integrals. This is because of-
tentimes, residues at poles are generally easy to calculate and have an integral
representation. We can integrate over a contour (a smooth closed curve) that
contains the important part of the real interval. Oftentimes this is the most
non-trivial step.

. . oo
Example 4.5.1: Evaluate the improper integral I = f_oo m dz, where
n €N
Proof: Consider + to be a closed semicircle with radius R > 2 as in Figure 8.
Notice that the function z W has singularities at only z = iand z =
—i, both of which are poles of order n + 1. By (4.5.2), the residue at z = iis
1 1 d» 1 (=), (n+k
Res ————— = ——((z+1) 1) :_( ) Hk=1( )
=i (224 1)" n!dz» o (2i)2n+1
(—nm@2n)!  (2n)!

- (n!)2(2i)2n+1 - 22n+1i(n!)2‘

The singularity at z = —i is not relevant, as it is not enclosed by the contour.
By the Residue Theorem (Theorem 4.5.1), we have
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Figure 9: An indented semicircular contour with orientation marked.

1 f i6
%y (ZZ + 1)7’L+1 dz = /R ($2 n+1 dz +\/(; R26219 + )n+le d9
(

2n
= 2’“113/618 (z2 + 1)7’l+1 - 22n( )

We will now show that the integral over the semicircle vanishes as R — oo.
Under the assumption that R > 2, since

Riel?
(R2e210 + 1)"Jr1

R R 2
<

= < -
|R2e210 4 1|"* T |R? —1] 7 3

which is integrable over [0, 7], and we can commute the limit with the
integral. Therefore, we have

o 1 1
e (@1 1) oo J (22 4 1)
T Ri w01, (2n)lw
_/0 ngr;o (R2e216 + 1)n+1e 0= 227 (nl)2”

Example 4.5.2 (DiricHLET INTEGRAL): Evaluate the integral fooo % dx.

Proof: It is common to use integration with parameters to approach this
integral. However, we will now provide a solution via contour integration.

Let f(2) = % Consider a closed contour 7 in the form of Figure 9, consisting
of a semicircle of radius R in HT (Cy), a line segment from —R to —¢, a
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smaller semicircle of radius € in the upper half-plane (C.), and a line segment
from € to R.

By the Cauchy-Goursat Theorem (Theorem 3.1.7), we have that

ff(z)dz:/c f(z)dz+/_R€f(z)dz+/C f(z)dz—i—/st(z)dz:O.

We will now analyze each integral. The first integral is

™ iR i0 ) T .
(z) dz = / WREW do = i/ eiRcosf,—Rsind g
Cr 0 Re 0

Notice that %9 < sin(#) < 6 over the integration range. We want to observe
the behavior as R — oc:

™ /2
< / e—Rsin9 do = 2/ e—Rsin9 do
0 0

™
1/ eiR cos Ge—R sin O do
0

/2 T
0 R 0
- %(1 —eR) 0.
Let us evaluate the integral on v, ase — 0:
0 0 o
/ f(z)dz = i/ exp(e(icosf —sinf)) do = i/ g esinbeiccosd qg
C, T ™

Obviously,
|efs sin@eia cos @ | < 17

and therefore, the integral and the limit may commute:

0 0
lim/ f(z)dz = i/ lim e~ssinfeiccostd qg = i/ df = —im.
C, T

e—0 e—0*t
ki

Evaluating the integral over the line segments, we have
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Figure 10: A wedge contour with orientation marked.

—€ R —€ eiz R eiz
/ f(z)dz+/ f(z)dz:/ —dz+/ —dz
—R € —R z € z
= / & dz — / e dz
R % R %

0 .. 0o s
. sin 2z . sin 2z
— 2i dz =2i dz.
B z 0 z

[e.o]

Hence,

o0 2 0o+
—i‘ﬁ+2i/ sin(2) dz=0<:>/ SlnZdzz T—Y. 0
0 z 0 z 2

Example 4.5.3 (FRESNEL INTEGRAL): Evaluate the improper integrals
I = / cos(z?)dz, I, = / sin(z?) dz.
0 0

Proof: Let f(z) = e'#. Choose the wedge contour composed of
I={zeR:0<z <R}, I‘2={rei“/4:O§r§R},

CRZ{Rei":ogegl—‘}

as in Figure 10. By the Cauchy—-Goursat Theorem (Theorem 3.1.7), we have
that
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/F (=) dz + /F £()dz + /C F(z)dz = 0. (4.5.3)

1 2 R

The third integral can be written as

/4 _
/CRf(z)dzle/o exp[(Ree) ] 94d0.

Using the fact that %9 < sin(26) on the integration range, it can be bounded

as
~/4 . ~/4 -
/ f(z)dz| < R/ e 17sin(20) 49 < R/ e =170 40
Cr 0 0

™ ap2g|™/4 W _p2
=——e" Rg‘ (1—eR).

4R T 4R

As R — oo, this integral tends to 0. Let z = r¢/™/4 on T},. Then, we have

0

0
lim f(z)dz = / exp {i(rei“/“)Q]e“‘/“ dr = ei‘ﬂ/4/ eXp(_,rQ) dr.

R—o0 L,

From (4.5.3), we have that

e 2 e 2
/ e’ dr:e”‘/4/ e " dr.
0 0

Since fo e dr = ‘F , we have

© . (Vi VE\vE
/0 e dr—(7+17)7_

Since ei™” = cos(r?) + isin(r?), we have

o0 o0 2
os dr—i)‘{e / e dr| =
0

C
> 2
sm dr—ﬁm/ e dr| =
0

J
/Ooo

as desired. O

Example 4.5.4: Evaluate the integrals f()% ®(cos b, sin 0) df, where ®(&,n)
is a rational function of £ and 7 that is continuous on 6 € [0, 2x].
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Figure 11: An indented wedge contour with orientation marked.

. -1, -1
Proof: Let z = e'%. Consequently, we have cos § = =z sinf = =£—, and

dz = ie'? d9, implying that df = %. Therefore, by the Residue Theorem

(Theorem 4.5.1), letting f(2) = é@(#, Z_;I ) we have

27 n
/ ®(cos 6, sin 0) df = ?{ f(z)dz=2mi) _ Res f(2),
0 oD k=1

z=2zy

where z;, where k = 1, ..., n are the isolated singularities of f in ID. O

Example 4.5.5: Evaluate I = fooo % dz, where 0 < a+1 < .

Proof: Let f(z) = 1-1% and let —m < Arg(z) < w in the principal branches

of z® = e*°8(?) and 2# = ePL8(*) Then except for at the zeros of 1 + 27, f

is holomorphic.

The solutions to 2% = —1 are z = exp(i% + 2ik%). Choose an indented
wedge contour (as there is a logarithmic branch point singularity at the
origin) with an angle of 2% (as in Figure 10). The only singularity it encloses
is exp (1%) Since it is a simple zero of %, this singularity is a simple pole.

The contour is the union of the following curves:
I={zeR:e<z <R} TI,={rexp(i2n/p):e <r <R},
Cr = {Reie 0<0< 21:/6}, C. = {eew 0<0< 21:/6}
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where R > 1 and 0 < € < 1. By the Residue Theorem (Theorem 4.5.1), we
get that

i i ([ [+ [+ [ ) 618 = im0 35|

By (4.5.2), it follows that

lim z —exp(in/pB)
z— exp(iv/B) (1 + Z’B)/Zo‘

d -1
= lim (a(z_a + zﬂ_a))

z— exp(in/B)

Res|[f, exp(in/B)] =

Za+1
= lim -—_—
z— exp(in/fB) (,3 — OZ)ZB —«
1 T
= ——exp i—a+1>.
gen(er

We can write the integral on I}, in terms of I:

0o
e—0 YTz e—0

T o po
_exp[12/§(1+oz)]/o mdr.

0
Jim [ f(z)dz= Jim /R flr exp(i2n/B)] exp(i2n/B) dr

We also have

s /B o '
/CR f(z)dz = Rl/0 f(Re?)el? df = 1/0 wexp[ﬁ(l + )] do.

It can also be shown that the integral is bounded by a vanishing function as
R — oo:

27 /B Ra+1
/ B xpli0(1+ a)]d6
0

2n/B Ra+1 T Ra+1
- < =
1+ RPeiAY - /0

Similarly, as € — 0,

/C f(z)dz

By letting R — oo and € — 0, we have
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Figure 12: A rectangular contour with orientation marked.

{1 ~exp (12%(1 + a))][ _ —% exp (1%@4 + 1)).

It follows that

j % [exp (i%(a + 1)) —exp (—i%(a + 1))]1 _ %csc(%(a + 1))3

Example 4.5.6: Prove that the Fourier transform of sech(wz) is itself, or that
I1(¢) = / exp(—2wiz€) sech(nz) dz = sech(wf).

Proof: Fix £ € R and let f(z) = oxp(_2mizg) yyo poles in C occur when e™* +

cosh(wz)
e ™% = (), or equivalently, when z = i(n + %), where n € Z.

Since
cosh(m(z+1)) = —cosh(nz), exp(—2wi(z+1)§) = exp(2rE) exp(—2wizf),

we have that f(z) is a constant multiple of f(z + i). In particular, f(z +1) =
— exp(2x§) f(2). Therefore, we can use a rectangular contour as shown in
Figure 12. Let the sides be denoted by

I'“={z+i:—R<z<RzeR}, I"={zeR:—R<z<R}
={-R+iy:ye[0,1]}, TT={R+iy:ye][0,1]}.

The only enclosed singularity is a simple pole at z = % (simple by evaluation
of the Taylor expansion of the denominator). By the Residue Theorem (The-
orem 4.5.1), we get that
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(/Fﬁ-i—/m—i-/lw-i-/w)f(z)dz:2ﬁiRes<f,%>. (4.5.4)

By (4.5.2), we have

Res(f,%> = lim (z—i>M

2—1/2 2/ cosh(mz)

. d cosh(mz) -1
= lim — | ————
z—i/2 dz \ exp(—2wiz€)
m exp(—2wizf)
z—i/2 T sinh(nz) + 2wi€ cosh(wz)
_ exp(rnt)
mo

The sum of the horizontal line integrals is equal to

/_Zf(Z)dZ—F/RRf(z—l—i)dz:/_if(z)dz_/Re2«§f<z)dz

R
= (14 €2™) /_R f(2)dz.

As R — oo, we have fr% f(z)dz+ frk f(z)dz = (1+e*¢)I(€). The re-

maining two integrals can be written as

1 . .
—2
f(2)dz = / exp( . Ti(R +‘lz)§) d
It o cos (r(R+iz))
0 exp(2mi(R —i2)¢
fo)dz = [ SREEE_IY
ol , cosh(m(—R +iz))
They can be bounded with
/1 exp(—2wi(R +iz)§) &l <2 ! exp(2mz§)
o cosh(m(R +iz)) =7, lemRemiz + e~mRe miz|
1
exp(2mz€)
<o [ SEPUETES) 4
- 0 |e‘rrR _ ef'rrR|
and
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/O exp(2Ti(R —iz)§) &

! exp(2mz€)
cosh(m(—R +1iz)) =2 /0

- |ef'rrRe’rriz + e’rrRef’rriz|

1
S2/ exp(2rz§) &
0

‘e-n'R _ e—'rvR| :

Since the integrands are continuous and uniformly convergent to 0 with
respect to z, we have

/pr(Z)dZ+/ f(z)dz — 0

T

as R — oo. By rearrangement of (4.5.4),

I(f)(l + 62“5) = 2exp(w§),
or that

2

I€) = g ove = sech(nf),

which proves the result. O

Contour integration provides a powerful method for evaluating real improper
integrals by leveraging the Residue Theorem (Theorem 4.5.1). The primary
challenge often lies in constructing a suitable contour in the complex plane
that encloses the relevant singularities of the integrand f while ensuring that
the contribution from the contributions from the remaining segments of the
contour either vanishes or can be calculated with ease.

If the function f is even and integrated on a domain such as R, then the
integral can be extended to the entire real axis. If f decays sufficiently rapidly
in the upper half plane H", a semicircular contour is generally preferable, as
illustrated in Figure 8. In the presence of singularities on the contour itself,
we can insert arc indentations around them, as shown in Figure 9.

If f(z) is a constant multiple of f(z +iy) (a type of quasiperiodicity) for
some y € R, it is a strong indication to use a rectangular contour. If f(z) is a
constant multiple of f(ze'™) for some T € R, a wedge-shaped contour is an
appropriate choice.

In the case that there are indentations along the contour, we have

Theorem 4.5.3: Let A > 0 and let a € C. Suppose f(z) is a holomorphic
function on D*(a, \) with a simple pole at z = a € U.Let 0 < € < A and de-
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finey, C 0D(a,¢€) be a counterclockwise-oriented, connected arc subtending
an angle 9. Then,

e—0

lim/ f(z)dz =19 - ljzes f(2).
Ve

Proof: Parameterize . with z = a + €el?, where 0 € [a, 5] and B — o = 9.
Then,

P E
/75 f(z) dZZ/a f(a+€eie)%d9=51/a f(a+eei®)el® do.

Since f has a simple pole at z = a, we can write a Laurent expansion around
a as

1z) = 77+ l2),

z—aQ

where ¢(z) is holomorphic in a neighborhood of @ and ¢_; = Res,_, f(2).

Then for z = a + ee'?,

C

fla+ee?) = =L+ ¢(a+ee?).

el

So,

/ f(z)dz:si/j(cl +go(a+6ei9)>ei‘9d6

eel?

B B
:ic_l/ d9+si/ p(a+eel)el? do

e «

B
:ic_119+5i/ go(a+eei9)ei‘9 dé.

«

Lete < % Since ¢ is continuous on the disk D(a, %) itis bounded. Therefore,
letting ¢ — 0, we have

B B
lim 51/ ¢(a+ ee?)el? df = lim si/ o(a)el? dd = 0.
e—0 o e—0 o

Therefore,

ll_)I% f(z)dz =19 Pz{:eg f(2). 0

Ve
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In the case that a branch point singularity is present on the contour, we
may attempt to rewrite the function in a way such that the branch point is
irrelevant. Otherwise, there are two types of “keyhole contours” that can be
used to avoid the branch cut.

Example 4.5.7: Evaluate [ = f o0 log( ;” +J1r1) dx.

Proof: Notice that the integrand itself has branch points at z = 4i coinciding
with the poles from the denominator. We can rewrite the integral as

I_l/oo log(z? + )_/°° log v/(z 4+ i)(x — 1)
=5 =

: x?2+1 z?+1
(4.5.5)
_/°° log|x + i 9{/00 log(z + 1)
) 2241 2241

Let v = I' U Cg, where concretely,
I'={zeR:—R<z <R}, Cr={Re?:0<0<n}

and R > 2, and let f(z) = %ﬂri), where the branch for Log is chosen to
satisfy [0, t] C Jmlog(C*), such as the principal branch. The only singularity
of f in the upper half plane is a simple pole at z = i. By the Residue Theorem

(Theorem 4.5.1), we have

Jim Wf(z)dzzégﬂo(é+é )f(Z)dzz%ilj_eiSf(z)-

By (4.5.2), we have

log(z+1) .. log(z+1i) log(2i) =  log(2)
g 1 — _— = 1 et = - — 11—
Res flz) = lim(z =)= = I = 2 4 | 2

Additionally, for z € C, si f(z)| = Loi(ﬁz < ‘logl‘;ﬂﬂ <

log|}1§2+_11\+‘“ < R};}_ﬁ“ — 0 by virtue of R > 2, it follows that fCR f(z)dz — 0.

Since limp_, fF f(z)dz = ffo f(z)dz and

/ f(z =—+7rlog()

by (4.5.5), we have I = Re ffooo f(z)dz = wlog(2). O
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5 The Geometric Theory of Conformal Mappings
5.1 Biholomorphy

In Section 2.4, it was asserted that for a holomorphic function f(z), the map
w = f(z) is conformal when f’(z) # 0.

We have the following immediate assertion:

Theorem 5.1.1 (OPEN MAPPING THEOREM): Suppose U C Cis a region (open,
nonempty, and connected). Then the image of any holomorphic and non-
constant function f : U — C, f(U), is a region.

Proof: The nonemptiness of f(U) is an immediate conclusion from the fact
that U is nonempty and f is defined on all of U.

Let w, be an arbitrary point in f(U). Then 3z, € U such that f(z;) = wy.
Since f is non-constant, the function f — w, has an isolated zero at z,. Thus

for sufficiently small p > 0, the only zero of f — wy in D(z, p) is at z,.

By Theorem 3.3.7, then there exists § > 0 such that Ve € D(0,9), f(z) —
wy — € has exactly one zero in D(zy,p). In other words, Yw, € f(U),
30 > 0 such that Vw € D(wy,d), 3z € D(zy, p) such that f(z) = w. Thus,
D(wgy,0) C f(U). Thus, f(U) is an open set since each contained point has

a fully contained open neighborhood.

Let wy, wy € f(U) be arbitrary and distinct. Then there exist z;, 2, € U such
that f(z;) = w, and f(z,) = w,. By the connectivity of U, there exists a path
~ C U that connects z; and z,. Then f(y) C f(U) is a curve that joins w,
and w,. Thus, f(U) is connected. O

Holomorphic injectivity, or univalence, satisfies the proceeding assertion:

Lemma 5.1.1: Let U C C be a region and suppose f : U — C is univalent.
Then f’ is non-vanishing on U.

Proof: Suppose, for the sake of contradiction, that f is univalent on U such
that 3z, € U such that f'(z;) = 0. Let wy = f(2,). The previous statement
is equivalent to: f(z) — w, has a zero at z, with multiplicity m > 2.

Since f is univalent, neither f —w, nor f’ may have accumulation points
in U. Thus, 3p > 0 such that z; is the only zero of either f—w, and
f’ contained in D(z,,p) C U. By Theorem 3.3.7, 30 > 0 such that Vw €
D*(wgy,8) = D(wy, ) \ {w,}, the equation f(z) = w has m solutions in
D(z,, p), which cannot lie all at a single point (unless that point is z, itself,
which cannot be the case as z, already maps to w, # w), as otherwise %,
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would not be the only zero of f" in D(z, p). This contradicts the univalence
of f. O

Conversely, we have the following statement on local univalence and invert-
ibility.
Theorem 5.1.2: Let U C C be a region and suppose f : U — C is holomor-

phic. If f’(z,) # 0 for some z, € U, then there exists an open neighborhood
of z; on which f is univalent.

Proof: Let wy = f(z,). Since lim,_,, f(z) —wy = 0 andlim,_, %_Zowo +*
0, it follows that z is a simple zero of f(z) — w,. Let V be an open neigh-
borhood (relatively compact in U) of z, whose closure does not contain other
zeros of f — w,. By Theorem 3.3.7, 3§ > 0 such that Yw € D(wy, 9), f(z2) =
w has only one solution for z satisfying z € V. Therefore, we can choose a
relatively compact open subset W of V' such that f(W) C D(w,, ), on which

f is univalent. O

Moreover, if w = f(z) is univalent and surjective, mapping U to G, then its
inverse z = f~!(w) is univalent on G. Such bijective holomorphic functions
are known as biholomorphisms or biholomorphic functions.

We will now study holomorphic functions from a more geometric perspective.

Theorem 5.1.3: Let 2 C C be a region, and let v C (2 be a rectifiable simple
closed counterclockwise-oriented curve that is null-homotopic in €2. Denote
int(y) by U.If f : Q — C is holomorphic and maps = injectively to a simple
closed curve T, then w = f(z) is univalent in U, f(U) = int(I"), and T" is
traversed counterclockwise.

Proof: Let w, € C.Let k = k(w,) be the number of zeros of f — w in U. By
the Argument Principle (Theorem 3.3.4), for w, ¢ T,

1 f'(z) B L dw
’“—ﬁfmdz— zﬁiﬂfw_wo = Indp(wp).

1 If wy € ext(I"), the expression vanishes since Indy(w,) = 0. Then f(z) =

w, has no solution in U (i.e. k = 0).

2 If wy € int(T"), then I" winds around w,, exactly once, and hence, in other
words, Vw, € int(T"), f(z) = w, has a unique solution in U (i.e. k = 1).

3 If wy lies on T', then it can be shown that f — w, has no zeros in U.

Indeed, for the sake of contradiction, assume that 3z, € U such that
f(2p) = wy. By the Open Mapping Theorem (Theorem 5.1.1), 3§ > 0 such
that D(w,, d) C f(U), or equivalently, Vw € D(wy, d), f — w has zeros in
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U. Since wy lies on I', a subset of D(wy, d) lies in the exterior of I'. It was
previously established that f — w has no zeros if w € D(w, d) Next(T).
Thus, we have a contradiction, and no such z exists, implying k = 0.

We then have

p— J0ifw € ext(F).
1if w, € int(T")

Hence, f is univalent in U (since for each w, £ is at most one).

Moreover, any point 2, € U must map to either int(I") or ext(I"). The latter
is an impossibility since otherwise k # 0. This f(U) = int(T"). O

We will now give examples of biholomorphisms.

Example 5.1.1: The only biholomorphisms which map D to itself are in the

form of

S
1—-az

aeD,feR. (5.1.1)

w =

This follows directly from Theorem 3.5.1.

Example 5.1.2: The only biholomorphisms which map H" to D are in the
form of

w = ewz_ﬁ, a€H 0eR. (5.1.2)
z—a

Proof: First assume y = Jm(z) > 0. It follows that

_ \/ (z — Re(a))? + (y — Im(a))?
(x —Re(a))? + (y + Im(a))?

z—a
<1

|w| =

zZ—a

Therefore, this transformation maps H* to ID. The inverse mapping is equal to

wa — ae'?
Y

m. (5.1.3)

Assume w € D. We then have
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lw — el

_ lw[? Jm(a) — Jm(ae'’w) — Jm(wae %) + Im(a)

\w—ei9|2

(L uP)am) _
|w—ei"]2 '

Hence, z maps D to H' univalently and surjectively since it is also an element
in Aut (C) .

Let 1(z) be the biholomorphism from H* to D in the form of 1(z) = 4
(for = 0 and a = i, known as the Cayley transform). Let f be an arbitrary
biholomorphism from H* to . It follows that ¢ = f o %! is a holomorphic

automorphism on D. Since ¢ € Aut(D), we have

f(z) = potp(z) =¢

iei:—g attains every value on the unit disk for varying a and 6.
Similarly, the values attained by 1%L cover the upper half-plane for a € D

l-a
(since it is in the form of (5.1.3)). Thus, all biholomorphisms from H* to I are

in the form of (5.1.2). O

Obviously, e

Let us now introduce some important properties of linear fractional transfor-
mations. By Proposition 4.4.2.1, it follows that the composition of two linear
fractional transformations is also a linear fractional transformation.

Theorem 5.1.4: Let € be the collection of subsets of C that are circles or L U
{00}, where L is a straight line in C (known as generalized circles). Then every
linear fractional transformation f : C — C maps elements of € to elements

of C.

Proof: Since each linear fractional transformation is a composition of maps
in the formof 2 = az, z+— 2+ b, and z — % it suffices to show that these
maps preserve the property of being a circle or a straight line. Consider a
circle defined implicitly with
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a(z?’+ )+ Br+yy+6=0, z,y€R qa,pb,7,0 €R.
For z = x + iy, this can be rewritten as

zZ+Z 22—z
5 Ty

azz+ +4
(5.1.4)

=aZ+ €2+ +5=0 for &=

™

g
+2i'

If o = 0, the equation represents a straight line. It is easy to see that a complex
dilation or a translation of z will preserve the property of being a straight line
or a circle. Indeed, by letting z = a( for nonzero a in (5.1.4), we have

ala|?¢C + €al +€al + 0 =0,

which is trivially in the form of (5.1.4). Similarly, if we substitute z =  + b,
we have

a(C+b)(C+b) +E(C+b) +E(C+D) +5=0
aCC+ (&+ab)¢ + (E+ ab)C + afb|? + 29%e(£b) + 6 = 0.
If we substitute z = ¢, we have
SCCHE+HE +a=0,

which is in the form of (5.1.4). O

Remark: As in Example 5.1.2, we can consider extended straight lines in
the form of L U {oo} as generalized circles in the Riemann sphere. In other
words, the extended line can be geometrically visualized by a circle with
infinite radius. In fact, when a circle on the Riemann sphere is projected
stereographically onto the complex plane, the result is always either a circle
or a straight line.

Definition 5.1.1 (Cross-Ratio): Let 2, 25, 25,24 € C be points such that at
least three of them are distinct. The cross-ratio of these points is defined as

(21 — 23)(29 — 24)
(21 — 24) (20 — 23).

(21,295 23, 24) =

If at least one of the four points is co, then the cross-ratio is defined by the
limit:
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Rg T2y %1 — 23

(00,295 23,24) = ————, (21,005 23,24) = ———

%9 T Z3 1 T 2y

2o — 2 2 — 2

. _ 22 4 . 2 3
(21,22,00,24) - ,(21,22,Z3,OO) -

1 T 24 Rg — %3

One important property of the cross-ratio is that it is invariant under linear
fractional transformations. In other words, if f is a linear fractional transfor-
mation, then

(f(21), f(22); f(23), f(24)) = (21, 22} 23, 24)-

The proof is trivial and can be verified by substituting the definition of the
linear fractional transformation into the definition of the cross-ratio.

Furthermore, if a function f(zy, 25, 23, 24) is invariant under the group of
linear fractional transformations, then it is a function of the cross-ratio. In
other words, the cross-ratio is the only invariant under the group of linear
fractional transformations Aut (C) Indeed, suppose that

f(p(21), 0(22), 0(23), p(24)) = f(21, 29 23, 24)-
We aim to show that f is a function of a cross-ratio. Let

(2 — 23) (20 — 24)
(2 — 24)(29 — 23)

p(z) =

be a linear fractional transformation. Then we have

f((p(zl>7 (,0(22), (P(z?;)’ 90(24» = f((zlv 293 %35 Z4), 1,0, OO),

which is a function of the cross-ratio.

5.2 Normal Families

A collection of functions is better known as a family of functions. One impor-
tant distinguishing property of families of functions, as opposed to sequences,
is that families may be uncountable and may not be indexed by the natural
numbers. We will now introduce the following classification of families of
functions:

Definition 5.2.1 (Normal Family): A family of holomorphic functions F
defined on aregion U C C is said to be normal if every sequence of functions
in 7 has a locally uniformly (compactly) convergent subsequence on U.

The following notion was introduced and formalized by the Italian mathe-
maticians Cesare Arzela and Giulio Ascoli to formulate a clear distinction in
how uniformity is applied.
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Definition 5.2.2 (Equicontinuity): A family of functions & defined on a
region U C C is said to be equicontinuous at a point z, € U if for every € >
0, there exists a § > 0 (that may depend on z;) such that for all f € F and all
z € U with |z — 25| < J, we have |f(2) — f(z)] < e.

In contrast, the uniform continuity of a function f guarantees that § may be
chosen independently of z;,. In the case of (pointwise) equicontinuity, it is
chosen independently of f € . A family of functions is said to be uniformly
equicontinuous on U if § can be chosen independently of both 2, and f € F
(in other words, it attains a positive infimum in U). Similar to Theorem 1.2.15

Theorem 5.2.1: A family of functions & that is pointwise equicontinuous
on every point z € K C C for a compact set K is uniformly equicontinuous
on K.

Proof: Fix z € K. By pointwise equicontinuity, Ve > 0, 3§, > 0 such that
VfeF, V(e Dz, NK,

1O~ f2)l < 5. (5.2.1)

The collection {D (z, 62—2) } forms an open cover of K, and by the Heine-

zeK F}
Borel Theorem, it admits a finite subcover {D (zk, = ) } for some finite
keN_,,

2

5
n € N. Let § = minjy_ (%)

6,
For any z,w € K such that |z — w| < §,3j € N_,, such that z € D(zj, 23).

Evidently,
5zj
‘zj—w| < |zj—z| + |z —w| < 7+6§5zj.
Therefore, from (5.2.1), we have Vf € F,

[f(z)) = fw)| < 5, [f(z) = F2)] <

N ™

¢
%
Hence, Vf € &, we have

[£(2) = Fw)] < [f(w) = F(z))| + () = F2)] <&,
which proves the uniform equicontinuity of F. O

The following theorem is important in many areas of mathematical analysis
and has a plethora of generalizations. It was first introduced by Ascoli (who
proved the sufficiency of compactness) and later formalized by Arzela, who
proved the necessity of uniform equicontinuity and uniform boundedness.
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Theorem 5.2.2 (ArRzELA-AscoL1): Let F be a family of complex continuous
functions defined on a compact subset K C C. Then, F is uniformly bounded
and uniformly equicontinuous on K iff # is normal on K.

Proof: We will first prove the sufficiency of uniform boundedness and uniform
equicontinuity. Let { f”}neN be any sequence in 5. By the uniform bound-
edness of F, there exists a constant M > 0 such that |f,,(z)| < M forall z €
K andalln € N.

Let {(;}, _y be a countably dense subset of K. By the Bolzano-Weierstrass
Theorem (Theorem 1.1.2), there exists a subsequence of { fn}neN, namely

{fnl,j }jeN, such that {fnl’j(<1>}jeN is convergent. The set {fnl,j (C2)}j€N

is also bounded by M, and hence, by the Bolzano-Weierstrass Theorem, it
too has a convergent subsequence { fn, (Cz)} . Similarly, there exists a

j .

j
subsequence of {fnw }jGN, namely {fnw }jGN, such that {f%’j (CS)}jGN is
convergent.

By the method of construction, we have:
nyq < Ny o < <K ny ; < .-
Ng 1 < Mo < <N <o

: (5.2.2)
Mgy < Mg <o <y <o

.

and furthermore, the sequence in each row is a subsequence of the previous
row. As a result, we have

My SNgp S STy S
MNyg SNgog S on SNy g <o

: (5.2.3)
Mg S Mgy S Sy, S

We will now invoke a diagonalization argument. Since the sequences above
in (5.2.2) are strictly increasing and from the results of (5.2.3), it follows
that {nj’j }jeN is strictly increasing. Let n; ; be denoted by n}. Since F is
uniformly equicontinuous on K, Ve > 0, 36 = d(e) > 0 such that Vz,2’ €
K satistying |z — 2’| < 6, Vj € N, we have

[ (2) = Fuy (1)

< (5.2.4)

J

¢
1
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Since each { In, j} is convergent at ¢, (for a fixed k) by construction, and
7 jeN

since {nj }jzk is a subsequence of {nk’j}jeN’ it is evident that {fn; }jeN is

convergent at each (. We then have that Vk € N, 3N = N(e, k) € N such

that Vi,j > N,

[ £ (G) = Fug (G| <

Wl M

For the fixed value of ¢, the collection {D((y, §)},  forms an open cover of
K, and by the Heine-Borel Theorem (Theorem 1.1.3), it admits finite subcov-
ering { D((y, 5)}k€{1 ) for some finite [ = I(¢) € N.
Hence, 3k = k(e) <[ such that any point z € K lies in D((},d). By (5.2.4),
we have that

€

a2 = @] < 50 i) = i ()] <

Wl ™

Letting N = N(¢) = max({N(e,1),..., N(g,1(¢))}), we have that Vi, j >
N,Vze K,

Hence, the sequence is uniformly convergent on K by the Cauchy Criterion
(Theorem 2.3.1).

For the proof of the necessity, we will first assume the normality of & in K.

For the sake of contradiction, assume that 7 is not uniformly bounded. Then
Vn € N,3f, € F and 3z, € K such that | f,,(z,,)| > n. By assumption, this
sequence has a subsequence { fnk}k that uniformly converges. Hence,

3N € N such that Vk > N, Vz € K, |f, (2) — f(z)‘ < 1. By the reverse
triangle inequality, it follows that | o, (z)‘ < |f(2)| + 1.Since f is continuous
on K by Theorem 2.3.5, it is bounded by some M, (Theorem 1.2.13). Let M, =
maXyey_, SUPe K‘ fn, (2) ’ It follows that this subsequence is uniformly
bounded by max({M,; + 1, M,}). However, since ’fnk (znk)‘ > n,, — oo for
any k, this subsequence cannot be uniformly bounded, and hence we have a
contradiction.
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We will now assume that F is not pointwise equicontinuous at some arbitrary
point z, € K.Inother words, 3¢ > O suchthatVd > 0,3f € F,3z € K such
that |z — z| < J satisfying

£ (2) = f(20)| > e.

Let us define sequences {f,} . CZ and {z,} _ C K such that |z, —
zo| < L and

|f(zn) — fn(20)| > €.

Since F is assumed to be normal, the sequence {f,} _. has a uniformly
convergent subsequence { fnk }k converging to a continuous function f.In
eN

particular, since uniform convergence preserves continuity (Theorem 2.3.5),
the limit f is continuous at z;, and hence,

fo(20) = F(20) = 0, [(z0) — f(znk) =0, fa, (an) - f(znk) — 0,

where the rightmost inequality is derived from the fact that f,, =X f on K.
Thus,

which contradicts the result that ‘ fa, (znk) — fn, (zo)’ > ¢ for all k.

Hence, by contradiction, & is pointwise equicontinuous on all of K. By
Theorem 5.2.1, & must be uniformly equicontinuous on K. O

The notions and results introduced have profound implications and uses in
the theory of differential equations and harmonic analysis.

In the definition of equicontinuity used in the Arzela—-Ascoli theorem, the
distance is taken with respect to the Euclidean metric. However, the theorem
continues to hold for other metrics as well, with the proof requiring little
modification. We will rely on this formulation in Section 8.4.

Lastly, we will prove Montel’s Theorem in preparation of the Riemann
Mapping Theorem (Theorem 5.3.1).

Definition 5.2.3: Let F be a family of functions defined on an open set U C
C. The family 7 is said to be locally uniformly bounded if, for every point z €
U, there exists a neighborhood V' C U of z such that & is uniformly bounded
on V. This condition is equivalent to the condition that J is uniformly
bounded on all compact subsets K of U.

Obviously, the equivalence is established similarly to local finiteness and
locally uniform convergence.
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Theorem 5.2.3 (MonNTEL's THEOREM): Let U C C be open, and suppose that
F is a family of holomorphic functions on U. Then, & is locally uniformly
bounded on U iff F is a normal family.

Proof: Obviously, if & is normal on U, for any compact K C U, it follows
that & is normal on K, and the uniform boundedness on K follows from the
Arzela—Ascoli Theorem (Theorem 5.2.2).

Conversely, we will first assume that F is locally uniformly bounded. Let

z € U be arbitrary, and choose R, > 0 such that D(z, R,) C U. Therefore,
it follows that C \ U is closed and disjoint from D(z, R,) and the distance
between them is positive. Let this distance be

d, =inf({|¢—¢'|:¢€C\U,{ € D(z,R,)}).

It follows that the disk V, = D(z, R, + %) is relatively compact in U. By
Corollary 3.2.5.1, there exists a finite constant ¢;, > 0 independent of f € F
such that

(Ol < ¢ rgéavx\f@n, V¢ € D(z,R,),Vf € F
fe&i
where the maximum on the right-hand side is finite by assumption of the
locally uniform boundedness of F. For simplicity, let

¢, = ¢/ max|f(¢)|.
gev,
feF

Let £,&" € D(z, R,) be arbitrary and distinct, and let y be the straight curve
from & to &’. For an arbitrary function f € F, we have that

JRAGES

Therefore, F is uniformly equicontinuous in D(z, R,) (and also in D(z, R,)).

1£(&) = f(O)] =

< CZ/|dZ’ = cz’é-/ _5‘
Y

Indeed, Ve > 0, we can choose J, = = and the assertion follows.

Let K C U be compact and arbitrary. The collection {D(z, R.)} _, forms
an open cover of K and by the Heine-Borel Theorem (Theorem 1.1.3) admits

a finite subcover {D(zk, Rzk)}k‘ N for some finite n € N. If we let § =
€ <n

ming.y_ (dy), it follows that F is uniformly equicontinuous on K. By the
Arzela—Ascoli Theorem (Theorem 5.2.2), any sequence {f,} _ C 7 hasa

uniformly convergent subsequence { fn, }k on K.
eN
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Let { fn}nEN C F be arbitrary. Let U be exhausted by the compact

sets {Kn}neN. By the argument above, we may extract a subsequence

{ fn } c{f.} that uniformly converges on K. By the same argu-
1,5 jeN neN

ment, there exists a subsequence { fng,j }jEN - { fnu}jEN that uniformly

converges on K. Let n}; = n; ;.
We will now invoke the same diagonalization argument as in the proof of the
Arzela-Ascoli Theorem (Theorem 5.2.2). Let K C U be an arbitrary compact

set. It follows that for some k£ € N, K, O K. Since {fn/} C {fn } is
I >k k372 jeN

the subsequence of a sequence that converges on K, the assertion follows. (]

5.3 The Riemann Mapping Theorem

The Riemann Mapping Theorem is one of the most profound results in com-
plex analysis; in the case of one dimension, it establishes sufficient conditions
for the biholomorphic equivalence between two open subsets of the complex
plane.

If there exists a biholomorphism f between two regions, then the two regions
are said to be conformally equivalent, holomorphically equivalent, or biholo-
morphically equivalent. As a required intermediate for the proof, we first
introduce:

Definition 5.3.1 (Holomorphic Logarithms): Suppose ®: U — C* =C\
{0} is holomorphic, where U is simply connected. Define the holomorphic
logarithm of ®(z) to be a branch of

o'(¢)
®(¢)

log(®(2)) = / a¢ + log(®())

Y

for any z, € U, where the integral is path-independent v C U is any piece-
wise O curve from z, to z.

Similarly, define the holomorphic powers of ®(z) to be branches of (®%)(z) =
e®1o8(®(2)) where log(®(z)) is the holomorphic logarithm.

The path independence of the definition is provided by the simple connectiv-
ity of U. The result is the heuristic concatenation of several different branches
of the complex logarithm, unique up to an additive factor of 2wik, where this
additive factor is the same throughout.

Theorem 5.3.1 (RIEMANN MaPPING THEOREM): Let U C C (a proper subset,
in other words, U # C) be a simply connected (nonempty) open region. Let
2y € U be arbitrary. Then there exists a unique biholomorphism f : U — D
such that f(zy) = 0 and f'(z,) € R.,.
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Proof: First consider the case for when U is a bounded region. In other words,
dR > 0 such that U C D(0, R).

Define F to be the family of all univalent functions & : U — D (not necessar-
ily surjective) such that a(z,) = 0. This family is well-defined and nonempty.

To prove this assertion, observe that since z, € D(0, R), it follows that Vz €

U C D(0,R), |z — z,| < 2R, and consequently, | 5£%| < 1. Therefore,
_z—2z
a(z) = SR

maps U to D, and it is linear and univalent. This shows that a € 7. It is easy

to prove that & is infinite; any function in the form of z Z_CZO for ( > 2R

also lies in .
Since F is uniformly bounded on U, by Montel’s Theorem (Theorem 5.2.3), F
is anormal family. Let r > 0 satisfy D(z,,7) C U.Then by Cauchy’s Estimate
(Theorem 3.2.2), Vo € &,

| < L on D(zy,r). Hence, we have

S|

0 <M = supla’(zy)| <
aedF

: (5.3.1)

where we can assure that M is positive since each a € F is univalent at 2
and by Lemma 5.1.1.

If M is an accumulation point of {[a’(z)|}
’

{an} y € F such that {|og,(20)[}

a maximum or that |/ (z,)| = M for some o € &, we may let each o, = .

e there exists a sequence

converges to M. If M is attained as

By the normality of &, there exists a subsequence {ank(z)}k N C
€

{a,, (z)}neN such that {ank (2) }keN is locally uniformly convergent in U to a

function &(z) (holomorphy of which is provided by Theorem 4.1.1). By defini-

& (zy)| = M, and define a function sequence with Q,, =, ‘g,gig;'

F, whose locally uniform limit is f. It follows that f is a rotation of & such
that f'(z,) = M.

tion,

Let {;,{, € U be arbitrary and different. Choose r’ > 0 to satisfy 0 < 1’ <
|C1 — Col, and let 9, (2) = &, (2) — &, ((,). Since each &, is univalent in
U, it follows that each 1), is non-vanishing in U \ {{,} and consequently,
in D({;,7’). By Theorem 3.3.5, it follows that the locally uniform limit of
Yy, or Y = f(z) — f((y), is either non-vanishing or is identically zero in
D(({;, 7). The latter is an impossibility since ¢’ (z,) = M > 0.Hence, f(z) =
f(¢,) has no solutions for z € D(({;, ). In particular, f({;) # f(¢;). By the

arbitrariness of ¢; and (,, the univalence of f follows.
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Additionally, since Vk € N, dnk‘ < 1in U, it follows that f(U) C D. By the
Open Mapping Theorem (Theorem 5.1.1), the condition becomes f(U) C D.
Since &,, (29) =0 for all k € N and &, (2) — 0= f(2), it follows that
fes.

Lastly, we aim to prove that f maps U to D surjectively. For the sake of
contradiction, assume that 3¢ € D* such that £ ¢ f(U). Consider the unit
disk automorphism @, (2) = 12—;,55 Since ¢,(2) vanishes when 2 = ¢, and

since f(z) = € has no solutions in U, there exists a holomorphic square root
w(z) = /e f(z) €D
for z € U.Let 7 = pu(zy) = v/—&, and let

n(z) = ¢, o u(2),

where ¢, = 7=. Since 7(z) = ¢, (1) = 0, it follows that n € . Let fj =
|Z’ZE;‘ n, which is also in . However, since 7’ = ‘Z,Ej&' 7', we have
' (2)(p7 o 7) (2 2 0)

i (2) =

2/Pc 0

M 1—-7r 1-—§&

2V/IEl (1= 77) (1 — g
_ M 1P MO+ E)

eV T VT

Additionally, since

(VI —1)" >0 14 e > 2v/]¢] 12+’|;|

it follows that 7(z,) > M, which is a contradiction of (5.3.1).

>1,

Hence, f : U — D is biholomorphic. To prove the uniqueness of f, suppose
g : U — Dis an arbitrary biholomorphism such that g(z,) = 0 and ¢’ (z,) >
0. Then, p = f o g~ € Aut(D), and by Theorem 3.5.1, ¢(2) = ¢, (2¢?) for
some a € D and 0 < 0 < 2w. Since ¢(0) = 0, it follows that a = 0. Since
#(0) = I (20)(971) (0) = /=725 > 0, and ' (0) = 9} (0)ei® = e > 0, it
follows that # = 0. Hence, we have ¢(z) = zand f = g.

Next, assume that U is unbounded. It is easy to show that the boundary 0U
contains at least two points. Indeed, if 0U = &, U would be closed because
OU C U and open by assumption. By Theorem 3.2.1.3, U would either be
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equal to & or C, both of which are impossibilities. Additionally, if U com-
prises exactly one point a € C, then in subspace defined by X = C\ {a},
U is clopen (by the same reason as before, open by assumption and closed
because X \ U = C\ U is open). It follows that U = X = C \ {a}, which is
not simply connected.

Suppose &, and &, are two distinct points in OU. Let us apply the linear
transformation p(z) = 52__211 to U, and denote the resulting region by U’ =
p(U). It follows that 0,1 € QU’. Consider a branch 1(z) of the holomorphic

square root z = vz — 1 (existent by the holomorphic logarithm from simple

connectivity and the fact that 1 ¢ U’). Trivially, ¢ is univalent in U”.

In addition, we assert that (U’") N (—y(U’)) = @. If not, then 3¢ € y(U”)
such that —¢ € ¥(U’). By definition, 3z, 2, € U’ such that 9(z;) = £ and
¥(2z,) = —€. It would then follow that \/z; —1 = —/z, — land z; = 2,.1t
follows that £ = 0, which is obtained when z; = 2, = 1" }(£) = 1. Since 1 €
OU" and U’ is open, 1 ¢ U’, which is an impossibility.

Fix £ € ¢p(U’) to be arbitrary. By the Open Mapping Theorem (Theo-
rem 5.1.1), there exists an open neighborhood D(§,¢) C (U’). It follows

that D(—¢,¢) NY(U’) = @. Therefore, Vz € U’, |1p(z) + £| > ¢, and conse-
quently, ’m’ < % Hence, the function ¢(z) = Z+r§ maps U’ to a bounded

region that lies within the compact disk D(0, 1). Denote ¢ o 1(U’) by U.

It is easy to see that U is simply connected. Let U = ¢ o 1) o p(U). To prove
this, it suffices to show that the line integral of any holomorphic function over
any closed curve in U vanishes. Let g : U — C be holomorphic, and let T C
U be a closed piecewise C curve. Then

$ gtwydw= ¢ gopetpop(z) (potep) (s)dz=0,
r ptotp=lop=1()

by Cauchy-Goursat (Theorem 3.1.7), since U is simply connected by assump-
tion, p~totp o I(T) is a closed piecewise C' curve in U, and the
integrand is holomorphic on U. Therefore, U is simply connected.

Hence, we may use our previous result and establish a biholomorphism f :
U — D, unique up to a transformation in Aut(D). Let f= fopotonp,
which is a biholomorphism from U to ID. Similarly, it is unique up to a trans-
formation in Aut (D), and the same assertion follows. O

Remark: 1t is natural that we require U # C; if there exists a univalent
function f : C — D, then by Liouville’s Theorem (Theorem 3.2.3), f would
be a constant function.
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As we will see in @ sec:multivariatecomplexanalysis, this theorem and many
other properties of one-variable holomorphic functions do not extend to
functions of several complex variables.

5.4 The Schwarz-Christoffel Transformation

The Riemann Mapping Theorem is elegant in its own simplicity and
definitions. However, it is only a theorem that guarantees existence of biholo-
morphisms. No information whatsoever can be straightforwardly extracted
regarding the explicit construction of such biholomorphisms. However, in the
explicit case that U is the open interior of a polygon, the result is provided by
the Schwarz-Christoffel Transformation.

Let a; <ay,<--<a, be neN distinct real numbers. Suppose
o, 0y, ..., 0y, are n positive real numbers satisfying 271::1 oy, <n—1 Let

BO) = (¢ —a)™ (¢ —a) = T[ (¢ —ap™,
k=1
where the branch of each factor is selected to be
(C _ ak)o‘k_l — e(o‘k_l)(IOg(C_ak)),
where the branch of log(z) is selected such that —3 < Jm(log(z)) < 37,

holomorphic on C \ iR, (the lower imaginary axis is known as a branch cut).
For ¢ < ay, the argument of this factor is ©(a;, — 1). For ¢ < ay,

arg(B(0)) = (—n S ak> |
k=1

achieved by selecting branches of each factor by the method described earlier.

Let k be fixed. If ¢ € (a;,_,, a;,), the branches of all (¢ — aj)aj_l where 1 <
j < k — 1 have vanishing arguments; hence,

arg(B(¢)) == (—n +k—1+ iaj) :
=k
If ( > a,, we have

arg(B(¢)) = 0.

Therefore, we can define n + 2 complex numbers via

—00

wo=c [ QA wy=c / B AC, wyy = / B(O) ¢
0 0

0
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where ¢ € R is fixed.

The absolute integrability of B({) along the real axis concerns only the
convergence at each singularity ( = a, and the behavior as {( — +o00. For
a fixed k, B(¢) = hy,(O)(¢ — ay, )™ ' (where hy, is holomorphic and nonzero
in a compact neighborhood of a;). Since o, —1 > —1, it is an integrable
singularity. Since 8(¢) ~ (X" as ( — 400 and 22:1 o, —n < —1,[is
integrable on R.

Let
fe)=c [ o) de. (5.4.1)

Since 3 is holomorphic on H,

5.5 The Reflection Principle

We have previously considered analytic continuations over two regions
with an intersection. Under certain conditions, analytic continuations can be
derived across a curve, given by the following theorem.

Theorem 5.5.1 (PAINLEVE): Let U; and U, be two disjoint simply connected
open regions in C such that OU; N 0U, is a simple curve v without its
endpoints. Let f; : U; — C and f, : U, — C be two holomorphic functions
that are continuous on U; U and U, U v, respectively, such that f; = f, on
~. Then there exists a unique holomorphic function

fi on U;
f=97r on U.
fi=fyony

onU;, UU, U~.

Proof: We aim to prove that the constructed function f is holomorphic on
U, U U, U 7. In particular, we only need to prove that f is holomorphic on (a
neighborhood of) v, after which the Identity Theorem (Theorem 3.3.3) applies.

Let z € y be fixed, and choose R = R, > 0 such that D(z, R) C U; UU, U
7. Let I be any simple closed curve in D(z, R).If I is fully contained in U; U
v(N D(z, R)), then by Cauchy—Goursat (Theorem 3.1.7),

}éﬂz)dzz ?ifl(z)dz=0.

Similarly, if I is fully contained in U, U v, then
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Figure 13: The two regions U; and U, sharing a boundary curve 7,
the disk D(z, R,) for z € -, and the curve' I. Solid large arrows and
arrowheads denote orientation of the I'; and T, regions.

If I intersects 7, then we can decompose I' = I} U I}, where I is the part of
T that lies in U; Uy and T}, is the part of I that lies in U, U . The set T' =
v Nint(T') closes T} and T, in the sense that T'; =T, UT and T, =T, UT
are both simple closed curves, or unions of simple closed curves (where I in
each of the two curves have opposite orientations, see Figure 13). By Cauchy-
Goursat (Theorem 3.1.7), we have

frf(z)dz: (/F +/F +/F—/f>f(z)dz= (fr —|—}é)f(z)dz=0.

Hence, by Morera’s Theorem (Theorem 3.2.4), f is holomorphic on
U __ D(z, R,), and the assertion follows. O

zey

!Although more accurately, they are restricted to triangular paths. Our purpose here is
to show that they intersect multiple times, the validity of the treatment remains the same.
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A consequent result was discovered by Schwarz, known as the reflection
principle, is a unique result derived from the above theorem for when the
shared boundary curve lies in the real axis under certain conditions.

Theorem 5.5.2 (ScHWARZ REFLECTION PrINCIPLE): Let U C C be a connected
region on one side of the real axis such that there exists a non-degenerate
curve v C QU such that v C R. Let f : U — C be holomorphic with conti-
nuity up to U U «y such that f is real-valued on v, andlet U = {Z: z € U} be
the reflection of U across the real axis. Then there exists a unique holomorphic
function

f(2) ifzeU
fz) =< f® _ifzeﬁ.

f)=fR)ifzey
onUUT U+.

Proof: If z € R, then Z = 2, and since f is real on 7, it follows that f(z) =
f(Z) for z € . Thus, we are left to prove that z  f(Z) is holomorphic on U.
Let z, € U. It follows that

lim _%:@ = lim (—f(z;:ic—@) = J'(%)-
0 0 0 0
zeU zeU

Since this limit exists, it follows that f(Z) is holomorphic on U. Assume that
zg € 7. Since

tim 73 = £ lim 7) = Flzo) = f(20)

it follows that f(Z) is continuous on U U~. Therefore, by the Painlevé
Theorem, f is holomorphic on U U T U . O

This conjugate-symmetry can be generalized by transforming ~:

Theorem 5.5.3 (SyMMETRY PRINCIPLE): Let L C C be an (infinite) straight
line,and let U C C be an open region lying entirely on one side of L. Suppose
~ C L is a non-degenerate open curve contained in QU. If f is holomorphic
on U, continuous on U U +, and satisfies f(7y) C I', where I' C C is a straight
line, then there exists a unique holomorphic function f: UUU U~y — C
such that f = f on U, where U is the reflection of U across L. Moreover, for
any pair z,,z, € U U U U~ symmetric with respect to L, the values f(z,)
and f(z,) are symmetric with respect to T".
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Proof: There exist a,c € C* and b, d € C such that ¢(z) = az + b maps L to
Rand ¢(z) = cz + d mapsI'to R. Let U’ = ¢(U), which lies entirely on one
side of the real axis, and let 7/ = ¢(7), a curve on the real axis. The function
@ =10 fo¢p ! is holomorphic on U’ and continuous on U’ U~’. By the
Schwarz Reflection Principle (Theorem 5.5.2), there exists a unique holomor-
phic function @ : U’ U U’ U+’ — C such that = ¢ on U’, where U is the
reflection of U’ across the real axis. Then f = ¢)~1 o { o ¢ is a holomorphic
function on U U U U ~ such that f = f on U. Since linear transformations
preserves symmetry, for any pair z;, 25 € U U Uu ~ symmetric with respect
to L, we have ¢(2,) = ¢(2,), and thus @ o ¢(z,) and @ o ¢(z,) are symmetric
with respect to R. Hence, f(z;) and f(z,) are symmetric with respect to

P I (R) =T. O

6 Rational Approximation Theory

By definition, a rational function is the quotient of two polynomials; and by
Theorem 4.3.1, in equivalent formulation, it is a function meromorphic on all
of C. The poles and zeros may not accumulate in C, and thus there are finitely
many as a consequence of Bolzano-Weierstrass (Theorem 1.1.2).

When we refer to approximation, we refer to the approximation of a function
as the uniform limit (of a sequence) of functions. Let K C C be compact
and suppose f: K — C is a given function on K. As a consequence of
Mergelyan’s Theorem (Theorem 6.2.2), sufficient conditions for f to be the
uniform limit of rational functions whose poles lie in (a subset of given points
of) C\ K are the continuity of f on K and the holomorphy of f on K.

6.1 Runge’s Theorem

In the earliest formulation by Carl Runge in 1885, he provided the sufficiency
of the holomorphy of f on K (in effect, a neighborhood of K).

The proof can be well-organized through the use of the results that we will
now introduce. In essence, it involves applying Cauchy-Goursat to f and the
subsequent use of Riemann sums to approximate the complex line integral.

Proposition 6.1.1: Let K C C be compact and suppose U D K is a neigh-
borhood of K that is relatively compact in C. Let f : U — C be an arbitrary
holomorphic function. Then for fixed € > 0, there exists a rational function
1(z) with only simple poles (all of which lie in C \ K) such that
lim $(2) =0, suplf(z) — ¥()| <.

ze

Z—r 00
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ou

Figure 14: The elements of G, relative to K and its neighborhood, U.

Proof: By assumption of relative compactness, o = dist(OU, 0K), or the dis-
tance (infimum) between K and C \ U, is positive and finite. More concretely,
let

o=inf{|z; — 25| :2; € K,z € C\U} > 0.

The longest distance between two points in any square is the length of the

diagonal. Hence, any square () that intersects 0 K with a side length less than

U@ will lie completely within U.

Choose m € N to satisfy 21™™ < ¢ and consider the grid generated by
compact squares in the form of

j i+1 k k+1
{x-}-iy:QLmeS]QLm,Q—mSyS?Lm}

(where j and k are integers) and let G be the collection of all such squares
in this grid that intersect K, and it follows that K= U 0cg Q C U (refer to

Figure 14).

As a consequence of Cauchy—Goursat (Theorem 3.1.8), we have
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1 f

2mi J,

f(z2) (6.1.1)

in the case that z € K. The boundary K may be written as the union
of n lines parameterized by 0 <t < 1; more concretely, we have 0K =
UjeN 7,([0, 1]). Hence we have in equivalent formulation,

I 1 0
_2 / (0.1]) (—z _2’7\'1;/0 v,(t) — 2 dt.

The distance between K and 0K is strictly positive. Suppose instead that the
distance were zero. Then some point of K would lie on the boundary of a
square @ € G that intersects O K. If this point lies on an edge of Q (but not at
a vertex), then the square adjacent along that edge must also intersect K, and
hence belong to G, contradicting the assumption that the point lies on K. If
the point lies at a vertex of (), then all three adjacent squares also intersect K,
so they too belong to G, leading to the same contradiction. Thus, the distance
must be positive.

Hence, each integrand as defined in (6.1.1) is jointly continuous for ¢ € [0, 1]
and z € K. By compactness of the product, it is in fact uniformly continuous
by Heine—Cantor (Theorem 1.2.15).

Hence, Ve > 0, 46 > 0 such that Vz € K, V1 < j < n (uniform in j as we
can take the minimum of each §,), and Vt,, t, € [0, 1] satisfying |t; —t,] < 4,

‘f(%(ﬁ))’%(h) - f(Vj(tQ))’YJ,'(%)

3
< —.

v(ty) — 2 v,(ts) — 2 n

Partition [0, 1] by 0 = t, < ¢; < ... <'t,, = 1 suchthat VO < k < m, At =
try1 — tp < 0. It follows that

1 & m—1 ptpy .
<1 / dt
P t 75(t) — 2 Vi(ty) — 2
c n m—1
< nﬂjzzlkzoAtk_21r<€
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uniformly in z € K. The summation

defines a rational function with simple poles at each v;(t;) € 0K, which is
disjoint from K. O

In its full generality, we will now apply a technique to push a pole to a pre-
scribed point, while ensuring that the resulting function remains uniformly
approximated outside of a given connected compact set that contains both
the original and target pole locations.

Lemma 6.1.1 (PoLE-PUSHING LEMMA): Let o, § € C and let f(z) be a rational
function with a single singularity, a pole at z = a, whose Laurent expansion
, Ve > 0, there exists
a rational function 1(z) whose only singularity is a pole at z = 3 such that

sup  [f(2) —¢(2)] <e.

zEC\D(ﬁ,r)

consists solely of its principal part. Then Vr > |a — 8

Proof: By assumption, f can be expressed as a polynomial of

This series locally uniformly converges on
{zeC:la—pllz— B <1} =C\D(B,]a—Bl)
and uniformly converges on C \ D(8, r). Hence, for m € N, we have

)= a, (<z—ﬂ>1 > (jjg)k>j.

j=1 k=0

For fixed j (where a_; # 0), we aim to prove the existence of an N € N such
that Vn > N, we have at least
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) (6.1.2)
- (z—ﬁ)lzn:(a—_ﬁ)k <
2= B mla_;|’
where z € C\ D(B,r). Since
oo a_ﬂ)k)j_<n (a_5>k)j e
(,;(Z—B ;; z—=p "mlal)]

Additionally, the difference on the left-hand side is also equal to

oo a—ﬂ)k‘
k;n;l (Z_ﬂ

ﬁ‘ < % we can restrict (6.1.2) further with

Jj—1 n 3 E\ !/ oo 5 e\ -1 (6.1.3)
o — o —
(B ()
For any n € N, we have
n OZ_B k n CY—/Bk 00 _ék 1
;(Z_IB> Sk=0 Z_/B S;a r Sl—‘a—g

Since the dominating sequence of partial sums are monotonically increasing,
it follows that the sequence of partial sums is uniformly bounded by

r
M=——:
r—la—pl
N . k
on C\ D(B,r). Thus, (6.1.3) is bounded by M7~1j Z:in—i-l (z:g) ,and we
apply further restriction by setting this to be bounded by 7/ ——. By uniform

mla_;|

convergence, for any € > 0, EINJ- € N such that Vn > N,

> (2=2)

k=n+1

<

i<
" Mj—ljm|a,j|'

For n > N, (6.1.2) is satisfied, and Vn > maxjen_, (Nj), zeC\ D(p,r),

a_;#0
we have
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which completes the proof as

w2 =Y ((z—ﬂ)l (jjg)k)j

Jj=1

is rational with a pole at z = (. O

Lemma 6.1.2 (GENERALIZED PoLE-PUSHING LEmMmA): Let K C C be compact
and choose a € C\ K. Let U be the connected component of C \ K contain-
ing a. Then Ve > 0, V( € U, there exists a rational function 1 with a pole
only at ¢ such that

1

zZ—a

sup
zeK

—(2)

<eE.

Proof: Define the set

1) is rational,
S=1<¢ecU\{oo}: (Ve >0)(T) [Y(C\{¢}) CCAY() =00

Sup.cre| 2 —¥(2)| < e

Since a € U satisfies the condition with 9(z) = —*, it follows that a € S,
ensuring that S is nonempty.

Consider ¢ € S, where ( lies in the complement of K. The distance from ¢
to K, denoted dist((, K), is positive, and the open disk D((, dist({, K)) is
disjoint from K. Let ¢’ be an arbitrary point in this disk. By the definition
of S, for every € > 0, there exists a rational function 1 with a pole only at ¢
such that

1

zZ—a

sup
zeK

—9P(2)| <

€
2
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By Lemma 6.1.1, there exists a rational function ¢ with a pole only at {’ such
that

sup [6(=) —(2)] < 3,

2€C\D(¢, dist(¢, K))

which implies

suplé(z) — ()| < =

zeK 5
Thus,
1
sup —¢(2)| < sup —P(2)| + sup|p(2) — ¢(2)| <e,
zeK|2 — G zeK|2 — G z€K

and by definition, {’ € S = D((, dist(¢, K)) C S. Hence, S is relatively
openin U \ {oo}.

Now, consider (€ U\ (SU{oo}). Suppose there exists (' €
D(¢,dist(¢, K)) N S. By repeated application of the preceding argument, this
would imply ¢ € S, contradicting the assumption that ¢ € U \ (S U {o0}).
Therefore, no such {’ exists, and S is relatively closed in U \ {co}.

Since U \ {oo} is connected and S is both relatively open and closed in U \
{00}, it follows from Theorem 3.2.1.3 that S = U \ {oo}, completing the
proof under the assumption that co ¢ U.

Now suppose oo € U. In essence, we pole push to a point outside a disk on
which we can make approximations by Taylor polynomials. Let R > 0 satisfy
K C D(0,R) and let b€ U \ ({oo} U D(O,R)) be an arbitrary point. By
Lemma 6.1.1, there exists some rational function ¢ (z) with a pole at b such
that

1

zZ—a

g

5"

P(z) —

sup
zeK

Since 1) is holomorphic on some neighborhood of D(0, R), we have
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Since polynomials have poles at co, we have

sup sup —P(z)
2€D(0,R)|? zeD(O,R) z—a
O
+ sup Z a,2¥| <e.
2€D(0, R)

Theorem 6.1.1 (RUNGE): Let K C C be compact such that C\ K has finitely
many connected components and suppose f is holomorphic on a neighbor-
hood of K. Let E be a subset of C\ K containing one point from each of
its connected components. Then Ve > 0, there is a rational function ¢ whose
poles lie in E such that

sup|f(z) —9(2)| <e.

zeK
Proof: By Proposition 6.1.1, there is a rational function ¢ with simple poles
in C\ K satisfying ¢(oco) = 0 such that

sup| £(2) — 6(2)] < =

up - (6.1.4)

Let the poles of ¢ be {Bi},.y € C\ K, and as a consequence, we have

d(z) = ZZ L= ﬁ + ¢(2) where (z) is entire. Since ¢(c0) = 0, we have

¢ = 0 by Liouville’s Theorem (Theorem 3.2.3). By Lemma 6.1.2, there exist
rational functions {¢; }

whose only poles lie in E such that V&,

keN_,,
1 €
sup — U (2)] <
ek |2 — By #l )‘ 2n|ay|
and it follows that
€
sup|¢ a ¥, (z)| < sup — a0 (2)] < =.
zeK Z Rk ZGK;’Z_ F k() 2

Let ¢(z) = Z:zl a ¥y (2). From (6.1.4), we have
SBEU(Z) —9(2) < Sg}g\f(z) —¢(2)| + S:}I;lcb(z) - <e.

6.2 Mergelyan’s Theorem

Although many mathematicians have since tried after the efforts of Weier-
strass and Runge to approximation continuous functions holomorphic on the
interior restriction, it was only 67 years later when Armenian mathematician
provided the first widely accepted proof. The proof of Runge’s Theorem
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(specifically in Proposition 6.1.1) relied heavily on the assumption of holo-
morphy on a neighborhood, a rational function was created by placing poles
in prescribed points of a contour that lay outside of K but within its domain
of holomorphy. Obviously, these assumptions are null under the context of
this new formulation.

The proof proposed by Mergelyan is almost trivial when compared with the
results of many other mathematicians at the time. It even uses the concepts
previously proposed by Runge. This begs the question: why was there such
a prolonged time gap between the two similar formulations? Many mathe-
maticians felt that the conclusion was “too good to be true”; during this
elapsed time period there were many efforts of mathematicians that resulted
in many technical partial results. Mergelyan’s Theorem came as a surprise as
it encapsulated many of those results with simplicity.

As we have previously seen, there is a prevalent notion in complex analysis
that regards oo intrinsically as essentially any other point of C. An apper-
taining question relates to the complex derivative at co. Although
/ ?7 . /
f'(00) = lim f"(2)
Z— 00
may seem to be a natural object to consider, it is quite impractical; there exist
functions which decay quickly to 0, while f’(z) is unbounded as z — oo (take
(2

zZ Sln(Tz) as an example). Even the assumption that lim f'(z) = 0does
not imply that f(z) has a removable singularity at oo (consider z > 1/2).

Z— 00

Definition 6.2.1: Let R > 0, f : C\ D(0, R) — C be holomorphic such that
f has a removable singularity at co. Then we define the derivatives of f at co

to be
0= £(0()

In the case that n = 1, we have

f/(00) = — lim 22f'(2). (6.2.1)

zZ— 00
This is precisely the first singular term of the Laurent expansion of f at oco.

Remark: This definition may feel unsatisfactory, but the underlying logic here
is similar to the method used to generalize residues to co.

If f is bijective and meromorphic on some neighborhood of a point a € C
such that f(a) = oo, then we informally define the derivative at the pole a
to be
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e (TR
W)
Let z = (f~1)(w). Then we have
e P _d (1
/() =~ lim -5 dz(f(z))’za' (6.2.3)

Proposition 6.2.1: For any connected compact set K C C containing at
least two distinct points such that C \ K is connected, let ¢ be an arbitrary
biholomorphism mapping C \ K to D such that ¢(co) = lim, ,__ ¢(z) = 0.
It follows that

8 (c0)| 2 § diam(K),

where diam(K') = sup, . [¢ — 2|.

/7

Proof: Denote the derivative of ¢ at the infinity to be a. By (6.2.2), we have
' 11 (671) (2)

N L D Cim 2
GO === e < Bieye

=1

Fix 7 € K and let ¢(z) = W, univalent on D. By direct calculation, we
have ¢(0) = 0. Additionally,
-1y -1/ —1/.)\2
W(0) = —tim 2O C) )@ ¢ =1
220 (p71(2) —7)° 0 (p7l(z) — 1) al¢7l) (2)

By the Koebe Quarter Theorem (@ thm:koebequarter), whose proof is inde-
pendent of results of this section, in accordance, D(O, }1) C (D). Let pu €
K\ {7}. Obviously, u ¢ (¢)(D) = C\ K.

Let 2+ -2 be injective on C. For the sake of contradiction, assume
that (z = -2-)(u) € ¥(D). Then 3¢ € (¢~1) (D) such that &2 =% By
injectivity, ¢ = p, which contradicts 4 € K, and accordingly, -2~ ¢ (D) D
D(0,1).

Hence,
w—T 4 4
By taking the supremum for p, 7 € K, the proof is complete. O
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Remark: Such a biholomorphism will always exist; for arbitrary ( € K, the
map z ;1C maps C\Ktoa simply connected, proper subset of C, which
is biholomorphic to D by the Riemann Mapping Theorem (Theorem 5.3.1).

Proposition 6.2.2: Let a € C, r > 0, and suppose K C D(a,r) is compact
such that C\ K is connected and diam(K) > 5. Then there is a family of

holomorphic functions F = {¢, } where V¢ € D(a,r),

¢eD(a
I C\K > C,
and
|g0c | iforanyzE(C\K
‘Sog — C < “12576‘% forany z € C\ (K U{(}).

3 The function ¢((, z) = ¢, (z) is jointly continuous in ¢ and 2.
Proof: For brevity, assume a = 0.

Let ¢ be a conformal mapping from C\ K toD, such that p(c0) =0and a =

@’ (00) € Ryg. Let ¢(z) = 2&(z). It follows that ¢’ (c0) = 1, p(c0) = 0. By
Proposition 6.2.1,

4o(2)|

1
> —di < — .
|| > 1 diam(K) <= |p(2)| < diam (K

Consequently, we have the crucial estimate of ¢ (C \ K ) cD (()
D(0, ). For fixed ¢ € D(0,r), define

pc(2) = p(2) + ((— B)?(z), z€C\K

@) ©

5. The application of Cauchy’s Estimate (Theorem 3.2.2) on
(z 1) (C \ D(O,r)) = D(0, 1) gives:

d? 1
dz2 z2? (

)
)

supp(o,1) |¢(
 dist (O,BD( )

= 8.

|
) 2

=[Nl

2=0

Hence,

loc(2)] < le(2)] +1¢ = Blle(2)]? < lo(2)| + [¢ — Blle(2)[?
8, .64 584

+org =
T

<
This is Part 1. Suppose that |z — (| > 2r. It follows from |{| < r that |z| > r

(from the reverse triangle inequality) and hence disjoint from K and (. On this
infinite annulus, we have the Laurent expansion (from Theorem 4.1.2) that
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_OO pe 1 H !
*”(Z)‘Z@—ok—z—<+<z—<>2+0(<z—c>3>

k=1

where 11, = 1 because ¢ ~ I as z — oo. Since |z| > r, we have the global
Laurent expansion

Hence,

1 w1 B 1
z—§+(z—C)2 _;+z_2+0<z_3)

Z+<+u:z+;+ﬁ+5z—f—2—f<+0(%) —z+6+0(3)
p=p—=C

by letting z — oo. Since

ol2)? = (%ﬁ@(ﬁ)) - *‘9(<z—1¢>3)’

from the definition of ¢, we have

I R B 1
QOC(Z) Z_C " 01 Z—C (z—()2+0((z_03>

Hence, there exists some M > 0 such that

1 3
— M
p— 2 —(° <
for all z satisfying |z — (| > 2r. By Theorem 3.2.6, (goc(z) — fg) (z—¢)3

has a removable singularity at co. On the other hand, for |z — {| < 2r such
that z € C\ (K U {¢}), we have

1 M
octe) — | < 2 e o) -

1
‘@g(z) - ¢

|2 = CI° < foc(2)|l2 = ¢ + 12 —¢[?

584
< T(2r)3 + (2r)? = 467672
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from Part 1. The Maximum Modulus Principle (Theorem 3.4.1) implies that

lz— (PP < sup
|2—¢l=2r

sup
|z—¢|>2r

904(2) - 904(2) -

1
— |z — (|? < 467672

and thus Part 2 follows. The joint continuity of ¢, is immediate from the
definition.

Lastly, if a # 0, we may define ¢ (2) = ¢._,(z — a) where {c,'bg,a} is the
family constructed above for the set {z —a:z € K} C D(0,r). O
Proposition 6.2.3: Suppose

A(Z):{<1—rz\2>2z|<1, A& = 2 (2) vrs0 624

0 |z > 1, T2

For fixed r, the function A, satisfies:

1 ff(c A (Q)d€dn = 1, where ( = £ +in.
2 A\, E C’l ((C) and is compactly supported.

C

5 |VA, ( )| < ;1 for all z, where V = (%, 8%) denotes the vector differen-

tial operator.
6 For any z € C such that f is a holomorphic function on D(z,r), we have

the integral formula.
— [ 1e-on©adean (6.2.5)
D(0,r)

Proof: Let ¢ = pe'. Then we have

//@ A (¢)dedn = /0 § /O 2 (pe®)p drdo

which confirms Part 1. Let z € C be arbitrary. The integral in (6.2.5) is equal to
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//D(O R F(z=0A.(Q) dgdn

by the mean-value property (Lemma 3.4.1), proving Part 6. For z € D, we have
VAR = 2(1 = [21?)[| V(|21

= 2(1— [22)2}2l |V V/a? + 2| = 4(1 - [2) .

Hence,
3 z 3 z\||1
v () = =V (A(Z))] = |l (2)] =
IVA-G =53 ( (7’))“ 2| >(T> r
12 4
= 2Pl < 5
which confirms Part 5. Since ‘a;g = ‘%(Eg\é a’\r) =1VX.Q)l < 3.
we have
2 2
// r|dedn = // d§oln<m~—:—1T
D(0,r) r

since supp(),.) = D(0, r) which verifies the inequality in Part 4.
The Part 3 is also true since

[ Scon=3] [ B f ] o

:—/ [A.(r+1in) — A(—r +in)]dn

/[A (€+1ir) — A, (€ — ir)] dé = 0.

Trivially, A, is continuous on D(0, ) and C \ D(0, ). Thus, we only need to
prove the joint continuity of A (the continuity of A, implies that of A) on an
open neighborhood of 9D(0, 7).

Let A(z,y) = (1 — 2% — yz)z. By simple calculation, we have
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3)\__ 9 9 (9>\__ Y
5 41—z — y?)z, 9y 4(1— 2% —y?)y.

At 22 4+ y? =1, both partial derivatives vanish, and hence, they match the
vanishing derivative on the complement of supp(\), completing the proof of
Part 2. O

Theorem 6.2.1 (TieTzE-UrySOHN-BROUWER): Let K C C be compact and
f : K — R be continuous. Then 3g € C°(C) such that g = f on K.

Proof: For any two disjoint closed A, B C C, consider the continuous sepa-
ration function

_ dist(z, 4) —dist(z, B)
nA,B(Z) - diSt(Z,A) + dlSt( B)

so that ny p(A) = {~1} and ny 5(B) = {1}.

For simplicity, by the boundedness of f, we may assume that f(K) = [—1, 1]

(by a scaling and shift). We now aim to construct a sequence {gn}nGNZO

inductively such that

2 n+1
< <§> on K VneN.

2 n
90 < gog o0 €, ‘f—zgk
k=0
In the case that n = 0, define the disjoint closed sets
1 1
Aoz{zEK:f(z)g—g} and Boz{zEK:f(z)Zg}.

Let go(2) = 37)A0 ( ) It is clear that |gy| < 3 on C.If z € A, then —1 <
flz) < — 3,90( z) = andhence\f 90/ < 2.Ifz € By, then 3 < f( ) <
1,g9(2) = andthus|f 90| <21Ifz ¢ A, UBO,then—— <f( ) < +and
17— g0l < 171+ lgol < 3+3=35Ths Vz€ K,

2
£2) — 90(2) < 5.

This proves the base case. For the inductive step, assume the claim holds for
each gq, 91, ---, g,,_1- Define

ha(2) = 1)~ 3 gu(2)

for z € K. By the inductive hypothesis, we have |h,,| < (%)n on K. Define
the disjoint closed sets
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and

n 2n
Bo={:eK:ig>h ()2 5|

Let g,,(2) = 32704 g (2), so that |g,,| < 3% on C, and

2n+1
|h(2) — g, (2)] < Ty

for all z € K by the same argument as in the base case. Hence,

|f<z> > 0| = &) -, < ()

for all z € K, completing the induction. Because

Wl =

o0 o0 27’1
9 <D lon(2) < 3D gr =1 VzeC,
n=0 n=0

the Weierstrass M -Test (Theorem 2.3.2) implies that the series ZZOZO 9, (2)
converges uniformly on C to g. Since each g,, is continuous, Theorem 2.3.5
gives the continuity of g on C. Finally, for any z € K, we have

n+1
1f(2) —g(2)| < lim —— =0. O

Corollary 6.2.1.1: If K C Cis compact and f : K — C is continuous, then
Jg € C°(C) such that g = f on K and has compact support.

Proof: Let f=wu+iv where u,v: K — R are continuous. By Tietze—
Urysohn-Brouwer (Theorem 6.2.1), 3@, 9 € C°(C) suchthat @ = vand ¥ = v
on K.Let R > 0be such that K C D(0, R), provided by compactness. Define
the piecewise-linear function

1 |z| <R,
W(z) =42 2R < |2| < 2R,
0 |z| > 2R

such that 1 € C°(C) and is compactly supported. Let g(z) = (a(z) +
i0(z))1(z), and the assertion follows. O
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Let f € C°(K) be holomorphic on K. Then f has a continuous extension to
all of C by virtue of Corollary 6.2.1.1. Define the modulus of continuity of f to
be the function wy : R,y — Ry, with
ws(6) = sup |f(z) = f(O)I-

z,(eC

|z—¢|<d
Because f has compact support, it must be uniformly continuous; hence we
have lim;_, o+ w(d) = 0.

For r > 0, define
= [[7e-0r©aay where ¢=g+in (6:20)
C

where ), employs the same definition as in (6.2.4).

Proposition 6.2.4: The function ® as in (6.2.6) satisfies:

1 ® € C1(C) and has compact support.
2P=fonU={z€ K :dist(2,C\ K) > r}.

3 |f(z) — ()|<wf()f0rallz€C

4Foralle(C ()|<M

5 ®(z) = 1fH 34 dgdn for z € C, where H = supp(®) \ U.

Proof: Because supp(\,.(z — ¢)) = D(z,r) and supp f is compact, for suffi-
ciently large z, the two supports will be disjoint and hence the integrand
vanishes for all {. We can explicitly find that

®(z + Az) — O(Ax)

el |

0x  Az—0 Az
AzeR
[ ALFAT=O A0
= Jm, As J(©) d& ndn.
AzeR

Because f is continuous and Vanlshes on a compact set, it is bounded.
Similarly,

Lebesgue’s Dominated Convergence Theorem, we have

0e [ O\,
3 = | g G- OrQaenan

il
oy c

and similarly,

Ay’" (= — O)f(¢)dé Adn.
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Hence, ® € C'*( 1 C) and this is Part 1. Because

// (z—¢ dfdn_// ¢) d¢ dn,

by Part 1 of Proposition 6.2.3, we have

1(2) — (2)| < / F(2IM(C) dé A dn — /C £z = OM(C) dE Ady

(6.2.7)

= | [ MO — 1z — ) de ndy
C

< / MOIF(2) — F(z— 0| d€ Adp < wj(r),
D(0,r)

which implies Part 3. For z € U, { € D(0, ) now implies that z — { € K and
hence f(z) — f(z — () is holomorphic in ¢ on D(z,r). By Part 6 of Propo-
sition 6.2.3, (6.2.7) becomes

=1f(z) = f(z=0)| =0,

/ MO (F(z) — F(z— ¢) de Ady
C

which proves Part 2. Because Vz € C,

06 1(0% 0% O,
g(z) = 5(8_:5 +18_y) :/c 5% (z—=0)f(¢)dE Adn

¢)de Adny

8)\_’“ dé Adn
a¢

Qe ndn— 1(2) |

C

— f(2))d€ Adn

- [
-
- [

by Part 3 of Proposition 6.2.3. Hence,

//D (0,r)
< wp(r) //D oA deds

4w 4w, (r Amw,(r
- f3(7“) // dedn < f3( ) 2 = Ars(),
T D(0,1) T T

—‘f 2= ) — ()] dédy
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Figure 15: The striped region bounds K, while the thin lines bound the
dotted region U.

>

_

_

by Part 5 of Proposition 6.2.3, confirming Part 4. Finally, Part 5 follows from
Corollary 3.1.3.1 (since outside the support the integral trivially vanishes and
within U, 38—%’ vanishes as a consequence of holomorphy). O
Theorem 6.2.2 (MERGELYAN): Let K C C be compact such that C\ K has
finitely many connected components. Let £ C C\ K contain exactly one
point from each of the connected components of C\ K. Suppose f € C°(K)
is holomorphic on K. Then Ve > 0, there exists a rational function ¢(z) with
poles in E such that

sup|ip(z) — f(2)] <e.
zeK

Proof: Let F = {p,} L<p<n, COntain precisely one point from each connected
component of C\ K (such that each Py, F oo is finite). Suppose that r is
chosen such that 0 < 27 < dist(K, F) so that for each p;, € F not equal to
o0,

3 A

Define the extension of f, ®, U, and H as in the previous results (see
Figure 15). Hence, (see Figure 16)
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Figure 16: The striped region represents H while the unshaded regions

represent the set which ¢, can be in, each of which are denoted by small

stars. The dotted disks represent the finite subcover of H: notice that
every striped region is also dotted.

D(Qca%’) 3(V)Ck€(@\ KUD(pkaZT) ,1<k<n

covers a (compact) r-neighborhood of C\K (so that each (;, ¢ K, and is
labeled so that each (}, is in the same connected component as p;,) (in the case
that p;, = oo, let the disk inside be the empty set). Thus, the collection also
covers H. A finite subcover {D (C ,(c] ), ;E;r) }1Sjgmk covering H exists by the
1<k<n

Heine-Borel Theorem (Theorem 1.1.3).

By the connectivity of each component of C\ K, there exists a piecewise-
linear simple curve 'y,?) forall 1 <k<n, 1<j5<my, joining C,(f) and p,,
which lies entirely within C\ K. The compact disks D! ¢ ,(j ), %r) are all dis-

joint from their corresponding p,, since each ,(cj) ¢ D(pk, %r) by definition.
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Figure 17: The construction of Figure 18: A Conceitual con-

Ei.The entirf;)polyl(i;)le from pj, to struction of {H ,ij '} which
Gk 15 % unions to H.

Hence, the intersection D(( ,(f ), %r) N 'y,(cj ) consists of at least one connected

3
. Z o

component of this intersection by E,(j ), satisfying diam E,(f) > %7‘ > 7 and

E,(C]) N K = & (see Figure 17).

component joining C,(gj ) to a point on GD((,(f ), 'r). Denote the connected

Now for each j and k, Proposition 6.2.2 now provides the existence of a family
of holomorphic functions goéj L :C\ E,(CJ 'S¢ given with ¢ € D(C,(f ), %r)
such that

: 584 : 1 4676 L
“P(Cj,)k(z)‘ <= ’@Ef,%(z) - z—C’ <o VEE C\ E\{b.2.8)

Let ﬁ,ij) =HnN D(C,(cj), %7‘), for each j, k and construct the disjoint sets
Y = BY\ (U a’ul) U ﬁ,gz”) itj#£1, HY =AY
i’<g k'<k g’ <m,

as done in Figure 18. Thus the union

O UH}}’ —HnN <UD< ,@,Zr)) —H
k=1j=1

since the set of all D (C ,(j ), %r) covers H. Let

My

1 0P (;
v =233 [ ek nan

k=1 j=1
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where { = +in, Vz ¢ | E,(cj). Because

()
(z+ Az z
U(z+ Az) — U(z) / (9(13 (Pck ) — SOC,}C( )df/\dn,
Az 1] 1 Az

and both 9®/9¢ and the integrand is continuous on a set (we only need
to consider the factors involving cpg}c since 0®/9C is independent from z)
by Cauchy’s Estimates and the first bound of (6.2.8), Lebesgue’s Dominated

Convergence gives that

and in analogous fashion,

m (9)

am 1 N 2% 9y

_ 1 Z/ St (=) de
ﬂk 1 j5=1 6C

Hence, ¥ is holomorphlc onC\ |J" 1 Um’“ E(J aneighborhood of K. Since
Vze C\ U Ek , by Part 2 of Proposmon 6.2.2,

”U 1//HJ 8—%& __// gi’fziﬁ_dn

O I CR zi«;)dédﬂ

"§§:§: “ —¢
1;1

1 n mk
<33 (// // )
T =1 =1 IAD(z,2r) HI\D(z,2r)

o

¢ z—¢
The estimates in Part 4 of Proposition 6.2.4, in tandem with those from (6.2.8)
now give that

[W(z) —@(2)| =

‘dgdn

‘ Ohlz) — ‘dfdn
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|U(z) — ®(z)] < 18704 déd
’ wa 1 j=1 // U\D(z,2r) 17 4’3 !
// (584 1 )dfdn
1 7j=1 ﬂD z,2r) ’ €|
dfdn
< 18704rw £ (r) —
d \//K>2r |C|3

dw(r) 584 1
— — 4+ — | d¢d
- r //lC<2T( r - |C’) <dn

through a linear change of variables. Now evaluation via polar coordinates
(with pe'? = ¢ +in, d¢ Adn = pdr A db) yields a revised upper bound of

27 00
18704rwf(r)/ / dr;:lﬁ
o Jor P
4 4 27 2r
+ (7) (ﬁ area D(0, 2r) +/ / drd@)
r r o Jo

N 4wf('r)
r2 r

+

4rr

11% 9344mw ; (r)r?
= 18704rw(r)2w | =| +
p o0

= 18704mw(r) + 9344w (r) + 167w, (1) = 280647w ().

Runge’s Theorem (Theorem 6.1.1) provides the existence of some rational
function 1 with poles in E such that

sup|y(z) — ¥(2)| < mwy(r)

zeK

since ¥ is holomorphic on a neighborhood of K (to assure this bound is
positive, we assume f is not identically zero, otherwise the assertion is trivial).
Therefore, for all z € K, we have (the third supremum term coming from
Part 3 of Proposition 6.2.4)

supli)(2) — f(2)] < sup|¢(2) — (2)] + | ¥(2) — @(2)[ + [@(2) — f(2)]
< 28065mw (1) + wy(r) < 28066mw (7).

Because lim, _,q+ w(r) = 0, for any € > 0, there exists a > 0 such that

&
wi(r) < Sg066m"
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Hence for any such €, we now construct ¢ in accordance with an r satisfying
28066mw (1) < €. O

6.3 Analytic Capacity

The theory of rational approximation is essentially built upon the concept of
analytic capacity, which was introduced in 1940 by Finnish mathematician
Lars Ahlfors. Our purpose here is to give a brief and elementary introduction.
Despite its importance, still many trivially simple results remain conjecture.

The uses of analytic capacity are present in many other topics of complex
analysis. Analytic capacity serves as a natural framework for general rational
approximation theory. Our purpose here is to hint at how analytic capacity
theory relates to the proof of Theorem 6.2.2 and pertinent problems in general.

Definition 6.3.1 (Analytic Capacity): Let K C C be compact. The analytic
capacity of K is defined as

f is holomorphic on C \ K
v(K) = supy [f(c0)] : f(C\K)CD , (6.3.1)
f(o0) =0

where f’(00) is defined as in (6.3.1). For an arbitrary set U C C, we define

sup{7(K): K CU A K is compact}.

Intuitively, v measures the extent to which bounded analytic functions out-
side K can deviate from constancy. Generally, the “larger” K is, the greater
the capacity is.

Proposition 6.3.1: If K C Cisacompact set of discrete points, then A(K) =
0.

Proof: For any f : C\ K — C holomorphic with f (C \ K ) C D, since f is
bounded, the Riemann’s Theorem for removable singularities (Theorem 3.2.6)
allows for an analytic continuation onto all of C. Then Liouville’s Theorem
(Theorem 3.2.3) implies that f is constant and f’(o0) = 0. Hence y(K) = 0.00

Theorem 6.3.1: For K; C K, both compact in C, v(K;) < v(K,).

Proof: This follows directly from the definition and the fact that any function
holomorphic on C\K 1 is also holomorphic on C\ K. O

The preceding results above hint at the monotonous behavior of capacity.
However, currently it is not known whether a general subadditivity property
holds for analytic capacity, or that
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(K, U K,) ; Y(K;) + v (Ky).

Recent results hint the affirmative, as many special cases of the relation have
been proved; the question of subadditivity has been proved in the affirmative
for disjoint compact continua, and recent findings by Xavier Tolsa show
that capacity is (countably) semi-(sub)additive (the existence of an absolute
constant C such that v(K; U K,) < C[y(K;) + v(Ky)]).

We now give some quantifying examples of how analytic capacity measures a
type of “largeness” of compact sets, (rather much like area, which satisfies the
subadditivity relation). First we define a specific classification of compact sets.

An alternative perspective of this “largeness” pertains to a certain removabil-
ity of sets. A compact set K C C is considered to be removable if every
bounded holomorphic function on the complement can be extended to C.
For instance, the analytic capacity y({a}) of any singleton {a} (any singular
point) or set of discrete points is 0, as evidenced by Proposition 6.3.1; and
moreover, any singleton or compact set of discrete points is a removable set.
In a heuristic sense, analytic capacity measures the irremovability of a set,
and larger sets tend to be “less removable””

A compact set K C C is a continuum if it is connected, C \ K is connected,
and if it is not a singleton (K contains at least 2 distinct points).

Proposition 6.3.2: Let K C C be a continuum. Then (K) = |f’(c0)|
where f: C\ K — D is a biholomorphism satisfying f(co) = 0 (i. e. the
maximal |f’(oc0)| in the supremum of the definition of analytic capacity is
attained when f is biholomorphic).

Proof: Let f be the biholomorphism, g : C\K — D be holomorphic (not
necessarily surjective) mapping oo to 0. Since h = go f~! : D — D and maps
0 to 0, the Schwarz Lemma (Lemma 3.5.1) implies that

h(2)| < 2]
for all z € D. Thus, |g(2)| < |f(2)|, and
9(00)| = lim [29()| < Iim |=£(2)| = | (00)]. .

Proposition 6.3.3: The analytic capacity of any closed disk is the radius.

Proof: Since D(a, ) is a continuum, a biholomorphism f : C\ D(a,r) — D
such that f(co) = 0. One such biholomorphism is given by
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z—a 2—0dz - —a

f(z)= r , f’(oo):limi(li )zr.

Hence, Proposition 6.3.2, gives that ’y(D(a, r)) =r. O
Proposition 6.3.4: If K C C is a continuum, then

diam K
4

<~v(K) < diam K.

Proof: Assume f : C\K —>Disa biholomorphism mapping oo to 0. The
lower bound follows directly from Proposition 6.2.1. Let p € K be arbitrary,
then for any g € K, we obtain |p —¢| < diam K, implying that K C
D(p,diam K). By Proposition 6.3.3, we have 'y(D(p, diam K)) = diam K,
and Theorem 6.3.1 consequently gives the upper bound of

v(K) < diam K. O

We outline the precise connections to rational approximation:

Theorem 6.3.2: Let K C C be compact such that 3¢ > 0 such that V§ > 0,
Vp € 0K,

~v(D(p,d0)\ K) > cd.

Then Vf € C°(K) holomorphic on Io( can be uniformly and rationally
approximated on K with poles in C\K.

Cogollary 6.3.2.1: Let K C C be compact. If the connected components U;
of C\ K give the uniform existence of some 6 > 0 such that Vj, diam UJ >
5, then Vf € C°(K) holomorphic on K can be uniformly and rationally
approximated on K with poles in C\K.

Notice here that no restrictions are imposed on the finiteness of the number
of connected components of the complement. The general conclusion given
for Mergelyan’s Theorem is not true for more general compact sets.

The counterexample we now provide due to [1], we provide the construction
of the compact set K.

Example 6.3.1: There exists a compactset K C Cand f € C°(K), such that
f is holomorphic on K and cannot be rationally approximated on K.

Proof: Let S = {s;.} keN be a countably dense set of points in D (use a bijection
N — Q and Cantor’s pairing function N — N2 to get a surjection N — Q? N
D).
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Fix0 <&’ <1l Letz =s;andr; =% <ée',r? < 1. Foreachk € N, let 2,
be the first to be the first point in the dense sequence S such that

k—1
¢, ¢ U D(zj,rj).
j=1

Then choose 7, such that D(z, 7)) lies in D and does not intersect any
previous D(zj, rj) for j < k (possible by the fact that each z; does not lie on
the boundary of the previous disks) and so that

k—1 k—1 k
e 1 , ,
0<7'k§§—§£ T'j<€_g 7"]:>E <e
j=1 j=1 J=1

. . . k-1 /
under the inductive hypothesis that Zj: | T; < €. Apply another bound, so
that

k—1 k

2 1 1 S 2 _ 1 N e s _ 1
0<rk§1—52rj<§— T; Zi<§
j=1 j=1 j=1
under the additional assumption that Zf:_ll T‘? < % Repeat this process

inductively for all £ € N. Define

which is compact. For any point z € K, no disk centered at z exists such that
D(z,9) is contained in K, since a subsequence of S accumulating to z in Dis
removed from K. Hence, K = &. Hence, any f € C°(K) is holomorphic on
the interior.

(This general construction of K is known as the Swiss cheese set)

We now show that z = Z cannot be uniformly rationally approximated on
K. By explicit calculation or Green’s Theorem (Theorem 3.1.2), we have

?{ Edz:// d(zdz) :2i// dz Ady
0D(z;.r;) D(z;,r;) D(z;,r;)

o0
_ . 2 —
—27v1rj = E % zdz| <,
dD(z;,r;)

j=1

and by similar reasoning
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% zdz| = 21 = jl{
oD oD

For any rational ¥ with poles off K,

(51, e

by Theorem 3.1.5. The summation’s convergence follows from
’Z faD(z ") P(z) dz’ being termwise absolutely bounded by } 2w Mr,

which converges by construction. Now, if [Z — ¢(z)| < % on K, then

(£,-54,. Jeslf -S4, |so-me
<2ﬂ(1_z7«)

which is impossible. O

?{ zdz| > .
1 BDz )T

]:

T
-2’

rlkli—‘

7 Harmonic Functions

8 Differential Geometry

8.1 Gaussian Curvature of a Surface
We will give a brief introduction to the curvature of a surface for heuristic

intuition.

Suppose U C R? is a region, and let (u,v) € U. Consider a surface parame-
terized via

t(u,v) = (z(u,v), y(u,v), 2(u,v)) € R3,

where z,y,2 € C%(U). If ¥, x ¥, never vanishes for (u,v) € U, then ¥(U)
defines a smooth surface X. For a fixed (u,v) € U, the vectors ¥, and ¥,
form the basis of the tangent space (a plane) of ¥ at P = ¥*(u, v), denoted by
TpY = span(¥, (P), 7, (P)).

rtv

The square of the length of the vector infinitesimal d¥* = ¥, du + ¥, dv, or

[ =ds? = Edu? + 2F dudv + G dv?, (8.1.1)
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2/

is known as the first fundamental form of ¥, where E =%, - ¥, F =71, - ¥,
and G =1,

Let Q = ¥(u + Au, v + Av) be near P. It follows that PQ = T(u + Au, v +
Av) —F(u,v). The distance between @ and TpX is PQ - n, where fi =

/ 2/

£ zi, - By application of the multivariate Taylor’s Theorem, we have

— 1
PQ =%, Au+¥,Av+ = 5 (%7, Au? + 217 Aulv + T, Av?) + O(Au® + Av?),
and therefore,
. 1
PQ-h= 2( -nAu? + 28/ - AAuAv + T, - DAV?) + O(3) - A

The first two linear terms vanish by properties of the triple scalar product.
The second fundamental form of ¥ is defined as
I = Ldu?+2M dudv + N dv?, (8.1.2)

where L =7, -0, M =¥, -f,and N =7, -1 Since ¥, - =0 and ¥,
n = 0, by differentiation, we have

—>// A/ -/ A oy N
-0 +7¥,-n, =07,  -0+7, -0, =0,
f'” -A+7T) -0, =07, -0+7, -0, =0.
It follows that L = —¥,, -, M = —¥, - i, ¥, -n,,and N = —7, - n,.

Because diA = i}, du + 1), dv,
I =—d7-dn.

The second fundamental form, in a rough sense, measures the curvature of
the surface X at P (refer to Figure 19). Both the first and second fundamental
forms are geometric invariants; they are independent of the parameterization
T of X. The first fundamental form is also referred to as the intrinsic metric (we
will not delve into the metric tensor here) of ¥, and the second fundamental
form is an extrinsic property of X as it is invariant up to the orientation of the
surface (consequent direction of the normal vector).

Lety C ¥ be a curve parameterized by arc length, ¥(s) = ¥(u(s), v(s)). Then

the unit tangent vector at P = ¥(s) is
> dr
T(s) = = =¥, +F,—.

Consequently,
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Figure 19: () has a greater heuristic distance to T X for a more curved

surface.
’i"( ) =5 du 2+2q” du (dv Y dv 2+ﬁ/ d2u+ﬂ, d?v
s) =", | — o, — 1|+ — r,— +1,—5
“e\ ds “\ds ) \ds "\ ds “ds?2 T Vds?’
where the last two terms are in Tp Y. Because HT(S) ” = 1 for all s by the arc-

length parameterization, we have
0= d”’f(s)HZ _ dT(s) T(s) _ 2T(s) - T'(s)
ds ds '
and T (s) are orthogonal and T”(s) is a normal to the curve
be the unit normal to ¥ at P. The normal curvature of y at P

=, . L, (du 2 L, (du) [(dv o, (dv 2 .
Kk, =T(s)-h = [ruu (5) + 27, (E) (&) +1, (&) ] - .

/

Hence, T'(s)
T, X1

Let ﬁ = 1= =7
77 > 75 |

in X is defined as

1

S

The quotient
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B I B Ldu? + 2M dudv + N do?
fn =17 FEdw? + 2F dudo + Gdv?

varies depending on the curve traversing 3 (and ultimately, depending on the
direction induced by du and dv). On -, the two representations are equivalent
since I =ds?. The maximum and minimum values of x,, are known as the
principal curvatures k, and K, of ¥ at P, achieved along the principal direc-
tions of the (unit) tangent vectors at P.

The mean curvature of ¥ at P is defined to be H = % Let ry, 7, be
the radii of curvature corresponding to x; and k,. The product of the two
principal curvatures is known as the Gaussian curvature of ¥ at P, denoted

by K = k,kKy. We will now heuristically derive the explicit formulas for H
and K intermsof E, F,G,L, M, N.

Suppose p € 2. Adopt the matrix notation of I, I as in

EF L M
= () m=( )

to reduce to the optimization problem of

>TIr=
viiiv

/in:_,-l——_,, VETPZ.
v'Iv

We may restrict Vv = (vy,v,) so that the denominator is always 1, aiming to
optimize the numerator. By the method of Lagrange multipliers, we write

L(V,\) =V V- \¥'Iv—1).
The equation VL =0 for V = (8%1, 3%2, %) can then be decomposed into
(where vV = (vy,v,)):
2L'U1 + 2M7}2 - )\(2E'U1 + 2FU2> == 0,
2MU1 + 2N’U2 — A(2FU1 + 2GU2) = 0,
(VIIv =1).
The first two equations can be written as

(L—,\E M—)\F)ﬁ
v=0.

M —XF N - )G (8.1.3)

Let the matrix on the left be denoted by M. In order for non-trivial (v # 0)
to exist, we must have det M = 0. That is,
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(L —ME)(N — \G) — (M — \F)?
=A(EG — F?)+ A2MF —EN —GL) + LN — M? = 0.
This is a quadratic giving two solutions for A. From
V(E'IV) = AV(V'Iv)
it is apparent that the roots A, A, € R. Moreover, from (8.1.3) we have

vV

IV = A\IV = A= ——".
VEAYT AT

Hence, the two roots A;, A, are precisely the principal curvatures. Vieta’s
formulas give that

LN — M? EN +GL—-2MF

K=X\=— =
1727 pG — F2” 2EG — 2F?

Now, assume a parameterization of ¥ by ¥(u, v) (thrice continuously differ-
entiable) such that

L(u,v) = p? du? + p? dv? = p?(du? 4 dv?)

(which we will later formalize as a conformal metric). Then there is an alter-
nate representation of the Gaussian curvature in terms of p.

By definition, £ = G = p2 while F' = (0. Moreover,

T xf f NG 4
LN =2/ . =/ .
(“” 7, u)( 7, xrvu>

_ det(vr, ® ®) det(s2, #. )

u
2
AN G
_det(¥r, ¥, ¥,)det(¥s, ¥, ¥,)
N EG — F?
= — det| ¥, ¥, F,-F, ¥, T
g ¥, -E, F,oF, I -T,

Similarly,
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Rr

1 Ll Yo PPy PP,

M? = o det| pp, p?> O
ppy 0 p?

1., . 2 2

= [F1, - ¥,0% — p*(p))? — p*(p))?]

By differentiation of the equations

r,-"=F=0, t,- ", =E=G=Y, -7 =p°
we have
¥y, T, 47T, T, =0, T, T +T, T, =
and
¥, T = 2ppl, = 2¢, T, 2T T, =2pp, =27, - ¥ .(8.1.5)

Substituting (8.1.5) into (8.1.4) then gives

S o ’ S o ’
Pouu " Ty = —PPy) (rvv Ty = _ppu)
Differentiating these give
am 2/ oY P 7\2 ”
wuv " To + Yo " Toyy = _(pv) — PPyy>
am Y S 2 _ 7\2 ”
(rvvu ry, + Tov  Tyu = _(pu) - ppuu)

Differentiating the inner two expressions of (8.1.5), we have
Filyo - 4 Fy -y = (00)” + PPl
(B - Foo B - Euy = (01)” + ppl).
It follows that
Fl Ty — i Ty = (00)° + (0)° + V2,
where V2 here is 8% /0u? + 8% /9v®. Then

1 Ey Tau —PPy PP,
LN = s det| ppl, 2 0
—pp, 0 p?

1, . ;N2 2
= [B7,  ¥,0% + p2(00)? + £ (0))°]

= 2 2
=Ty w1 (00)” + (00)7

-
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and

1 Loy Loy PPy PPy
M? = —det| pp, p* 0
P ppy, 0 p?
1 PV A=Y 7\2 7\2
= F [ruv : ruvp4 - p4(pv) - p4(pu) ]

Combining the two expressions, we have

CIN= M #,F, 26" + 20—,

vV uy uv

~ EG—-F? pt

(L)% + (0)2 — pV2p
pt a

K

(8.1.6)

1
—;Vz(log p)-

To understand the motivation for which ds? is said to be conformal, consider
two curves in the u — v plane, parameterized by =, (t) = (u,(¢),v,(t)) and
Y5 (t) = (uqg(t),v4(t)) such that v, (0) = v5(0) = wy = (ug, vy). Their im-
ages via r are oy (t) = r oy, (t) and oy (t) = r o 7, (¢) so that they intersect
at some point P € 3. Let 71 (0) = v, = ae, + be, and v,5(0) = v, = ce, +
de, be two tangent vectors. Then the corresponding vectors in T3 are

drwO (Vl) =a dI'wo (eu) + b dI'wo (ev)

and

Since' e, = 5, €, = 5, and drwo( 2

|
®
=
o
=
g
[}
—
g
SN—
|
ol
i
e .
H
=
[}
=i

dry, (vq) = ary,(wo) +br,(wy), dry, (vy) = cry,(wo) + dr(wo).
The angle 6, between v, and v, on the u — v plane satisfies

V-V ac + bd
cosf,, = ———2_ = +

vallval Va2 + 52V + a2

while the angle 6y, between the two tangent vectors in 73 satisfies

'In more modern formulations of differential geometry, differentials (known as pushfor-
wards) are functions mapping tangent vectors to tangent vectors. The notion came from
the realization that “changes” of functions are best described in terms of a direction of
change. Then basis vectors themselves became partial derivative operators two give the
second set of equalities, which is a consequence of the more abstract notion of duality.” For
the remaining sections, this structural viewpoint is not considered.
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(ar;, +br)) - (cr), +dr,)
lar;, + bry[[cr;, + dry|

v

cosfby, =

B p%(ac + bd)
Va2p? + b2p2/c2p? + d2p?

= cosf,,.

Wo

8.2 Conformal Metrics and Curvature

Let 2 C Cbearegionandlet p € C°(2) be a positive function. The conformal
metric (in the following chapters when we refer to metric we mean conformal)
induced by p is given by

ds = p(2)|dz| or ds? = p(2)?|dz|?.
The term “conformality” is explained in the previous section (note that this

specific usage has little to do with holomorphy). The distance between two
points 2z, 2z, € ) is defined as

d(z1,2) = inf / p(2)ldz,
Y

where the infimum is taken over all piecewise smooth curves « in €2 joining
z; and 2.

A C? metric is said to be regular. The (Gaussian) curvature of the regular
metric p at z € (2 is defined as

V2 (log p(2))
p(z)? 7

where V2 = 92 /0x? + 0% /0y? = 40% /0Z0z is the Laplacian operator. This
is the same definition as the Gaussian curvature in (8.2.6).

K (z)=—

g (8.2.1)

The three following metrics are of particular interest in complex differential
geometry:

1 Perhaps the most trivial metric is the Euclidean metric (also known as the
parabolic metric) on C, and is given by

p=1, ds?=]dz2

The Euclidean distance between two points 2, z, € Cis

inf/\dz\ = |29 — 2]
8!

~
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is the length of the straight line segment connecting z; and z,. The group
formed by all transformations in the form of z - €'z + a (where a € C
and 6 € R) is known as the group of rigid motions, or more abstractly, the
special Euclidean group of order 2, denoted by SE(2) < Aut(C), intuitively
consists of all rotations and translations and their compositions, while the
Euclidean group E(2) > SE(2) consists of reflections in the form of z
e!%Z + a. Obviously, the Euclidean metric is invariant under both groups.

From (8.2.1), we find that Euclidean metric has curvature K = 0.
2 The Poincaré metric (also referred to as the hyperbolic metric) on D is given
by

2

4|dz|?
/\(z)zl_|z|27 ds? = |dz|

(1—=2)*

In Lemma 3.5.2, it was shown that the metric is invariant under Aut(D).

(8.2.2)

We will now calculate the Poincaré distance between two points z;, 24 €
C. First assume the case where z; =0 and 2z, = R € (0, 1). Consider a
piecewise smooth curve v C D parameterized by z(t) connecting z; and
Zy; or in other words

z(t) = z(t) +iy(t), z(0)=2 =0, 2z(1)=2, =R,

where z € C1([0,1]) and y € C*(]0, 1]) are real-valued functions. Then

/ds_/ 1—x +Z(St>) «
2/01%@2 /()112f/—£2>2dt
/OR% :log(i%g)

Assuming that v is in the form of z(t) = Rt, 2'(t) = R where t € [0, 1],

we have
/d /1 2Rdt _ (1+R
5= ——— =log| ——= |.
1—rR22 °\1—R
o 0
Hence, the Poincaré distance between 0 and R is given by

1
d(0,R) = 1og(£)
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and the straight line segment connecting the two points is a geodesic (path
of least length under a metric or other criteria). For fixed 6 € R since z -
2el? € Aut(D), by the Schwarz-Pick Lemma (Lemma 3.5.2), we have
, 1+R
d(0,R) = d(0, Re'?) = log| ——
(0.7) = (0. 7*) =10 7

by the invariance under Aut(D). Now let z; and z, be arbitrary points in
D. The Mébius transformation

<le(z) = 1 _Z_lz

maps z; to 0 and maps z, to

Zo—Z2
1.~ Hence, we have
—Z129

g — 5 14+ [ 222
d(Zl, ZQ) = d(O, —1 2 — 1 ) = IOg 1=%12 = 1nf/ dS,
J— Z9—Zq
A% 1= Ty

which is the Poincaré distance (or hyperbolic distance) between z; and z,.
The infimum is attained along the geodesic curve « parameterized by

a2 A
(0 = x (T2t
for ¢ € [0,1]. By Theorem 5.1.4, the geodesic is either an arc or a straight
line segment passing through z; and z,. Since JD is orthogonal to the
straight line passing through 0 and ff;f%,
@;11 (OD) = OD is orthogonal to the circular (or straight line) extension of
the geodesic curve.

by the conformality of go;ll,

As a consequence of the Schwarz—Pick Lemma (Lemma 3.5.2), for any f :
D — D is holomorphic, we have

d(f(z1), f(22)) < d(21,22),

where equality is attained iff f € Aut(DD). The Poincaré metric has constant
negative curvature —1 since

Ko _A0%oger 40N\ __20( 2
AN 9z8z AN2OzZ\ N ) AN2az\1—|z?

2, (=)’ _ 2

=—(1=[2*) = [2]* = -1,

where \), = 0\/0z and A = O\/0Z.
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3 The spherical metric (also referred to as the elliptic metric) on C is given by

2 4]dz|?

o(2) = ———, ds2=—"T"-—. 8.2.3
R EEC AT
Under the inverse stereographic projection of 5% — C, fora given z € o

the corresponding point in S? is

(21, 2y, 34) = z+zZ  z—2z |22—1
o3 1224+ 1|22 +1" |22 +1 )

If we let P = (z,,7,,73) and Q = (£7,%5,%3) be two points in S?, the
distance between the two points is the length of the shortest arc Z (a subset
of great circle passing the two points). By considering P and () as vectors
from (0, 0, 0), this distance is equal to

L+ 2,87 + To%) + 373

arccos(P - Q) = 2arctan \/

1 — (=R)(E2) n (z=2)(7—2)  (z)P-1(z2-1)

— 2arctan zP+D(ZP+D) " (zP+0)([zP+1) ~ (=P+1)(zP+1)
14 =2EE)  (3)(EE) | (E-102-)

(zP+1)(22+1)  (]2P+1)(122+1) T ([22+1)([2]>+1)

_ .5 _ %3 2 7|2 —_ N\ (z -3
= 2arctan _zz Z+ 2" + 12 = 2arctan (i z)(z z) .
22 +7ZZ+ 2222 + 1 (224+1)(z2+1)

Notice that the fraction within the square root is a product between a
complex number and its conjugate. Thus, this distance is equal to

z—Z

d(z,Z) = 2arctan

zZ+1

in the extended complex plane. Let Z = z + Az. It follows that
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A
d(z,z + Az) = 2arctan :

2|2 + zAz + 1
Az 1

= 2arctan FEE ~

i 1+ 7
= 2arctan i(1 + O(Az))| = 2arctan| ——— + O(Az?)
B 2|2 + 1 N |22 + 1

Az 1 3
| Az

=2 W + 0<A22) s

where we have taken the liberty to coalesce orders for simplification. Since

2
|z]2 4+ 1’

d(z,z + Az)

li
1m Az

Az—0

the metric as defined in (8.2.3) has a clear geometric meaning: the distance
between two points z and Z under the metric in (8.2.3) is the shortest dis-
tance between the corresponding points in 52, or their spherical distance.

Thus, if curve 7 joins z and Z, we have
d(z,2) = inf/ o(z)|dz|,
v
¥

which attains its infimum when the inverse stereographic projection of
is a great circle of S2. Thus, o is known as the spherical metric.

The corresponding curvature is given by

4 92 40 (o 2 0( 2
Ko == g70,1089 () = — 5553 (7) =25z <—1 n \zP)

2 2
=3<a+za;)=(”‘z’2>( 2 __ 24 )

L+IP T (1 +12p)

= (14 2) —|z)* =1,

where 07, = 0o /0z and 0% = 0o /0Z. This can also be verified by comput-
ing the principal curvatures of the unit sphere, which are both one.
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The importance of the selected regions lies in the uniformization to be
mentioned in @ sec:riemannsurfaces.

Let €2, and €2, be two open regions in C such that f : 2; — €2, is univalent
(implying that f” # 0 by Lemma 5.1.1). If p is a metric on 25, then

fro=(pef)lf] (8.2.4)
defines a metric on 2, referred to as the metric pullback of p by f.

Curvature as defined in (8.2.1) is invariant under pullbacks of conformal
mappings, or in the case above, we now aim to show that (under assumptions
of regularity)

K,(f(2)) = K., (2). (8.2.5)
By explicit definition,

K. (z) — _VQ(IOg ° f*,O(Z)) _ _v2<10g opo f)(Z) + V2<10g‘f,(2)’)
e (f*p)(2)? (Fp)(2)2 )
Since f'(z) # 0,log o [f’| = Relog(f’) is harmonic on £, with a vanishing
Laplacian. Hence,

V2(log e po f(2)) 4 0 (0
Kt == e = e e 1)
___ 4 9(f09, f 0 of
= (pof)2‘f"262<8f( ogepef)g- 6f(log pof)5> )
_ 4 0 (Ologopofof 0Ologopof/0f
C (pe NP OE of  0: af (32)

B 4 Of 0 (Ologopof
(e PRI \28262< of )

L 4 of 82logopofg+8210gopof(g>
C (pefRlfPo:\ 0ff 9z ofof \0z
4 9logopof  Vi(logepof)

S ThenE ofor - Gpepr UG

For a given metric ds = \(z)
that ds = \'(2")
A = f*X. Under differing parameterizations of a metric ds, we once again

,if there is some other parameterization such

(2) is conformal, then the relation is given by

have the invariance of curvature.
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8.3 From Schwarz-Pick to Ahlfors and Value Distribution
of Entire Functions

While Schwarz Lemma in Lemma 3.5.1 concerns self-maps of D with a fixed

point at the origin, the Schwarz—Pick Lemma in Lemma 3.5.2 generalizes this

to arbitrary points in D as well as the hyperbolic contraction property of

holomorphic maps.

In 1938, Lars Ahlfors provided a further generalization by curvature, prompt-
ing the study of complex functions from a differential-geometric approach.

The hyperbolic metric A in (8.3.2) does not increase under any holomorphic
f:D — D. It was realized that this was a consequence of the constant
negative curvature —1 of A. The results we now provide are simplifications
of those from [2].

Theorem 8.3.1 (ScHwARz-AHLFORs—PIck): Let f be holomorphic on D.
Suppose that p is a regular metric defined on an open neighborhood U, where
f(D) CU,ds? = p?(w)|dw|?, and K ,(w) < —1forallw € U. Then

fo(z) SA(z) VzeD,

where ) is the Poincaré metric, and equivalently,
dsfc* o < dsi,

or that the metric p does not exceed the hyperbolic metric under the map f.
Proof: Define

2r

R 0<r<l1 (8.3.1)

A (2) = (z > ;)*A(z) -

to generalize the Poincaré metric to D(0,r). (8.3.5) gives that K, (z) =
K, (%) = —1for any z € D(0, r). Define the real-valued function

u,(z) = J:;p—((;)) for z € D(0,r),

which is nonnegative and continuous on D(0, 7). The pullback metric f*p =

(p o f)|f’|is continuous on D and thus bounded on D(0, r) (as a consequence
of Theorem 1.2.13). As [2| = r7, A,(2) — oo, and hence lim,_,,- u,(z) =
0. Thus,

M, = max u,(z)
zeD(0,r)

must be attained at some z = 7,. € D(0, r) (within the interior).

228



If M, =0,thenVz € D(0,7), ]:"((Zz)) =0 = M, = 0 < 1by maximality. On

the contrary, if M, > 0, f*p has well-defined Gaussian curvature at 7,.. Since
(V2log(u,))(r,) = (V2log(f*p))(7,.) — (V*1og(A,))(;)
= K., (1) f*p(,)" + Ky (1)A(7,)" (8.3.2)
= K, (1) f*p(r,)" = A (1)
By assumption, we have —K. (7,)>1. Hence, (V?log(u,))(r,)>

F*p(,)> = \,.(r,)?. Since log is increasing in R, 7, is a local maximum of
log o u, and hence (V?log(u,))(r,) < 0. Thus, we have

f*,O<TT>2 - /\7'(7—7‘)2 <0= M'r <L
Now let r — 17, and it follows that M. — sup,p f;f(’—i)z) <L O
Theorem 8.3.2: Let f: D — U C C be holomorphic. Let ds = p(w)|dw|
(where p : U — R_ ) define a regular metric such that at every point w € U,

either
1 The second derivatives of log \ are continuous (C?) and

VZ(log \)(w) > A2
2 There exist two opposite directions i’, i” such that
Vi (log p)(w) + Vi (log p)(w) > 0 (8.3.3)
(the directional derivatives).
Then the metric f*p does not exceed the hyperbolic metric A.
Proof: The first case is equivalent to K, < —1.

The only modification to the proof of Theorem 8.3.1 is to consider the case
of the inequality involving directional derivatives for each 7, (which by
definition, is where the maximum value of w, is attained within D(0,r)).
By the increasing nature of log, 7, is also a local maximum of ¢ = logu, =

log(f*p) —log A,.
Since 7, is a local maximum, we must have

Vid(r.) <0, Viurd(r,) 0= Vyd(r,) + Vard(r,) <0.
This implies that

Vi (log f*p)(7,.) + Vi (log f*p)(7,.)
< vfl’ (10g )‘r)(T'r) + Vﬁ” (10g )‘r)(T'r) =0
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by the symmetry of the hyperbolic metric and the fact that the two directions
are opposite to each other. Pulling back to p contradicts with (8.3.3). Thus, 7,
cannot both simultaneously be the location of a maximum while satisfying
said inequality; therefore the theorem follows. O

Theorem 8.3.3: Let f : D — U be holomorphic. Let

p:UCC—=R,,, ds,=p(w)dw

be a continuous conformal metric (but not necessarily C?) such that at each
point w, there exists a neighborhood V,, > w in U and a regular metric p,,
thereon such that p,,(w) = p(w) and p,, < p everywhere else (referred to as
a “supporting metric”). If each K, < —1 everywhere, then the conclusion of
Theorem 8.3.1 continues to hold for p.

Proof: By assumption, we have

fro- (m)=fp(r), fp;(2) < [fp(z) for z#7,.

Let '11,,,(2) _ f;\ﬂ:{z()l)

, which attains is maximum of M,. at 7,. as well.

The calculations in Theorem 8.3.1 on @,.(z) (whose curvature calculations are
now valid by C?) give that o, (1,)? — A\.(7,)* < 0, which implies M, < 1.
(We have used the supporting metric, rather than p, to derive this inequality)
The rest of the theorem follows naturally. O

Theorem 8.3.1 generalizes the Schwarz—Pick Theorem when p is chosen to be
A and f is chosen such that f(D) C D.

For the purpose of the proceeding generalization, we define the conformal
metric

2r

Vo =27 r >0,z € D(0,08.3.4)

A = = (20 2) ) =

Its Gaussian curvature is

Kya(2) = —432—22 [log(\/a(rzzr— |z|2>>] (ﬁ(r;— |Z|2))2

0? 2r r? — |2]2 ?
- _4a8382 [IOg(r2 — |z|2)] 2r - aK}‘T(z) -

via the results and definitions in (8.3.1).
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Corollary 8.3.3.1: Let 7 > 0 and suppose f : D(0,r) — U is holomorphic,
where U C Cis a region. For any S > 0, define p to be a regular metric on U
with ds? = p*(w)|dw|* such that

K,(w) <=8, VweUl.

o) < \/gw)

for any z € D(0, ), where f*p(z) = (p o f)|f’]| is the metric pullback.

Then Va > 0,

Proof: Consider the (z > zr)* f* ( p\/ﬁ) a conformal metric pullback of p+/f3
to D, which satisfies

K(aery +(ovB) < —1-

By Schwarz-Ahlfors—Pick (Theorem 8.3.1), we have
(z > 2r)* (,0\/_) =va((zrz)*A¥)(z) for ze€D.
Since r # 0, this implies that
(p\/_) ) <VaX%(z) for ze€ D(0,r).
Since /3 is a constant,

VBfp(2) < Vari(z), ¥ze D(0,r). O

Corollary 8.3.3.2 (GeNErALIZED LiouviLLg): If f: C — U is entire and U
admits a regular metric of curvature bounded above by a negative constant,
then f must be constant.

Proof: By assumption, 38 > 0 such that sup,,;; K,,(w) < —f. Then Corol-
lary 8.3.3.1 gives that

1
fe(2) < —

VB
for any r > 0. As r — oo, A, — 0. Hence, f*p(z) = 0, implying that (p o
£)(2)|f] = 0. Hence, f is constant. O

A.(2) Vze D(0,r)

Remark: Corollary 8.3.3.2 implies Liouville’s Theorem (Theorem 3.2.3). To
justify this differential-geometric generalization, suppose f : C — U is entire
such that U is bounded. There then exists some R > 0 suchthat U C D(0, R).
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The metric Ay has constant negative curvature K = —1 on D(0, R), and
hence, under 8 = 1, Corollary 8.3.3.2 implies that f is constant.

It is understood that an entire function is guaranteed to be constant if it is
bounded. This is a statement of sufficiency, but it begs the question of the
capacity for possible generalization of boundedness under which constancy
is still always satisfied.

Consider an entire function f: C — U, where U is an unbounded region
such that C \ U has positive area. Fix { € int(C \ U). Then the map z leg
maps U to a bounded region and hence z m is constant by Liouville’s
Theorem (Theorem 3.2.3), implying the constancy of f (the essential proof of

Theorem 4.2.4).

In contrast, if f : C — U is entire and C \ U has zero area (one readily con-
siders sets consisting of curves or isolated points), we must be more specific
in determining sufficient conditions that still imply constancy of f.

Similar to in the proof of the Riemann Mapping Theorem (Theorem 5.3.1),
one may use holomorphic square roots or other transformations to reduce to
the bounded setting,.

Example 8.3.1: If f : C - C\ {xr € R: 0 <z < 1} is entire, then f must
be constant.

Proof: Consider the biholomorphism ¢(z) = 1, mapping C\ {z € R: 0 <
z < 1} to C* \ R,,. By simple connectivity of C\ R, there exists a uni-
valent branch v of z —+ Vz—1onC\ Rzl- Now omitting the origin, it is
trivially realized that 9)(C* \ R.;) N —¢(C* \ Ry, ) = &. If otherwise, then
3¢ € p(C*\ Ry, ) such that —£ € ¢(C* \ R.,), implying that 3z, 2, €
C*\ R, such that ¢(z;) = & and ¢(z,) = —¢, implying that z; = 2, and
£ = 0= z, = 2z, = 1, which does not lie in 1)(C* \ Ry, ).

Now fix £ € ¥(C* \ Ry, ). By the Open Mapping Theorem (Theorem 5.1.1),
Je > 0 such that D(§,e) C 1(C* \ R, ). Consequently, D(—§, &) N (C* \
Rs,) = @. Lastly, the function ¢(z) = - maps »(C* \ Ry, ) to D. By Liou-
ville (Theorem 3.2.3), ¢ o 9 o o f is constant, which implies f is constant by

the injectivity of ¢, 1, and ¢. O

The preceding examples show that if the omitted set is sufficiently “large” (in
the sense of having positive area or disconnecting the plane in certain ways),
then any entire function avoiding it must reduce to a constant. However,
there are natural limits to the smallness of the omitted set. For instance, the
exponential function exp is an entire non-constant function whose image is
C*, omitting only a single point. Thus, the property that an entire function
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omits a set is not by itself sufficient to guarantee constancy unless that set is
suitably substantial. This observation is formalized by Picard’s Little Theorem
(Theorem 8.3.4), which as preluded to before, asserts that any non-constant
entire function can omit at most one complex value.

Proposition 8.3.1: Let U C C be an open set such that C\ U contains
at least two points. Then U admits a conformal metric p € C?(U), ds% =
p?(2)|dz|? such that

K,(2)<—-8<0 VzeU

for some 8 > 0.

Proof: Without loss of generality, we may assume that {0,1} C C\ U (if
not, a linear transformation z Z;&Ell where £;,&, € C\ U are distinct will

suffice to transform U to such a region).

Define a regular metric with

1+ |z5y/1+ ]z — 1
(= VIFEVIFEZIE s e (s3)

26|z —1[s

on C\ {0, 1}.
Since V2 (log |2[#) = 2V?(loglz|) = 3V?(Relog(2)),

V1 3 2 . -3 zs
V210g<—|:|_2|z ):2—(9 Z(log(l—Hz\s)) _Z 2( z 1)

= 2 y
18]2|3 (1 + |z|%)
and a similar calculation yields

v210g(~/1+|z—1|é) B 1

5 - 2°
|z —1[s 18z — 1[5 (1+ |z — 1]3)

Hence,

o L B 21
g B (14123) (12— 13) (14 12— 13)° (1 + |=P)
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and that
1 K, e C°%C\{0,1}).
2 Vze C\{0,1}, K,(2) < 0.

. 1
3 lim,_,, Kp(z) =—35
: 1
4 lim, ; K,(2) = —=5.
5 lim,_,, K,(2) = —ooc in any direction (as in the one-point compactifica-
tion).

Hence, 30 > 0 such that ’Kp(z) + 35| < 2 for any z € D*(0,6) U D*(1,9)
and 3R > 0 such that K,(2) < —1 for any z satisfying |2| > R. By compact-

ness of D(0, R) \ (D(0,0) U D(1,0)) and continuity, it attains its supremum
of some value —M < 0 by Theorem 1.2.14. Let —(3 = max{—7—12, —M} < 0.

K,(2) <—p<0 VzeC\{0,1}. 0

And we have the final implication:

Theorem 8.3.4 (PicarD's LiTTLE THEOREM): Let f : C — U be entire such
that C \ U contains two or more points. Then f is constant.

Proof: By the result of Proposition 8.3.1, we may find a conformal metric p on
U such that 38 > 0 satisfying K ,(U) C R__g. Then by the aforementioned
generalization of Liouville (Corollary 8.3.3.2), f exhibits constancy on C and
the assertion follows. O

Remark: This is commonly stated in its contrapositive: the image of any non-
constant entire function omits at most one value.

8.4 A Spherical Generalization of Normal Families
Picard’s Great Theorem requires a more profound concept by generalizing
normal families in the one-point compactification of C.

Definition 8.4.1: Let {f,,(2)} be a (not necessarily analytic) complex func-
tion sequence on a connected set 2 C C.If VK C 2 compact, VR > 0,dN €
N such that Vn > N, Vz € K, |f,(2)| > R, then f,, =X oo locally uniformly
spherically on €.

When the “locally uniform limit” is taken to be oo, the condition of e-
closeness is instead replaced by the requirement that the values eventually
leave every fixed compact subset of C (the given definition is equivalent to:
VK C 2 compact, VL C C compact, AN € N such that Vn > N, Vz € K,
fn(2) ¢ L).In this way, convergence to infinity is treated symmetrically with
convergence to finite values by working in the Riemann sphere C, where co
is simply another accumulation point.
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By equipping the extended complex plane C with the spherical metric instead
of the Euclidean metric, convergence to co can be treated like convergence to
any finite point. In this setting, oo is simply another accumulation point, so
there is no need to handle it differently from other values.

Let {a,} _ C C be a sequence. Then we say a,, — a_ sphericallyiff Ve >
0, 3N € N such that Vn > N, d,(a,,a.) < €, where d, is the spherical
distance.

Definition 8.4.2: A family of meromorphic functions # on some 2 C C
is said to be spherically normal iff every sequence has a locally uniformly
spherically convergent subsequence on Q.

Montel’s Theorem for holomorphically normal families in Theorem 5.2.3 can
be generalized via the spherical metric by the statement of Marty’s Criterion
(Theorem 8.4.1).

Definition 8.4.3 (Spherical Derivative): Let 0 C C be an open region or
domain. Suppose f: 0} — Cis meromorphic. Then the spherical derivative of

f is given by

P = Fote) = T

for f(z) # oo and
fi(z) = lim f(¢)

(—z
otherwise.

Proposition 8.4.1: Any linear fractional transformation is spherically uni-
formly continuous on C.

Proof: Let 1(z) = %% where ad — bc # 0. Then,

cz+d’
ad — be
(cz+d)?

P (2) =

The spherical distance between two points w; = (2 ), wy = ¥(2z,) is given
by

ad—bc
cz 2

d () = inf [ (a)jde] = imt [ T
) 1|t

where v joins z; and z,. The spherical distance is bounded by the integral
over the Euclidean straight line 7" joining z; and z,:
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2|ad — be]
, |lez+d|? + |az + b]?

d, (wy, wy) < / de].
Y

. 2|ad— 2|ad— o
Since [ad—be] z > 0as z—>ooandz|—>‘ad—bc“2€CO(C), it is

|cz+d|?+|az+b |cz+d|?+|az+b
bounded by some constant M on C. Hence, we have

do(wy, wy) < Mz — 2.
Hence, Ve > 0, V[z; — 2| < %7,
do (Y(21),¥(22)) <e. O

Proposition 8.4.2: Let { f"}neN be a sequence of holomorphic functions on
a domain Q C C. If f,, = f locally uniformly spherically, then f is either
holomorphic on € or identically co.

Proof: A result analogous to Theorem 2.3.5 can be used to show that f is
spherically continuous. Let z € () be arbitrary.
1 If f(2) # oo, then by spherical continuity, 3§ > 0 such that V{ € D(z,9),

Hence, we have

dy (00, f(2)) = dy(£(2), £,(C)) > 0.

By the reverse triangle inequality, we have

dy (00, £,(¢)) > 0.

By Weierstrass (Theorem 4.1.1), f is holomorphic on D(z, ).
2 Consider f(z) = oo. Assume, for the sake of contradiction, z is an isolated
pole of f. Hence, 30 such that f is holomorphic on D*(z, d).

Because each f,, is holomorphic on D(z,4d), by the Maximum Modulus
Principle (Theorem 3.4.1), Vn € N,

£ (Ol < sup [£,(E)] V(e D(z,9).

£€0D(z,5)

By letting n — oo, we have

f(OI < sup [f(§)] <oo V(€ D(29),
€€oD(z,0)
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contradicting the assumption that f(z) = oo is an isolated pole. Hence, 2z
must be an accumulation of values evaluating to co. By spherical continuity,
36 > 0 such that

T
d(f(¢),00) < ) V¢ € D(z,0).
Similarly, 3N € N such that Vn > N,

dy (£(€), £n(€)) <

N A

Hence, we have
™= do.(OO, fn(g)) = da(OO, O) - dU(OO, fn(C)) > 0.
By the reverse triangle inequality, we have

dy (0, f,(¢)) > 0.

Hence each % is holomorphic on D(z, §) and converges locally uniformly
spherically to % on D(z,6). By Weierstrass (Theorem 4.1.1), % is holomor-
phic on D(z,0) and has zeros that accumulate at z. By the Identity
Theorem, % =0= f=o0onD(z0).

Let S be the set of all z € Q such that f(z) is finite. By the argument above,
S is open. The complement 2 \ S then consists of all points where f(z) =
co. By the argument above, {2\ S is also open. Since () is connected, by
Theorem 3.2.1.3, either S = & or S = (. In the former case, f = oo on €2,
and in the latter case, f is holomorphic on 2. O

Theorem 8.4.1 (MARTY's CRITERION): A family of meromorphic functions
on some {2 C C is spherically normal iff

{ flifes },
or the family of spherical derivatives, is locally uniformly bounded in 2.

Proof: The condition is equivalent to that of

2|/ (2)|

for all compact K C (2, Vz € K, where M depends only on K. Under the
assumption that this holds, then

d,(§(), () =inf [ ds, < Mlzy =] VfeT

~
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where 7 joins f(z;) and f(z5) where 2,2, € K. Hence, Ve > 0, Vzy, 2, €
K such that |z; — 2| < 57, d,(f(21), f(2;)) < €, and hence F is uniformly
spherically equicontinuous. Since d, < w for any two points by geometry of
S2, F is also uniformly spherically bounded (the compactness of S2). Then
the Arzela—Ascoli Theorem (Theorem 5.2.2) under the spherical metric gives
that # is a normal family.

Conversely, assume for the sake of contradiction that F is a normal family
such that conclusion is not satisfied. Then, 3K C 2 compact and a sequence
{fn}, ey € 7 such that the sequence

{sup £ (2)}
zeK neN

tends to oo (specifically, suppose that Vn € N, sup,.x f(2) > n). By

normality, we may extract a locally uniformly spherically convergent subse-

quence { fa, }k . C {fn}, ey By Theorem 2.3.5 under the spherical metric,
€ n

the uniform spherical limit of , f, is spherically continuous on 2.
P S en P y
€

For every point z € €2, there are two possibilities:
1 If f(z) # oo, then by continuity, 3§ > 0 such that V{ € D(z,0),

Hence, we have
d,(00, f(2)) — dy (£(2), £, (C)) > 0.
By the reverse triangle inequality, we have
d, (00, f,,(C)) > 0.

Hence, the meromorphy of each f,, is actually holomorphy. By continuity,
f is locally uniformly bounded on D(z,d). Hence, { In, }k N locally uni-
>

formly converges on D(z, §). By a result of Weierstrass (Theorem 4.1.1), f
is holomorphic on D(z, §) and the sequence { f;bk }k N locally uniformly
>

converges to f’ on D(z,4).
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By holomorphy of f” on D( $),3IM’ > OsuchthatsupC (e, )|f Q) <

M’ . Uniform convergence of { fnk }k N gives the existence of some N’ >
>

N such that Vk > N/,

0= <1=

(O] <M +1 vceD(z,g>.

Therefore, { fr, }k N is uniformly bounded by
>

M =max| {M" +1}U sup
¢eD(z,

Q)]
D(=3)

N<k<N’

on this compact disk. Hence, Vk > N,

2 /
L+ | £, (€)
2 f(z) = oo, then by continuity, 36 > 0 such that V{ € D(z,J),

5 (O] < 2M VCGD(z,g) CD(z,g).

4, (f(¢),00) < 3.

Similarly, 3N € N such that V& > N,

4y (£(0): £,,(0)) < 3

Hence, we have
= da (OO’ ng (C)) = dg(OO, 0) - do’ (OO, n (C)) > 0.
By the reverse triangle inequality, we have

d,(0,f,,(0) >0.

1

Hence, each g, = 57— is holomorphic on D(z,6). By continuity, g =

+ is locally uniformly bounded on D(z,d). It can also be realized that
{ In, } locally uniformly converges on D(z,d). By a result of Weier-

strass (Theorem 4.1.1), g is holomorphic on D(z,d) and the sequence
{ g;lk} . locally uniformly converges to g on D(z, d).

By holomorphy of g’ on D( £),3M’ > 0 such that SUD D) 19" (Q)] <

M’ . Uniform convergence of { gn}c }k v gives the existence of some N’ >
>
N such that Vk > N/,
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g, (Ol <M +1 wee D(z, g)

4, (O —g Q) <1=

Therefore, { In, }k N is uniformly bounded by
>

M =max| {M" +1}U sup
CED(Z,%)

94, ()]

N<k<N’
on this compact disk. Hence, Vk > N,

9,0 ol (C)‘
g = —m L TS

C14e, Q7 g @ +1

i

g, (O] <2M, vce D(z, g)

In essence, for any point z, there exists an open disk D, centered at z on
which the spherical derivatives f,flk are bounded by some constant M, for k >
N,. By Heine-Borel (Theorem 1.1.3), there exists a finite collection of disks
{DZ]_ }1§j§n that cover K. Thus, {ff”c (z)}k>N is uniformly bounded on K

by max; ., M., where N = max; ., N, contradicting the assumption

that sup, . f%(2) > nforalln € N. O
Theorem 8.4.2 (FUNDAMENTAL NORMALITY TEST): Let () C C be a region and
suppose that 7 is a family of holomorphic functions on 2. If there exist two
different points a, § € C such that {«, 8} N f(2) = &, then F must

be a spherically normal family.

fesF

zZ—Q

Proof: Map o and 3 to 0, 1 by a linear function ¢(z) = 5 Then the family

of holomorphic functions
F={pof:feT}
omits 0 and 1 for all z € .

By Proposition 8.3.1, 35 > 0 such that for

1+ [2]3y/1+ |2 — 1|3
R Ea Ll VA EACES TS 452 = p(=)?1dsf?

|28z — 13
as in (8.4.5),
K,(2) < -8 VYzeC\{0,1}.

Therefore, if we let 1 = p+/}3, then
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V2 (log o ) V2(logop) K,
K =— — — TP < 1 on C\{0,B4.1
g p? p?p g 0@
Let ¢ € (2 be arbitrary and let r = r. > 0 satisfy D((, rc) C Q. By Corol-
lary 8.3.3.1, the pullback of 11 from C \ {0, 1} to D((, T‘C) C Q satisfies

27‘(

R R

frz) <X (2= Q) = w(f I (2)] <

Vz € D(¢,re), f € F. Since Vw € C\ {0,1},

9 0 asw — 0
g _ 14wl 40 as w — 1
1 1 2|w|-2 ’
B 1w 1+ w—1[3 2wl 50 as w— 0o
5 5 -3
ol [w—1[8 v

Hence, there exist open neighborhoods Uy, U;, U, of 0, 1, co respectively on
which 7 < 1. Since 7 € C°(C), by Theorem 1.2.13, 3M’ > 0 such that s <
M onC\ (UyUU, UU,,).Let M = max(M’,1), and
~o<Mp on C\{0,1}.
Hence, Vf € F, we have by virtue of (8.4.1),
2reM
R

fiz) = oo f(2)|f'(2)] < Mo f(2)|f'(2)| <

for any z € D(C, rg). Now restricting z to D(C, %) we have

r? 3r2 & M 8M
2 <« £ 2 |y (2> ¢ f ¢ >

For any compact K C (2, the collection of open disks

5},

forms an open cover of K. Hence, by Heine—Borel (Theorem 1.1.3), it admits

I

for some n € N. Then { fi:fed } is uniformly bounded on K by

a finite subcover
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SM
My =maxq —:1<k<n
3er

and is thus locally uniformly bounded on 2. Marty’s Criterion (Theorem 8.4.1)
gives the normality of 7; since ¢ is linear, it follows that F is also normal on

Q. O

Corollary 8.4.2.1 (MONTEL—CARATHEODORY): Let §2 C C be a region and
suppose that F is a family of meromorphic functions on €. If there exist three
different points «, 8,7 € C such that {a, 8,7} N f(2) = @, then F

must be a spherically normal family.

fesF

Proof: Let ¢(z) = % be a Mdbius transformation mapping a, 3,y to

0,1, oo, respectively. Hence, the family of meromorphic functions
F={pcf:fe7F}

omits 0, 1, and oo (and hence each function is holomorphic). By the Funda-
mental Holomorphic Normality Test (Theorem 8.4.2), F is normal.

By Proposition 8.4.1, Ve > 0, 36 > 0 such that V|w; — w,| < ¢ in C,

dU(Qpil(wlh Wﬁl(wg)) < E.

Let {fn}neN be any function sequence in JF and let {fn’“}keN be locally

uniformly convergent to f on a compact set X C €. Then 3N € N such that
Vk > N,

/o () = f(2)] <6 VzeK.
Therefore, Vz € K, k > N, we have
d, (07 o f (2), 07 0 f(2)) = d, (fa,(2), f(2)) <e.

Hence, every sequence f, has a locally uniformly spherically convergent
subsequence, and the normality of F follows. O

8.5 The Great Picard, Bloch, Landau, and Schottky Theo-
rems

Recall the Casorati—-Weierstrass Theorem, one of the earliest results on the
value distribution near essential singularities:

Theorem 4.2.3

We will now prove a more advanced characterization of this distribution by
methods of differential geometry.
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Theorem 8.5.1 (PicArRD'S GREAT THEOREM): Suppose f is holomorphic on a
punctured neighborhood D*(z, ) of 2. If 2, is an essential singularity of f,
then f(D*(z,,d)) omits at most one value of C.

Proof: Without loss of generality, assume 2z, = 0 and that f omits the values

0 and 1 (otherwise, consider z ﬁ(f(z + 2y) — a), where o and 3 are the

omitted values). Define the family

refores(2) nen)

of holomorphic functions on D*(0, ¢). Since f omits 0 and 1, each element

of & does as well. By the Fundamental Normality Test (Theorem 8.4.2),

F is spherically normal. Thus, there exists a subsequence { fnk}k N cF
€

that converges locally uniformly on D*(0,6) in the spherical metric. By
Proposition 8.4.2, this subsequence converges locally uniformly either to a
holomorphic function on D*(0, ) or to co thereon.

1 Suppose { fr, }k  converges locally uniformly to a holomorphic function
€
on D*(0,6). Then {f"k}k N is uniformly bounded on dD(0, g) Hence,
€
there exists M > 0 such that

’f(i)’ = |fu(2) <M Vze 8D<0, g)k eN.

N

In other words, f is bounded by M on every circle 9D (0, %) for k € N.
By the Maximum Modulus Principle (Theorem 3.4.1), f is then bounded by
M on each annulus D<0 0 ) \ D(O, ﬁ) for k € N. As

’ 2ny,

o o o
U D(O,—) \D(O,—> = D(O, —) \ {0},
Pa=ct 2ny, 2np,4 2n,
it follows that f is bounded on D* (0, g) By Riemann’s Removable Singu-

larity Theorem (Theorem 3.2.6), f therefore extends holomorphically to 0.

2 Suppose { fnk}k § converges locally uniformly to co on D*(0,6). Then,
€
for every € > 0, there exists NV € N such that, forall k > N,

ey

By the same reasoning as in the previous case,

<e ‘v’zE@D(O,%).

B
| fa ()

H<€on
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U D(O,i) \D(O,L> 3D*<O, d )
kSN 2ny, 2144 2np 4

Thus, by the definition of the limit, lim,_, ﬁ = 0, so f has a pole at 0.

In either case, we have derived a meromorphic continuation of f to 0, contra-
dicting the assumption that 0 is an essential singularity of f. O

Corollary 8.5.1.1: Suppose that f is meromorphic on a punctured neigh-
borhood D*(z, d) of z,. If f(D*(zy,0)) omits at least three different values
of C, then f hasa meromorphic continuation to z.

Proof: A linear fractional transformation maps the omitted values to 0, 1, and
oo, mapping f so that it exhibits holomorphy. Similar to Corollary 8.4.2.1,
the preceding result is preserved under the inverse linear fractional transfor-
mation. O

Remark: An accumulation point of poles is an essential singularity on the
Riemann sphere.

Picard’s Great Theorem is also a generalization of Picard’s Little Theorem
(Theorem 8.3.4):

Proof: Let g(z) = f (%) with an isolated singularity at 0 and a removable
singularity at co. By Picard’s Great Theorem (Theorem 8.5.1), g(z) has a
meromorphic extension to z = 0. If z = 0 is removable, by virtue of Propo-
sition 4.3.1 and Theorem 3.2.3, the constancy of g and f follows.

If instead z = 0 is a pole of g, then z = oo is a pole of f, and hence f is
a polynomial. Assume, for the sake of contradiction that f is non-constant.
Then Yw € C, the Fundamental Theorem of Algebra (Theorem 3.3.1) gives
the existence of some z € C such that f(z) = w. Hence, f attains every value
w € C. This contradicts the statement and hence f is constant. O

The efforts of many mathematicians resulted in several alternative proofs
following that of Picard; the geometric realization of Ahlfors (Theorem 8.3.1)
was followed by results discovered by R. M. Robinson. Other approaches from
Nevanlinna theory appeared later in the 20th century.

Picard’s original proof, providing an advanced characterization of the value
distribution at essential singularities, relied primarily on the properties of the
elliptic modular function (as a “covering map”). From this, Picard deduced
that the function would necessarily extend holomorphically across the singu-
larity, contradicting its essential nature. Thus, his proof established that near
an essential singularity, a holomorphic function attains every complex value,
with at most one exception, infinitely often.
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More importantly, we have shown the utility of even seemingly fundamental
differential geometry, which can also be used in the proof of many other
important results.

The methods of differential geometry can also be used to prove the statements
of the following theorems (which can also be independently used to prove
the Picard theorems), but is made meaningful with the notion of Riemann
surfaces.

Theorem 8.5.2 (BLocH): Let f : D — C be holomorphic such that |f'(0)| =
1. Then there is a region S C D on which f is univalent such that f(S)
contains a disk with a radius of at least \/Tg (known as a schlicht disk).

Remark: Bloch’s constant B is defined as the supremum of the radii of such
disks that can be contained in f(D) for any holomorphic function f : D — C
satisfying f'(0) = 1.

The precise value of B remains unknown to this day. In 1937, H. Grunsky and
L. Ahlfors established the bound

() [Va-1
=T Vo

where I' denotes the Gamma function (as in @ eq:gammafunction). Later the
lower bound of \/Tg was given, then to be refined to B > \/T§ + 101_312 by M.
Bonk, which was further improved to B > ¢T§ + =L in 1996 by H. Chen and

5000
P. M. Gauthier.

Grunsky and Ahlfors actually conjectured that the upper bound in their

1yp(i1
inequality is exact — that is, B = F(?i,)(i()”) A/ \/52*1.
4

Theorem 8.5.3 (LANDAU): The image of any holomorphic function f in D
satisfying f(0) = 0 and f’(0) = 1 contains a disk with radius of at least 3.

Remark: Similarly, the estimate % is not optimal. It was established that the

. ; : 1 L)L (E)
corresponding Landau’s constant lies between 5 and ﬁ
6

Without Riemann surfaces, the proof of the two aforesaid results are rather
difficult, as a distinction must be established for a point w € f(ID) which two
values 2, z, map to. Otherwise, when we describe a schlicht disk at a point in
the image, we may be talking about different “sheets” or “branches,” although
each fixed sheet may describe perfectly well-defined analytic functions,
although they describe different “copies.” More details may be found in [2].

Hence, for simplicity, we entertain a much simpler case without algebraic
branch points.
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Theorem 8.5.4: Let f: DD — C be univalent such that |f'(0)| = 1. Then
f(D) contains a disk with a radius of at least \/Tg.

Proof: For w € f(D), let ¢(w) denote the radius of the largest schlicht disk
in f(D) centered at w (it is mapped to univalently by f on some subdomain).
Trivially, ¢ is C° and vanishes toward the boundary of f(D).

Define the metric

plw) = . ds = p(w)|dw

for w € f(D) and p(w) # 0, where A% > sup,, #(w) is a constant. We may
assume that sup,, ¢(w) is finite, since otherwise the theorem is already
proved for f.

For every point w, € f(D), the bounding circle corresponding to ¢(w)
passes through a (at least one) boundary point, denoted by b =b,, . Let
P, (W) = |w — bf and let

A
G () (A2 — 6, (w))

P, (W) = ;W € D(wy, p(wp)).

By the definition of ¢, we have ¢, > ¢ everywhere in this neighborhood.
Since p,,, = (¢w0 4 /¢w0) (go > AZ%AW) is the pullback of the hyperbolic

metric in (8.5.4), the metric p,,, (w) has the constant negative curvature of —1.

Our goal is to construct p,, so that it is the function of a supporting metric
for p (satisfies the criteria for Theorem 8.3.3). For p,, < p to be satisfied, we
consider

VPu, (W) (A% = ¢y, (w)) > V/o(w) (A2 = p(w)), ¢, (w) > p(w).
In particular, we want
t V(A2 —t)

to be increasing on [0, ¢(w,) + d] for arbitrary § > 0. The function itself can
be calculated to be increasing for ¢ < A; by elementary methods (using de-
rivative tests). Therefore, the conditions for a supporting metric are satisfied
if %2 > SUPye ) P(w) + 6 = (wy) + 6. Without loss of generality we let
d — 07 and thus, under the condition that %2 > sup,, #(w), Theorem 8.3.3
gives that

2|dz|

< .
plu)ldu < 177
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Let z = 0, w = f(0), so that by the theorem conditions,
fore

‘fi—w| =1, and there-
z

p(f(0)) < 2= A < 2¢/(f(0))[A* — ¢(f(0))].

By the previous assumptions on A, the corresponding function on the right-
hand side is increasing, and since ¢(f(0)) < sup,, ¢(w), we have

2
A% < 4sup ¢(w) (A2 — sup ¢>(w)) .

As %2 — sup,, ¢(w)™ (A was chosen arbitarily, so this is valid), it follows that
3

sup p(w) > % O

It is however notable that the proof follows similarly for general functions,
but instead we consider functions f : D — W, where W is a Riemann surface
and the “singularities” are not only boundary points but also algebraic branch

points (where f/ = 0).

Theorem 8.5.5 (LANDAU—-CARATHEODORY): Let f(z) = ZZO: o @n?" such that

a, # 0 and f is holomorphic on D(0,r). If f omits 0 and 1, then IR depen-
dent only on a and a; such that r < R.

Theorem 8.5.6 (ScHOTTKY): Suppose that f : D — C is holomorphic and
omits 0 and 1. Then

1+ 2]
1 — |2

log|f(2)| < (7 +log™|f(0)]),

where log'(z) = max{0,log 2} (common notation in Nevanlinna theory).

Proof: Consider conformal map ¢;(w) : C\ [0,1] — C \ D, which extends
to 0, 1, and oo continuously such that ¢; (c0) = o0, (;(1) =1, ¢;(0) = —1.
Explicitly, we have the relationship

1
(G+—=4w—-2
s

as an affine transformation of the inverse Joukowski transform (inverse of z
z + 27 1). The solution is given by

¢ = (2w—1)+2w\/1—$: (2w—1)+2wexpELog(1—$>},
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where the branch cut of the square root is taken to be the negative real
axis, which maps to [0,1] in terms of w (and with the principal branch
logarithm). Moreover, this explicit map maps [0, 1] to dD, since for w €
[0, 1], the term involving the square root is purely imaginary thus |(;| =
VAw? + 1 — 4w — 4w? + 4w = 1. Because as w — o0, {; — 00, (; here is a
valid conformal map. O

9 A Glimpse into the Function Theory of Multiple

Complex Variables
As in the single-variable case, there exist natural extensions of the definitions
of holomorphy and of derivatives, as well as direct analogs of integral the-
orems.

Many other results, however, have to be separately derived.

Throughout mathematical history, many efforts were made to study the
nature of complex functions in a multivariate setting. In the 20th century,
Poincaré proved that the unit ball B" = {(zl, vy 2p) €C™ Zzzl 2, |° <
1} and the polydisk D™ = D x --- x D are not biholomorphically equivalent
by comparison of their automorphism groups, under certain assumptions
of the automorphisms on their respective boundaries; the proof was later
formalized by Cartan, but is nonetheless largely attributed to Poincaré. As
one of the first of many deviations, the miracle of the Riemann Mapping The-
orem (Theorem 5.3.1) fails in higher dimensions. Hartogs later also showed
that poles and essential singularities cannot exist as isolated singularities
of multivariate holomorphic functions. Perhaps these are the results of an
unsatisfactory generalization.

Whereas the efforts of mathematicians of over two centuries give rise to
the development of function theory of one complex variable, the theory of
multivariate complex functions is still largely rudimentary. Many seemingly
fundamental problems still largely remain as conjecture.

9.1 Consequences of Holomorphy
Obviously, we will first formally define the concept of holomorphy in higher
dimensions.

Definition 9.1.1: A function f: Q2 C C® — C is holomorphic if it is holo-
morphic in each variable when the others are held constant.

If we consider f to be a function of 2,, 27, 29, 25, ..., 2, %, then f is holomor-

ey Rpy P

phic iff g—% = 0forall1 < k < n and f has all continuous partial derivatives.
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Theorem 9.1.1 (CaucHY's INTEGRAL Formura ON Porypisks): Fix a =
(aq,...,a,) € C" arbitrarily and suppose 7q,ry,...,7, > 0 are the radii
of the polydisk defined by Q = H:zl D_(ak, r.) (where the product here
is the Cartesian product). Suppose f: {2 — C is holomorphic. For fixed
ki,ky, ..., k, € Zsqy, we have that

n_ gk; H;;l k!
(aHl g) 79 iy ?ziD(

for any z = (2, 29, ..., 2,,) € €.

f e
dD(a,,,r,,) H?:l (CJ - zj)kj+1

ay,ry)

Proof: By Cauchy—-Goursat (Theorem 3.2.1), we have

a_klf(z) _ k_l'% f(C17z27-~-azn)dC1
9D(ay,r1)

8zf1 2w (G — Zl)kIH
for z € 2, which is holomorphic. Thus, by the same application on ;k,jl f(z),
?1
we have
k2 gk k2'k1' f<C1a<2az37"-7Zn>dCIdC2

f(z) =

6252 azfl (2“1)2 éD(U/Zﬂ"Q) dD(ay,r) (Cl - zl)kl—i_l(CQ - ZQ)k2+1 '

By reiterating n times and reversing the order of differentiation and integra-
tion, the conclusion follows. O

By the boundedness assumption for f, we have:

Corollary 9.1.1.1 (CaucHY's ESTIMATE ON PoLypIsks): Let a =
(aq,ay,...,a,) € C" be fixed and suppose ry,7q,...,7, > 0 are the radii
of the polydisk defined by Q = H:zl D_(ak, r.) (where the product here
is the Cartesian product). Suppose f: {2 — C is holomorphic. For fixed
ki,ky, ..., k, € Z~qy, we have that

noo9ki n k.
(Ha )f(z) SH(%) sip (<)

k..
=10z’ ¢ell}, 0D(a;,r))

for any z = (24, 29, ..., 2,,) € Q.

Proof: For each j, let ¢; satisfy D(zj, 6]-) C D(aj, rj). By Cauchy’s Integral
Formula (Theorem 9.1.1), we have
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Hj:1 k]' f(Ch:Cn)
< (o - e |dC,, |-+|dCy |-
8D(a1,7’1) 8D(an77‘n) Hj:1 (C] - Z_])

For each j, let (; = a; + rjeitj, and it follows that d¢; = irjeitj di;. Because

|C i zj| > €, we have, after substitution,

n gk, T, (ki) 2 2 £(¢, o G)

= /@ <~ 0| ] o | dtedty

=10z (2m) 0 0 szl g;’
L r.k!

< H ka_+1 sup ‘f(C)| // dtn'"dtl
=1\ 2me;’ ¢eIl}, 0D(a ,r;) [0,2x]
j=1\r;" ) C€Il}, 0D(az.r;)
since £; < r; for all j. |

Similar to the univariate case, there are Taylor expansions of holomorphic
functions in several complex variables.

Theorem 9.1.2: Let f:C"™ — C be holomorphic on (a neighborhood
of) the closure Q of a polydisk Q = HZ=1 D(ay,r)) centered at a =
(aq,aq,...,a,) € C". Then, for any z = (21, 25, ..., 2,) € 2, we have the
expansion

[} 00 k, k.,
FE =303 a1 —a) (e —a)™, (9.11)
k=0 k,=0
where V&, ...k, € Z-,

L 112 ) s
a = — 4 )
k17<--7kn H k]! ]:1 8z‘fj

j=1

The series converges absolutely and uniformly on €2.

Proof: By Theorem 9.1.1 we have

1 f(€)
= d¢ --dc¢..
£ = G imw ?ﬁmn) G a) (G
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For each j, since |zj — aj| <r;= |Cj - aj| on 8D(aj,rj), the geometric
series expansion holds:

kj

1 1 > z —a,
= ’ Z;—a; Z )k-i-l’

GoE o G 1= S (

which converges uniformly in ¢; on 8D( a;, j) Hence, we have

7§ f (Q)(z1 —ay)™dg,d¢,
k:l—O dD(aq,ry) dD(a,,,r,) (Cl - a’l)k1+1 (CQ - zQ)”'(Cn - Zn)

where uniform convergence has allowed the interchange of summation and

f(z) =

integration. Reiteration of this process gives

I

k=0 k,=0

74 f(€)d¢,+-d¢,y .
) Jop(a,,r,) H (G — )k i+

By the Cauchy Integral Formula (Theorem 9.1.1), we have

" gk I, k! £(¢)d¢,,+d¢
-7 :J—. n L ,
(JHl asz) @~ Ty jémal,m éD(amm [T, (¢ —a)""

J=1

ap,T

and hence if we let

1 n 9k
A, k, = T - | f(a),
szl k]' (]rzll 82‘:}] )

then (9.1.1) follows. Cauchy’s Estimate (Corollary 9.1.1.1) gives that

n 1
’akl,...,kn SMH = |

where M = sup,. I, 8D(a.r) | £(C)| for some p; > r; for all j. Hence,
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o0 (&)

n
k.
cee — — J
Z Z akl?"'vkn H (Z a < Z Z| klv 7 |Z a.7|
k,=0 k,=0 j=1 k=0 k,=0 j=
oo [ee) n kj
Ty
/SIS b
k=0 k,—0j=1|Pi
n oo k;
"y
=M[]> |2 <o
§=1k;=0 Pj

By the Weierstrass M -Test (Theorem 2.3.2), the series converges absolutely
and uniformly on . O

Theorem 9.1.3 (IDENTITY): Let f be a holomorphic function on Q2 C C™. If
the set {z € Q : f(z) = 0} has an accumulation point in €, then f = 0 on .

Theorem 9.1.4 (Maximum Mobpurus PrINcIPLE): Let 2 C C™ be a open
bounded region, and suppose that f : 4 — C is holomorphic. If

M = sup hm]f( )5

€N
¢ zeQ

then |f(z)| < M for all z € €, unless f is constant.

Theorem 9.1.5 (WEIERSTRASS): Suppose that ) C C™ is a region and that

{ i} oy s @ sequence of holomorphic functions 2 — C.If{f,.}, _ converges

keN
locally uniformly to f on (2, then f is holomorphic on (2. Moreover,

VEky, ...k, € Zs,
n ak
H i 2 H f
=1 3zj j=1 8sz

on compact subsets of 2.

Theorem 9.1.6 (MoNTEL): A family F of holomorphic functions on some
region {2 C C" is normal iff it is locally uniformly bounded on €.

9.2 The Group of Holomorphic Automorphisms on D" and
B’I’L

Afunction f : Q C C™ — C" is called holomorphic iff each of its component

functions is holomorphic. It is important to allow for vector-valued outputs,

since we are interested in automorphisms on complex domains in higher
dimensions.
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For the aforesaid purpose, we require a generalization of the Schwarz Lemma
(Lemma 3.5.1), which is equivalent to several results of Cartan.

In preparation, we will introduce several relevant concepts.

Definition 9.2.1 (Multi-Index Notation): A multi-index is an n-tuple of non-
negative integers k = (ky, ..., k,,) € Z%,. We define

yt'n

‘k’ :ikﬁ zk:ﬁzfj, ok 8\’4\ f[
=1 920k 110

j=1 82 i

where z = (zq, ..., 2,,) € C".

Definition 9.2.2: A polynomial @ : C™ — C™ of several variables is said to
be homogeneous of degree d iff

P(Az) = AMap(z) VA eC,zeC,

or equivalently, iff 1) can be written as

z) = Z a, 2"

k|=d
where k € L%y is a multi-index.

Proposition 9.2.1: Let ¢ : C* — C™ be a homogeneous polynomial of

degree d.
1 For any multi-index & = (ay, ..., o) with || = r < d,
8%!)
0 —_—

is a homogeneous polynomial of degree d — r.

2 If r =d # 0, then %% is constant (and there exists a multi-index a with
||| = d such that 9% is nonzero).

3 If r > d, then 0% = 0.

Proof: Writing ¥(z) = Z\k\:d akzk with coeflicients a;, € C™, we compute

(2 Z H 2T k= (kyy e k),

where terms with k; < a; vanish. For each remaining term, the total degree is
(kl - al) + ot (kn - an) =d— ”a”

Hence, 0% is a homogeneous polynomial of degree d — |||, establishing
Part 1.
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If r = d, every surviving monomial has degree 0, so 0% is constant. More-
over, since 1 has degree exactly d, there exists some multi-index k with |k| =
d and a;, # 0; choosing @ = k yields a nonzero constant derivative. This
proves Part 2.

Finally, if » > d, then for every term in the expansion, at least one kj < aj,
so all summands vanish identically. Thus 0% = 0, verifying Part 3. O

Lemma 9.2.1 (CARTAN): Let Q2 C C™ be a bounded region, and suppose that
f=f1, fn) : @ — Qis holomorphic. If 3a € Q such that f(a) = a and
the complex Jacobian at a is the identity matrix, or equivalently, if

of, of,
5 (a) - 52(a) 10

Js(a) = ; P ; : =I=1]:-:], (921)
a_if(a) %(a) 0 -1

then f(z) = z is the identity map.

Proof: By Theorem 9.1.2, we have the expansion

fl2) =) apz—a)=> ¢,(z—a)
k=0 =0
. (9.2.2)
—at ) Y az—a,
Jj=1 |k|=j

which is absolutely convergent on some polydisk centered at a, where a; =

gzﬂg?! and k = (kq, ..., k,,). The terms have been rearranged (from absolute

convergence) so that the inner summation is a homogeneous polynomial v,
with a zero at z = a and degree j.

Trivially, a; 5 o = g—zfl(a) =(1,0,...,0) by (9.2.1). Similarly, ag ;4 o=
(0,1,0,...,0),...,aq o1 = (0,...,0,1). Hence, the linear homogeneous
polynomial of (9.2.2) equals

(2 —aq, .0y 2, —a,) = 2 — a,

and the entire expansion is thus equal to

f(z)=z+ i Z a,(z —a)k.

72 k=
Define a sequence of holomorphic functions {f}(2)}, _ by

fi=F fepi=Fkof VkeN
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Assume the existence of some m € N, the smallest j > 2 such that 1) is not
identically zero. Because

[ =z+du(z—a)+ Y iz —a),
j>m
it then follows that
fo2) =2+ Ypu(z—a) + > Pi(z—a)

ji>m

+¢m(z_a+z¢j(z_a)) + Z¢j(f(z)_a>
j>m j>m
=z+ 21pm<z - a)

+ (homogeneous polynomials of degree > m)(z — a).

Assume, for induction, that

Fe(2) =z + k¢, (2 — a)

+ (homogeneous polynomials of degree > m)(z — a).

Then we have

frn() =2+ v(z—a)

jzm
+ kv, (z —a+ Z (degree j hom. polynomial)(z — a))
jzm

+ Z (homogeneous polynomial of degree j5)(f(z) — a)

>m
=z+ <k+1)¢m<z_a)

+ (degree > m homogeneous polynomials)(z — a).

Since f;,(2) C Q2 for any k, the sequence { f;.}, . is uniformly bounded on €.

By Montel’s Theorem (Theorem 9.1.6), there exists a subsequence { f,cl }l N
- €

that converges locally uniformly to some holomorphic function f by virtue
of Weierstrass (Theorem 9.1.5).

Since 1,,, # 0, there exists « satisfying | a|| = m such that
0%y, =c+0
is a nonzero constant by Proposition 9.2.1. Consequently,

0% (homogeneous polynomials of degree > m)(z — a)
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is a homogeneous polynomial with degree > 1 and thus vanishes as z — a.
Similarly, z = z is homogeneous with degree 1 < m and thus 9%z vanishes.
Therefore,

0% fi(a) = ke,

which diverges as k — co. Weierstrass’ Convergence Theorem (Theo-

rem 9.1.5) gives that 0 f;, (@) — 0 f(a) which must be finite by holomor-
phy, contradicting the divergence. Hence, the assumed value for m cannot
exist and hence 1; =0 for all j > 2. Thus, f(z) =z on some polydisk
centered at a. By the Identity Theorem (Theorem 9.1.3), f(z) = zon Q. O

Definition 9.2.3 (Reinhardt Domain): An open domain 2 C C" is a Rein-
hardt domain centered at a = (a4, ...,a,,) € C" it V¢ = ({,...,(,) € Q,

{(z1,.,2,) €C™ 1 |z —ag| =[G, —agl, 1 <k <n}

is fully contained in 2. In other words, €2 is invariant under all rotations about
the center a in each coordinate.

Definition 9.2.4: A Reinhardt domain 2 C C" centered at a = (a, ...,a,,)
is said to be complete iff V¢ = ((y, .., (,,) € €, the polydisk

{(z1,-,2,) €C™: |z, —a| <G — @], 1 <k <n}
is contained in 2.

Definition 9.2.5 (Circular Domain): An open domain 2 C C” is a circular
domain centered at a € C™ iff V( € (,

{a+e%(¢(—a):0<0<2n}

is fully contained in €.

Definition 9.2.6: A circular domain 2 C C” centered at a = (aq, ..., a,,) is
said to be complete iff V{ € (2,

{a—i—u(C—a):V,ueﬁ}

is contained in 2.

Proposition 9.2.2: Let U, C C™,U; C C™, U, C C"2 be open domains
withn; > 1for eachi, andlet f : Uy = U, and g : Uy — U, be holomorphic
maps. Define the composition h : Uy — U, by h(z) = f(g(z)). Then for
every z € U, the complex Jacobian matrix of h at z is

Jn(2) = Jp(g(2)) - Jy(2).
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Proof: Fix z € U, and let w = g(z) € U,. Write
h(z) = (hy(2), s by (2)),
where each h; : U, — C is holomorphic for [ = 1, ..., n,. Similarly, write
9(2) = (91(2), 90, (2)s £(2) = (f1(2); s £, (),

where each g, : Uy — C and each f;:U; — C is holomorphic for p =
1,..,ny and [ = 1,...,n,. Then h;(z) = f;(g(z)) for each I. By the chain
multivariable rule, the complex Jacobian of h at z is the ny X ny matrix

Ohy Ohy
0z, 8zn0
Jo=| 1 -
oh,, Oh,,
0z, 82"0

8 0 9 0
DU () D Dl (1) e

p=1 69;) ng
= : . : O
n afn 89 n 8fn ag
Zpil 89; (g)a_zll’ Zpil W;(g) BZ:O
of af dg 9g
= : . : oo =J(g) - J
of,, of,, 99,,  Og., d g
2(9) - 5r2(9) ) | G2 g

Lemma 9.2.2 (CARTAN): Let 2 C C” be a bounded complete circular domain
centered at 0, and suppose that f = (fy,..., f,) : @ = Q is a biholomor-
phism. If f(0) = 0, then f is linear.

Proof: Let py(z) = €'z for all § € R and suppose that ¢ = p_yo0 f Lo pyo
f. By Proposition 9.2.2, we must have that

J (2) =d, (Fepgef(2)-J, ,.p1(p° f(2))
: Jp_oof—lopg(ﬂz)) ‘ Jp_gof’lopeof(z>

e9 .0 el .. 0
J,(0) = P Jpa(0)- [ 2 N J+(0)
0 .. eif 0 ... el

= eiiaeie (Jffl . Jf)(O) =1.

By Lemma 9.2.1, ¢(z) = z on Q. Hence, fopy=pgo f for all § € R.
Together with Theorem 9.1.2, write
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f(z) = Z a; 2" (9.2.3)

k:|k|=0
on a polydisk centered at 0. Thus,
Fore= 3 an(@)f = 3 ageliar,
k:|k|=0 k:|k|=0

On the other hand, composing with p, with (9.2.3) gives

oo o0
poo f(z) =e? E a2k = E ael?zk.
k:|k|=0 k:|k|=0

Hence, by the uniqueness of power series expansions, we must either have
that a;, = 0, elf = eiflkl or equivalently, that V0 € R,

0|k| = 6 mod 2x = |k| = 1 mod 2« (by letting 6 = 1).

This is only possible when |k| = 1 by irrationality, and thus a; = 0 for all
|k| # 1. Therefore, f must be linear. O

Remark: If n = 1, then = D(0, R) for some R > 0 and any automorphism
f with a fixed point 0 is a rotation in the form of z -+ e'?z, hence linear, the
effective statement of the Schwarz Lemma (Lemma 3.5.1).

Theorem 9.2.1 (THE HoromorPHIC AUTOMORPHISM GROUP ON ID™): The
holomorphic automorphism group of the polydisk D™ consists solely of
biholomorphisms in the form of

aq i0, #n — @

z2=1(21,.y2,) 4 P(eielzl; . ), (9.2.4)

—_— AR —
1—a;7 l—a,z,

where P is a n X n permutation matrix (for coordinate permutations),
(0,...,0,,) € R", and (ay, ..., a,,) € D™ Moreover, every such map is indeed

ey Up

an automorphism.

Proof: Let f € Aut(D™) be arbitrary, and set a = (aq,...,a,) = f(0).
Define the Mébius transformation ¢(zy, ..., 2,) = 12_1%)‘211,..., Zn2u ) €

Aut(D™). It follows that ¢ o f(0) = 0 and p o f € Aut(D").

By Lemma 9.2.2, the map ¢ o fislinear, so ¢ o f(z) = Az for some invertible
C¢1,1 - Cim

constant matrix A = i ~ i |, hence A € Aut(D"). Thus,
Cn,l Cn,n
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<1l VzeD",Vke({l,..n},

n
Z Ch,g%i

Jj=1

which implies |Ck’j| <1 for all j,ke{1,...,n} (for if |Ck,j’ > 1, then

choosing z; = ﬁ—l—ewitho <e<1l-—-21-
kg

] and z; = 0 for [ # j yields a

contradiction).

For each j € {1, ...,n}, define the sequence {Zj’k}keN for each k € N by

1 ’C‘71| 1 |C',n| n
Zj = (2105 Zj ) = ((1 - E)ﬁ’ (1 — E) —CJ- eD”,

.77”

where we informally let ‘?—' = 0if ¢;; = 0. Then, for all j € {1, ...,n} and

keN,

ootte) = (11| 5 (B, [ o

In particular, the j-th component is
1 n
1- E) > 6l €D.
i=1
As k — oo,
n
DG <1 Vie{l,.n}. (9.2.5)
i=1

Now consider, for each j € {1,...,n}, the sequence 2z, = (0,...,0,1—
%, o, ..., 0), where 1 — % is in the j-th position. Then

@ o f(z)) = (1 - ,%) (1o s Gnig)-

Ask — 00, 2} ), — €; € O(D") (the j-th unit basis vector), so the limit is

259



Cj = (Cl,ja ) n,j) € D",

Because the function A is injective on all of C", if (; € D" (within the
interior), then A™' € Aut(ID") would map ¢; to e; € (D"), which is an
impossibility. Hence, ¢; € 9(D"), and consequently, max;c(; . ’Ci’j’ =1.
Combined with (9.2.5), this forces exactly one entry in the j-th column of A
to have absolute value 1 (of the form e'%), with all others zero.

Invertibility of A ensures each column has at least one nonzero entry, so A
is a monomial matrix, which factors to

A= Pdiag(eiel, ey eien)
for some permutation matrix P. Therefore,
f(z) = 1o (Pdiag(el™, ..., e!%)z).

Let o : N_,, — N_,, be the permutation induced by P. The map A multiplies
the m-th input coordinate z,, by e and permutes to place it in the o(m)-th
output position, so the o(m)-th coordinate of Az is el z . Applying ¢!
componentwise then gives, for the k-th output coordinate,

0,
e e Rz gy +

— .
1+ ages 2,0

(f(2) = Pa, (eie"*l(“%—l(k)) =

Set A5-1(k) = —ake_ie"fl(’” € . Then
0 _
(f(2)) = — WZgag T o,y Fei) T
1+ Oé_kelefl(k)zrl(k) 1— Ty (1) 201 (k)
Hence,

i9, 7k — Qg i9, 21 — 41 i %n — On
z =e"——= = f(z) = P|er————, ..., ——— T |,
Do =y s, = I ( L -z 1—@%)

as in (9.2.4). Finally, each automorphism of this form lies in Aut(D") trivially.
(I

Definition 9.2.7: The conjugate transpose or Hermitian transpose of a com-
plex matrix U is defined as UT = U, or the transpose of the matrix with
each element replaced with its complex conjugate.

Definition 9.2.8: A matrix U is said to be unitary iff its inverse is its
conjugate transpose, or iff UTU = UUT = I.
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Definition 9.2.9: A matrix M is said to be monomial iff it has exactly one
nonzero entry in each row and each column.

Theorem 9.2.2 (SPECTRAL THEOREM): For any unitary matrix U, there exists
a unitary matrix V' such that U = VDV, where D is a diagonal matrix
whose diagonal entries are all of unit modulus.

Proof: Because |Uz|? = 2IUTUz = ||z|? for any z € C", any eigenvalue
A (existence given by the Fundamental Theorem of Algebra in Theorem 3.3.1
on the characteristic equation) of U must satisfy

Uv, = Moy = |Uvy | = [oi] = M[oi] = ] =1,

where ||v, | = 1 is the corresponding eigenvector in C". Then

1 —
U_lle - U_l)\lvl — )\—Ul — U_lvl — )\11)1 - UT'Ul
1

Let vi = {w : 'UJ{'w = 0} C C™ be an (n — 1)-dimensional subspace. For
any w € 'vf,

viUw = (UT'UI)T’LU = (A_lvl)Tw = \vlw=0,

so Uw € vy. Hence vy is invariant under U. The restriction of U to vy,

U|,:, yields another eigenvalue A, € 9D with eigenvector v, € vi satisfy-
ing [A\y| = 1 and |Jvy| = 1. Similarly, we may define v5 C v{i, which is an
(n — 2)-dimensional subspace invariant under U. Repeating this process
inductively, we obtain an orthonormal basis {vy, ..., v,,} of eigenvectors of
U with corresponding eigenvalues A, ..., A, € OD. Setting

V= (v, - v,), D=diag(A,,\,)
gives that
ViUV = VI(Uv, - Uv,) =VIi(A\v, - \w,)=VIVD.

The k-th diagonal entry of VIV is equal to vzvk = |v,|* = 1, while the
non-diagonal entries correspond to ’UL'Ul for some k # [, which vanish by
orthogonality in construction. Thus, VIV = I (unitary) and VDV = U.O

A unitary transformation is a map in the form of z = Uz, where U is a
unitary matrix.

Proposition 9.2.3: For any a € D,
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w = (W, ..., W,) = @q(2)

_ (e 1—|a|2z 1—|a|2 V1 —|al? \(9.2.6)
T\1—az, " 1-azy

3 1—az “n 1—az

lies in Aut(B"), where z = (24, ..., 2,,). Moreover, ¢, * = ¢ _,.

5

Proof: For z = (21, ..., 2,) € B", because 3’ 12> <1— |z

WA&V=—J;?la—W+§3PﬁWWﬁ]

[1—az k=2
< 1
(1 —az)(1 —az)

(2 — o)z —a) + (1= |2,*) (1 — |af?)]

2 — 2 2
_ sl +1al* — 2%Re(@z) + 1 + |az|” — |a]® —|2|
1+ |az, > — 2Re(az,)

Hence, ¢, maps B™ to B™. A simple calculation shows that

z,—a w, +a 1—az V1—|a|?

w].: —_— 7 = — 2. =W ———— =W

1—az " ltaw, PP (e 14aw,

and hence ¢, is bijective, admitting the inverse ¢_,. Therefore, ¢, €
Aut(B™). O

Proposition 9.2.4: A function f is a unitary transformation iff f € Aut(B™)
and f(0) =

Proof: Because B™ is a bounded complete circular domain centered at 0, from
Lemma 9.2.2 we have that f = U for some constant invertible matrix

Ca o Cin
U= : =~ :
Cn,l Cn,n
Similarly, we have f~! = U, s0 |z| = |[U*Uz||. Observe that
TRV R—
|2 2]

More explicitly, we have

n n n n
Uz = (Z CLk %k oo ZCn,kzk) = |Uz|* = Z
k=1 k=1 J=1 |k=1

Letting z = e; (1 < ¢ < n) be the i-th unit basis vector, we obtain

7.k%k
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||UZH =1= ||(C1,i7 "'7€n,i)||2 = Z |Ck,i 2= ZCMK (9-2'7)
k=1 k=1
Letting z = ‘/?E(ei + ej) (i # j), we have

Uz =1=

N

1 n
|| (Cl,i + (s Cnyi t Cn,j) H2 =3 Z ’Ck,i + Ck,j|2
=1

= 2 (1l + [ +2e(Tey)) =1+ > e(s).

k=1

Wthh implies that Zk L %e((k e J) = 0. Similarly, letting z = ‘f( e, +
) gives

Uz] =1=

N =

. . RN .
[ (Gri #1150 G+ i) I = 52 [ iG]
k=1

= %;(K;%A + ‘Cl%,j| + 23‘“(@,1‘@)) =1+ ;jm(Ck,iE),

which implies that 7" 9m (¢, ;. ;) = 0. Therefore, by (9.2.7), for all i, j €
{1,...,n}, observe that

UTU ZCk zCk,J ',ia

where (5j7i is the Kronecker delta. Hence, we have UTU = I, and thus U is
unitary.

Conversely, if f(z) = U z for some unitary matrix U, then for any z € B",
|F(2)I? = [U=|* = 2"UTUz = 212 = |2|?,

so f maps B™ to B". Since U is invertible with unitary inverse U, the
map f is bijective with inverse f~!(w) = UTw, which also maps B" to B".
Therefore, f € Aut(B™) and f(0) = 0. O

Definition 9.2.10: A group G (under juxtaposition) is said to be divisible iff
for every g € G and every positive integer n, there exists some h € G such
that A™ = g.

Proposition 9.2.5: The divisibility of a group is preserved under group
isomorphisms.

Proof: Let ¢ : G — H be a group isomorphism between groups G and H
with juxtaposition.

263



Assume G is divisible. Fix y € H and a positive integer n. Since ¢ is bijective
there is © € G with ¢(x) = y. By divisibility of G there exists h € G with
h™ = z. Applying ¢ and using the homomorphism property gives

p(h)" = p(h") = p(z) = y.
Thus every element of H has an n-th root, so H is divisible.

Conversely, if H is divisible then the same argument appliedto ! : H — G
shows G is divisible. Therefore divisibility is preserved under group isomor-
phisms. O

Theorem 9.2.3 (THE HoromorPHIC AUTOMORPHISM GROUP ON B™): The holo-
morphic automorphism group Aut(B™) consists solely of biholomorphisms
in the form of

2z U lp, o Vz, (9.2.8)

where U, V are unitary matrices, a € D, and ¢, is defined as in (9.2.6) (and
every such function lies in Aut(B")).

Proof: Let f € Aut(B") be arbitrary, and set = f(0). Then there exists a
unitary matrix U such that Ua = (|, 0, ..., 0).

Now let ¢, be as in Proposition 9.2.3, mapping (||, 0, ...,0) to 0. Then,
the map ¢, o U f € Aut(B") fixes 0, so by Proposition 9.2.4 it is a unitary
transformation, say V. Therefore,

(’P"aH o Uf =V = f(Z) = U_lipiofn oVz.
The converse is trivial. O

9.3 Topological Equivalence and Biholomorphic Equiva-
lence

Lemma 9.3.1: If P is a permutation matrix, and D is a diagonal matrix,
then there exists a diagonal matrix D’ such that PD = D’ P. Similarly, there
exists a diagonal matrix D” such that DP = PD".

Proof: Let D = diag(dy, ..., d,,) and let o be the permutation corresponding

o d,
to P, Pe; = e,; for each standard basis vector e;. Define

D = diag(do.—1(1), ceey da_l(n)) .

Then for every 1,

PDe, = P(d;e;) = diea(i)a
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while
D’'Pe; = D'e,;) = d;e ;.
Hence
PDe, = D'Pe,
for all 7, so
PD=D'P.

Now apply this result to P, and thus, (PTD)' = (D"P7)' < D" P =
PD"" <= DP = PD" since diagonal matrices are invariant under trans-

position. O

Theorem 9.3.1 (PoiNCARE): For any n > 2, the n-dimensional unit ball B™
and the n-dimensional polydisk D™ are not biholomorphically equivalent.

Proof: Suppose, for the sake of contradiction, that there exists a biholomor-
phism ¢ : D" — B". Let o= (0) € B", and define ® = @, U o,
where U is a unitary matrix such that Ua = (|, 0, ..., 0) and ¢} is as in
Proposition 9.2.3.

The definition of ® ensures that ® : D" — B™ and ®(0) = 0. Then &' o
Aut(B"™) o ® consists of functions mapping D" to D", or that

& 1o Aut(B") o ® C Aut(D") = Aut(B") C ® o Aut(D") o 1.
Similarly, ® o Aut(D")o &~ C Aut(B"). Therefore, Aut(B")=®o
Aut(D") o &1, and

Y Porpodt (9.3.1)

defines a group isomorphism between Aut(D") and Aut(B™). Let
Aut’(D™) < Aut(D") and Aut’(B™) < Aut(B™) be subgroups fixing O.
Therefore, (9.3.1) induces a group isomorphism between Aut’(D™) and
Aut’(B") as well.

By Theorem 9.2.1, every element of Aut’ (D™ ) may be uniquely identified with
a matrix in the form of

P diag(eiel o, €00 ) ,

where P is a permutation matrix and (6, ..., 0,,) € [0,27)". Hence Aut’(D")
is isomorphic to the group of unitary monomial matrices. The structure
of Aut’(B") is given by Proposition 9.2.4, and each element corresponds
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uniquely to a unitary matrix. Thus there is a natural isomorphism
Aut’(B") = U(n), the n X n unitary group.

For U € U(n), the spectral theorem allows it to be expressed in the form of
\4 diag(eiel ey €100 ) Vi, Hence, for any positive integer m, we have

Vdiag(ei%, ...,ei%">VJr € U(n)
and
(Vdiag(ei%, ...,ei%">VT)
.01 . .01 .
= Vdiag(e‘ﬁ, e e1W>VT---Vdiag(e1W, e elW)VT.

The adjacent products of VTV simplify to the identity and the entire expres-
sion then simplifies to U. Hence the unitary group is divisible.

Consider the unitary monomial matrix

0100..0
1000 ..0
0010..0
F= 0001..0
0000 ..1

inducing the permutation 7, swapping the first and second entries. Assume
that there exists some unitary monomial matrix Q = P, D (where D is
diagonal and P, is a permutation matrix corresponding to the permutation
o) such that Q% = P.. This is equivalent to

PUDPJD:Rr:>PUPaD/D:'PT:>Pa2D” :R—a

where D’ and D” are diagonal matrices, where the former existence are
given by Lemma 9.3.1. Thus, P2 = P. (and D” = I since their permutation
parts must match. This is an impossibility since P2 corresponds to an even
permutation, while P. corresponds to an odd permutation. Thus, the unitary
monomial group is not divisible.

By Proposition 9.2.5, the two groups cannot be isomorphic to each other.

This contradicts the existence of (9.3.1), and therefore, no such biholomor-
phism ¢ exists. O

Remark: A more succinct proof of the nonexistence of an isomorphism in the
proof of Theorem 9.3.1 can be briefly described by means of topology:
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Let M,, denote the subgroup of all monomial matrices in U(n), or the
subgroup of unitary matrices with exactly one nonzero entry in each row
and each column, and those nonzero entries lying in U(1).

For each permutation o € S, (the symmetric group of permutations) let
P_ be the corresponding permutation matrix and define

T, ={DP, : D = diag(e'%, ...,e%) € U(1)"}.

Each T, is homeomorphic to the torus U(1)™, and every element of M,,
lies in exactly one T . Hence

M, =] T,

cEeS,

a disjoint union of |S,,| = n! copies of U(1)™.

Each T, is clopen in M,, by their pairwise disjointness, the topology of
the torus, and the fact that their union is M,,. Therefore each T is a
connected component of M,,. Because each T is connected, M,, has n!
connected components.

The elements of U(n) may be unitarily diagonalized (by the spectral
theorem) into VDV, where

D = diag(ewl, ey eien)

is a diagonal unitary matrix and V' € U(n). Then there exists a con-
nected path connecting (64, ...,8,,) to (0, ..., 0), which corresponds to
the matrix VIVT = I. Because every matrix is path-connected to the
identity, U(n) is connected.

Consequently for n > 2, the subgroup M,, (which has more than one
connected component) cannot be isomorphic to U(n) as a topological

group.
Although we do not justify these topological claims in detail here, it is worth
noting, heuristically, why such topological considerations naturally arise.

A biholomorphism between two domains induces a homeomorphism with
respect to their natural topologies (the compact-open topology) by 1 — P o
1 o 1. Hence any induced topological invariant of an automorphism group,
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such as connectivity, is to be preserved under this equivalence. Of course,

we are yet to verify the rigor and intuition used within the topology, but the

intuitive picture already hints to the validity of the connectivity argument.
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